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|Question: How do we make safety guarantees?




Autonomy: The Big Picture

Specifications System components Design models

Tasks
“do things”

b

g
@ﬂ Discrete
(=)

b [
-

p
{ Invariance

“avoid things”

%x = f(x,u) } Continuous

-

=N




Specifications System components Design models

Tasks do-t-h-mgs — ( s ()
S — @“ Discrete
b @ a
\
e
%x = f(x, u) Continuous
Invariance: “avoid things” \

& Reher, Ma, AA, ECC 2019

Plant



(@Controlibarriefunctions h(x,u) > —~h(x)
)

C 1s safe

Invariance
“avoid things”

%x = f(x, u)}

=S




Control Lyapunov Functions

stability
Lyapunov (1892)

PROBLEME GENERAL

LA STABHJTE DU MOUVEMENT,

Par M. A. LIAPOUNOFF.

@ Dynamics: Forx € R" and u € R™:

o= flx)+gx)u
Sontag (1989)

Systems & Control Letters 13 (1989) 117-123 117 o Lyapunov: V : X _> RZO Satleylng:

North-Holland

crllx)* < Vix) < ealx|?

A ‘universal’ construction of Artstein’s theorem :
inf V(x,u) < —aV(x)

on nonlinear stabilization uel

Eduardo D. SONTAG * so that @ Main idea: v
Department of Mathematics, Rutgers University, New Brunswick,

NJ 08903, U.S.A. uienlr;m { LV(x)+ L, V(x)

Received 7 March 1989 + s du, L, V(x)} <0 (2) F V(x, u) S —QV(X) = V(X(t)) S e_atV(x(O))




@ontrolillyapunovBEunctionsEAC NSS4y
o Affine Dynamics: x = f(x) + g(x)u

o Affine Constraint: The input u is affine in V:

Vi) = 2L f(.2) + O gl Jus —aV ()

PRORIEME GENFRAL
Lyapunov Controller

o Synthesis: Closed form Controller:

* p— - - g 2 < L V()T (LiV(x)+a(V(x .
LA STABTLERED U MOTVEMENT, e = { SRR V) > o)
: - 0 if LiV(x) < —a(V(x))
Par M. ?\‘.t'l.ll\%f"th‘n)p.g —aV(x) ||
o @ Dynamics: Forx € R" and u € R™:
Theorem x = f(x)+gx)u

If there exists control Lyapunov function:
o Lyapunov: V : X — R3¢ satisfying:

inf [V(x,u) +aV(x)] <0 ‘
inf | | el < V() < eaflx]?

then for all feedback controllers: inf V(x,u) < —aV(x)
ulx) € {ueU:Vixu) <—-aV(x)} o Main idea: '
x=f(x)+gx)u(x :
bR )+ gt € PR,
x — 0 Exponentially.
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Human-Lik

Lyapunov Controller

u*(x) = argmin  ||u — uges(x)||?
(u,0)eUXR

s.t. Vix,u) < —aV(x)

+ Theorem — Stable Walking

~

- .
Sl

T —
\_'l\‘,“‘h
AA, TAC 2014

AA, Galloway, Sreenath, Grizzle, TAC 2014
Reher, Hereid, Kolathaya, Hubicki, AA, WAFR 201 64
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Lyapunov Controller

U ) (‘) = argmin ”M — Udes (X ..-) H-
(u,0)eEUXR

s.t. V(x,u) < —aV(x)

+ Theorem = Stable Walking || - o ol .
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Gurriet, Finet, Boeris, Hereid, Harib, Masselin, Grizzle, AA, ICRA 2018 CalteCh
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u*(x) = argmin  ||u — uges(x)||?
(u,0)eUxR

s.t.  V(x, u) < —aVix)

+ Theorem = Stable Walking
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Lyapunov Controller

u'(x) = argmin ||u — uges(x) H2

(u,6)€UXR

S.t.
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B 'Lyapunov Controller |

u*(x) = argmin  ||u — uges(x)||?
(#,0)eUxR

s.L. V(\ u) < —aV(x)

~1.i" g b X -"Y-

+ Theorem = Stable Walking

Invariance
“avoid things”
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h(x,u) > —~h(x)

)

C 1s safe

Controlibarriefunctions;

Invariance ]
“avoid things”J

-

%x = f(x,u)

Plant

stability




h(x,u) > —~h(x)

)

C is safe Embedding

Nagumo (1942)
Goer die Lage der Integiallurven gewohulicher
Diffeventinlylelclntngen.

Yon Mitio Niaruo.
Whelveen am t6, Mul 1142

§1. Einleifune.

In dioger Mote werden dimemsionale YVekloren mit dicken
wn bezdvhing, Wir sollen alse unter

stability

> Safety-Critical Control =  Need something more general than

Lyapunov
Prajna (2004) & Wieland (2007)

Safety Verification of Hybrid Systems Using
Barrier Certificates

Stephen Prajna! and Ali Jadbabaie?

! Control and Dynamical Systems, California Institute of Technology,
Pasadena, CA 91125 - USA, prajna@cds. caltech.edu
2 Department of Electrical and Systems Engineering, University of Pennsylvania,
Philadelphia, PA 19104 - USA, jadbabai@seas.upenn.edu

B




(@Gontrolibarriefunctions) h(x,u) > —vh(x) Control Barrier Functions
)

C 1s safe

Provide necessary and sufficient conditions for set
invariance, i.e., safety — on the entire safe set

h(x,u) > —y(h(x)) e Dynamics: x = f(x) + g(x)u

C=1x: h(x) 2 0} e Safe set C: defined by #A:

Ames, Tabuada, Grizzle (2014) C={xeR":hx) >0}

s

£ e j‘-:; 75 \\ Control Barrier Function

| ", (x; p- N X& .
\ o [ For all x € C, there exists u € [R™ such that:;
B2 - K (® = ,
B L . o o ke S h(x,u) = 92(x)(f(x) + g(x)u) > —y(h(x))
i
- © 1s safe )

Here v : R — R is an extended class K function (strictly increasing with v(0) = 0).



Controlibarriedfunctions;

Synthesis: Let:

h(x,u) > —~h(x)

p(x) £ Lyh(x) 4+ Lgh(x)uges(x) + a(h(x))

Closed form controller:

p(x)Lgh(x)"

u*(X) = Uges(x) — { 8gh(X)Lgh(X)T

if ¢x) <0
if o(x) =0

‘ Existing (desired) controller

Safety-Critical Controller

W (x) = argmin  ||u — uges(x)||? «

(u,6)eUxR

s.t.  h(x,u) >

—vh(x) €=~

Safety Filters

Filter a given control input to guarantee safety:

u, ()

Controller

A

Safety

Uy (2)

Filter

A
Ll

System

Y

e Safe set C: defined by #:

e = {xecR":h(x) >0}

Control Barrier Function
For all x € C, there exists u € [R™ such that:;

]:l(xa u) — %

() (f(x) + g(x)u) = =~ (h(x))

v
Safety (barrier function) constraint

)

© 1s safe




Controlibarriedfunctions;

Synthesis: Let:
p(x) = Lyh(x) + Lgh(x)uges(x) + a(h(x))

Closed form controller:

‘P(x)Lgh(x)T
Loh(x)Lgh(x)T

u*(x) — udes(x) _ if go(x) <0

0 if pkx)>0 ™

/.

Existing (desired) controller

$

Safety-Critical Controller

u*(x) = argmin  ||u — Udes (x)H2

(u,6)eUxR
S.t.

h(x,u) > —yh(x) €=~

o

h(x,u) > —~vh(x)

Pitch Rate (°/s)

Safety Filters

Filter a given control input to guarantee safety.

No Control Barrier function = Unsafe
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With Control Barrier function = Safe
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Safety (barrier function) constraint
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Pitch (°)



Gontrollbarriejfunctions hix,u) > —~vh(x) ControllliyapunovBEunctionsEAENNIEENYEY

)

C is safe Embedding

stability

Fundemental Properties:

Lemma. Control barrier functions imply stability of the set C.

‘ Control Barrier Function 4: Yields a Lyapunov function for C:
Safety-Critical Controller oty { 0 i ree
(-J) —_— . —
W (x) = argmin  ||u — uges(x)|? —h(x) if xe€=R"-C
(u,6)eUxR
s.t. h(x,u) > —vh(x) Theorem

Lyapunov is the special case of barriers for C = {0}.




Walking Robots

Safety-Critical Controller

u*(x) = argmin  ||u — Udes (x)||2
(u,6)eUxR

s.t.  h(x,u) > —vyh(x)

APPLICATIONS

Multi-Robot Systems

Automotive Systems

Collision Avoidance

Joint with: Egersted (GaTech), Tabuada (UCLA), Grizzle (UMich),
Feron (GaTech), Xu (UW), Wandercraft, Hutter (ETH), Orosz (UMich)



Application to Automotive Systems

Adaptive Cruise Control (ACC)

«  Safety Constraints: “half
the speedometer”
following rule

«  Control Objectives:
Achieve a desired speed.

Lane Keeping

« Safety Constraints: Stay in
the lane for all time

* Control Objectives:
Achieve reference signal

Safety-Critical Controller

w*(x) = argmin  ||lu — uges(x)||* Existing (desired) controllers

(u,6)eUxR

s.t. h(x,u) > —yh(x) < Safety (Barrier function) constraint

24

B Xu, Grizzle, Tabuada and AA, TASE 2018



Human = Udes

Safety-Critical Controller

Lane = h(x)

u'(x) = argmin |ju — udesv(x)Hz
(u,0)eUxR

s.t.  h(x,u) > —vh(x)

B Yuxiao Chen (unpublished)




0 5 10
Distance = h(x) .
E—— = .

Safety-Critical Controller

u*(x) = argmin  ||u — uges(x) ||

(u,0)EUXR
s.t. h(x,u) > —vh(x)

Alan, Taylor, He, Orosz and AA, 2020 (In Preparation) J[o]]ui‘w@y[kwdﬁg @w(@l@iy)



MultizRobot§Systems

|

W
)
a i Desired Controller: Go straight
* & & =
Safety-Critical Controller T ==

w*(x) = argmin  ||u — uges(x)]|?
(1,0)€UXR

s.t. h(x,u) > —~vh(x)

\

Joint work with: Egerstedt (GT)



Multi-Robot S)ufistems

Safety-Critical Controller

u*(x) = argmin |lu— t-tdes(.x)”z S[pﬂ[m[mﬂ[m@ F@S{t@m:nu

(u,6)EUXR

s.t. h(x,u) > —vh(x)

Wang, AA, Egerstedt, ICRA 2017
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Safety-Critical Controller

u*(x) = argmin |ju — l--ldES(X)”z
(u,6)EUXR

s.t.  h(x,u) > —vh(x)

v M

S3 , Klingebiel, Bourne, Browning, Tokumaru, AR, Jb)l \tWO
bmitted to RAL/ICRA 2020 LR ‘ : '.%"I

.



Safety-Critical Controller Repulsive Potential Uyep(x): Blows up at obstacle:

ureP(x) — o as Hl - xobst” — Dobst-

u*(x) = argmin  ||lu — uges(x)||
(u,d)EUxR

st h(x,u) > —~h(x)

Attractive Potential U, (x): Positive definite about the goal:
QH-" - xgoalllz < uatt(x) < EH.’L‘ - xgoal”z'
Artificial Potential: U(x) = Uyep(x) + Uqy(x): Yields:

B Singletary, Klingebiel, Bourne, Browning, Tokumaru, AA, u(x) = VU(x) = VlUsep(x) + VUau(x)
Submitted to RAL/ICRA 2020
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Rbot Walkmg

R

Desired Controller: Stable Walking
- T
Jn e
Safety-Critical Controller

u*(x) = argmin  ||u — tges(x)]|?
(u,6)eUxR

s.t.__h(xu)> — J ﬁcatlon of Stepplng
_stones = h(x)

Grandia, Taylor, AA and Hutt e RN | X 01 NGEWO LKW tHFHUHERUETH)

RAL/ICRA 2020 (submitted)



Passive —! ! ' Passive

M FUll Assistancig amms Partial Assistan e iiats
.ICe " nce
' h | J‘.c\

Main Idea: Barrier Functions for
assist-as-needed control on exos

Active ‘
Partial Assistance %

e’

Active
Full Assistance

LaﬁSagIttalH‘ip
Desired
02/ —Actual
—Bounds
y -0.25
)f'i-‘ E .03/
i; (i
! e S, £
- = 04
Safety-Critical Controller ' R
: 0.6 Desired
* - . —Actual -05¢ } n L
w*(x) = argmin  ||u — tges(X)]|? r ubes arount 0ss —Bounds 0 5 s
(L£,5)€UXR r - eCtOrl N — (x),__ s
. ’ Boss
s.t. h(x, u) > —vyh(x '—*'P - 3.0
( ;‘— r——— T T 3 2035
" QQ ‘ 3 03
d {’, ‘ ©
R PR

—\7‘Gurriet i’uﬂker, Duburcq,.\Boerls, AA,RAL,‘,”Z’OQO



Back to the Big Picture

Design models

Control

Need: Unity
high and low
level methods

[ | .
Barrier

D |

. Functions

f Aerial Robots

Safety-Critical Controller

u'(x) = argmin |ju — z,tdes(x)H2
(u,6)EUXR

s.t.  h(x,u) > —vh(x)

Ground Robots



Multi-Robot Coordination

Specifications System components Design models
Task s
asks
“do things” @
-

avior

-

B Nilsson and AA, CDC 2018
B Nilsson, Haesaert, Vasile, Thakker, Agha, Murray, AA, RSS 2018



High Level Specifications

Specifications System components Design models
Task i b
asks ()
“do things" @
.
IMarkovgDecision¥Brocessesl(MDE)
Safety=z@riticallRONMDRs model ”pdate

Execute Whl|e

. . P < Prej
bH_l = f(bt)a t NZO‘ Plan Mission done P(¢) > Pace SIS i

%_‘ or task finished

‘IP(QO)E[]JTJ Pace]

c::{bemh(b)z()}
O(GOAL) (]P<0 OS(OBS) ) . { Explore

e Plan

’/%—; done Exploration




Safe Multi-Robot Coordination

Specifications System components Design models
Task i @
asks O
Tasks @“
do th
[ nes L e Control
' «| Barrier
: Functions

Safety=@riticalROMDEBs

bt = f(b'), t € Nxo
C:={beD]|h(b) >0}
O(GOAL) AL (P<o.05(OBS);)




Safe lylulti-Robot Coordination

= e

Design models

) ‘ Control

Barrier
Y | — .
. Functions

%x = f(x,u)

Safety=@riticalROMDEBs

Dynamics:
bt = f(b'), t € Nxq

= {be D] h(b) >0}
Specifications:

O(GOAL) A (P<0.05(0BS),)

b= fb)
0(¢,d', 7)Y cpT(q,d' .4 )b (q)

> ge00ld a2ty o, T(q,d',q)b'(q)

B Jones, Schwager, Belta, CDC 2013
B Ahmadi, Singletary, Burdick and AA, CDC 2019 B Ahmadi, Jansen, Wu, Topcu, IEEE TAC 2020



Safe Multi-Robot Coordination: Discrete Time Barriers

Heterogeneous rok otiteam{safelylexploring
;{’ = y i v'/"l 7E “/ | ' | \ ﬁ\‘ \
T :';Lj / \ 7/ / , V4 C

I

/7 R | . ’

1// / A _
y /A | o Control
/ // (4 | : Barrier
; | |
-t

} ‘ : Eiinectinne
/ Theorem (Safety with Barrier Functions) J

Design models

For the system b't! = f(b'), the set C is safe (forward invariant) if
and only if there exists a discrete-time barrier function.

Safety=@riticalROMDEBs

Dynamics:

pttl = f(bt), t € Nzoi T I
Safe Set: Discrete Time Barrier Function (DTBF)

C = {b €D ’ h (b ) = 0} h : D — Ris a discrete time barrier function for the set C, if there
Specifications: exists a € K satisfying a(r) < r for all r > 0 with:

O(GOAL) A2, (P<g.05(OBS);)

(b — h(b') > —a(h(b)), VbeD.

B Ahmadi, Singletary, Burdick and AA, CDC 2019



Safe Multi-Robot Coordination: Composing Safe Sets

Heterogeneous ro ottea safelyfexploring

| A
¢ = {beD|mhb) >0}, i=1,...,k
llen = N @ b= |J @
ie{l,....k} ie{l,....k}
Intersection Union

h 4

If there exist an « € K satisfying o(r) < r for all r > 0 such that

Proposition

Safety=@riticalROMDEBs

min A;(b') — ‘min 4(b') > —« (__l'lilinkhf(bt))

Dynamics: i=1,...k kT =l
t+1 __ t
b — f(b )a t € NEO* then C~ = (; C; is forward invariant.
Safe Set: If there exist an « € K satisfying o(r) < r for all r > 0 such that
C:={beD|h(b) >0}
Specifications: ‘max k(b)) — max (b)) > —a (_gllaxkh,-(bt)>

i=1,..., i=1,..., =

O(GOAL) A2, (P<g.05(OBS);)

then Cy, = |J; C; is forward invariant.

B Ahmadi, Singletary, Burdick and AA, CDC 2019



Safe Multi-Robot Coordination: Safety Specifications

rDTBF for Nomlnal Pohcy

LDTL Specification

DTBF Implementation

1 1 I 1
72— 9 11 S 13
- l

* DTBF with Safety-Shield

TE A (B) = S qen b'(4) -
oA h(B) = Sgequabi(a) — 1
w' = f h(b') = —f(b")+6
w' = —f h(b’)— f(b’)

w' = o1 A\ Do h(b") = min{hi(b"), ho(b’

Safety=@riticalROMDEBs

Dynamics:
bt = f(b'), t € Nxq
Safe Set:
C:={beD|h(b)>0)

Specifications

O(GOAL) AL, (P<0.05(OBS);)

w' = O¢ h(b’“) = hy(b)
O E ditldy | (D) <0 — h=hi(b),V] >
w' = O h(b) = h(b), i <j<t*
w' = 0o h(b) = hs(V), Vj > i
RENY Safety Specifications L7

: Safety-Shield
1
1
1
1
1
[ ]

Nominal
Policy

Safe
Actions




/,4/'/1 !

Dynamics:
bt = F(b1),
Safe Set:

t € NEO‘

C:={beD|h(b) >0}

Specifications

S(GOAL) A

1 (P<0.05(OBS);)

i i%ﬁ;:mmumm | = e . B O h

oy
TR
B 1
. L‘.l' Aé
) B
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Akella, Rosolia, Singletary and AA, CSL/ACC 20?” , 3
£ (submitted) ok L = Chen, Rosold and AR, RAL/ICRA 2020 (submitted)
F=)

-
™= » —— Segway MPC

Wheeled bot MPC

Computation Time [s]

: ﬂmefs] ; v

¥ Rosolia, Single¢tdry, Chen and AA, RALXICRA 2020
/// (submit;ed)g_/ -
7 / /§ [

Rosoil ra afidyamssses| /[ CHC 2020




At i 1LY

Next Steps: Safe Mult1 Robot Coordlnatlon




Conclusion: Safety-Critical Autonomy

| ~ PL) controlier -
@ Jtubzlzty V(r u) _;(IV(Y) Safety-Critical Controller
| ﬂfety () > h(x)§ Wt (x) = argmin || — uge(x)|
o 'V1?;/v toward autonomy (W9)eUxR
s.t. hx, u) > —vh(x)
e —— Control
| u, (x) Satery | u () T Barrier
Controller Filter | > System > Functions

1 1

Future Work:

o More underlying theory and synthesis
o Continue to apply experimentally

o Translate to real-world systems

B Research supported by: NSF CPS, NSF NRI,
AFOSR, DARPA, Wandercraft, Disney, JPL




Conclusions — Next Steps

Walking Robots Collision Avoidance Robotic Assistance



Goal‘Robust Safety

/’/ | @ \ Q”’ 4
Robust CBFs with uncertaint Gurriet, Nilsson, Singletary, AA, ACC 2019, AcCKess (submitted)



Safety Function Value

2 4 6
Time (s)

Safety Function Value

LFearning + CBFs <

3

—————

With Learning

Exploratory
Control

At
Ty .‘)1.5

No Learning

AL

\ ,__: =
1 = | P

o | Experiment [Data | Process
| T — Data

.4’.,! "'}Jf‘ \ l‘,’x“r“, !

-

-~ -

Derivative Estimation
~— Estimated

Truth
TR
N
AL

M

Taylor,

e ]

caril

Singletary,

Yue,

¢ Augment
)C‘()nn'()llor

AA, - L4DE€ 2020
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Caltech

Aaron Ames / AMBER Lab



RNN Control

Desired
Trajectory
Generator

Gao, Gehlhar, AA, Liu, Delbruck, ICRA 2020



Learning + Control of Assistive Devices

Trial 0 Trial 20
(Prior) Trial 5 Trial 10  Blind rankings (Final Posterior)
given by subject

ot

p Duration (s) !

O
N= O

-
0
o ®
| .
35
Ll =)
o
£ 8
Egﬂ
e
>
z
Q
—

Oste

(6,15)

(11,17)

Step Width (m)

12
(10,13)

Varying Step
Length and Width

o

.25 . 1
0.08 0.13 0.18

Step Length (m)

-~

- =
- - - - -

Tucker, Novoseller, Kann, Sui;, Yue, Burdick, ZA, TTICRA 2020




WANDERCRAFT

ORDINARY LIFE FOR EXTRAORDINARY PEOPLE
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