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G o a l : u n d e r s t a n d categor ica l

s t r u c t u r e s beh i nd

- c l a s s i f i c a t i o n o f
g r o u p ( - l i k e thing)

a c t i o n s P m M

- cocycle a c t i o n s

- c o c y c l e conjugacy
- c l a s s i f i c a t i o n o f subfactors N c ,

- s t a n d a r d i n va r i a n t s



W h a t i s a uni ta ry 2-category ?

D e f u n i t a r y c a t e g o r y ( d - c a t . ) e

i s g i v e n b y

- c o l l e c t i o n o f objects X , Y , . .

- morph i sm s e t s C C X , Y ) s i t .

- @ ( X ) = ( ( X . X ) i s a Ct-a lgebra

⇐ E C K Y ) i s a tight H i l b e r t

CCX)-module
- d i r e c t s u m X @ Y



D e f unitary I n o n s t r i c t ) I - e a t e r y i s

g iven by

- col lect ion o f O - c e l l s : i . j , K . . . .

- u n i t a r y categories E i j
- objects X .Y, . . o f e i j : I - ce l ls

£ 0
i j

- morphisms TEEij ( X .Y ) : 2 - c e l l s o,A¥.
Y

- mono ida l s t r u c t u r e e i j x e j k - e . s k
- X @ Y E E i k f o r X E e i j , Y e e j k
- " u n i t s " 1 1 ; E e i i



- a s s o c i e t o r : na tu ra l u n i t a r y morphisms

F-
x . iz:(X-014*2 → X @ (4×02)

satisfying s t a n d a r d c o n s i s t e n c y condit ions

e . g . pentagon equation

tex.y.zxoidw.ly#xo21)xowyEx,Yxo2,W-
CcxxoYlxozlx0WXx0l(Yx02)@w)

¢id×@IT,2,W¥xxoY,
2 .w )
(11×041×012×0W ) → X x o ( Y@ ( 2 kW ) )

I o X , Y , # W

Kem'. o n e O-cell → un i t a r y t e n s o r category



W h e r e d o 2 - ca tego r i e s c o m e f r o m ?

B i m o d u l e c a t e g o r y

. O - c e l l s : v o n N e um a n n algs M , N , - -

( o f t e n ; w i t h f a i t h f u l t r a c e s . . . . )
- E m , , = Bimm,N

- E - cel ls : H i l be r t spaces µHn, mKN,--

w i t h (normal) M - N - b i m o d . s t r u c t u r e
( o f t e n : f i n i t e u N d i m o v e r 1 4 IN , - . )

- 2 - c e l l s : M - N-b imod . homeomorphisms

- monoidal s t r u c t u r e : C a n n e s fus ion



Homomorphism category

. O - c e l l s : properly i n f i n i t e U N a lgs LYN,

. Cµ,w=Hom(N,M )

- 4 - c e l l s : ( n o n u n i t a l ) * - h o u r s p : N → M

- z - c e l l s : i n t e r t w i n e s X E M s e t .

X p l y ) = a y ) x
t y e N

- m o n o i d a l s t r u c t u r e ;

j o y "compos i t i o n a s h u m s p o

f o r i n t e r t w i n e s X @ y = r e p l y ) = p 'm
p e p



Dua l i t y a n d d i m e n s i o n for u n i t a r y

2 - Categories
De f E : u n i t a r y 2 - c a t e g o r y

X e e i j : I - c e l l

A d u e l o f X i s given by

- 9 - ce l l F e e j i

- 2 - c e l l s 1 2 : 'It,- → FOX , I : # → X x i x

s i t . lid×xoR*lI×,×,×lRxOid×) = i d x . e c .
× pix

i

graphically: ,§± = / idx
×

×



D e f assuming ek( I l k ) = Eid#⇐ (simplicity)

- t h e categorical dimension o f X e e i j i s

dlxl-qgi.az, " R " - H e l l

- Lategorial t r a c e o n Eij(X)

T i x ( T ) = Ricidyxot)R=E*fTeid×)R

& FT
D (sphericity)

f o r minimizing s o l u t i o n s w i t h 111211=111511

k m d(x-041=81×1-1dm), d(xxoY)=d(X)dCY)



Rem X C- E i , - 1 2 0 i n e ; ( x ) ⇒ Tr×CT)> dlx)-'11T"

d i x i t = d l x ) -2 § p r o j .

I Jo s , d ix i t M
n d µ

i d ×xoTr×lT)

i n particular d i m e : ( X ) C c s

d i m Ci j (X .Y ) a s

⇒ e i j i s semisimple (7- i r r e d u c i b l e decomp.

X I X i e . - t o x i n , E i j k k ) I @ i d



Amenabil i ty fo r un i t a r y 2 - categor ies

D e f e : u n i t a r y r i g i d 2 - c a t e go r y
× E e i j

'

. E - c e l l

→ t h e f u s i o n operator P x i s

A l I r r e j k ) → A l I r r e i k )
,

Sy ↳ EI, 82k i f X - 0 4 = 2 , to---+02N

R e m 1117×11 E d l x ) from 81×04=81×1971,
e t c .



Def. e i s amenate i f 1117×11 = D ( x )

h o l d s f o r a l l I - c e l l s

R e m .
E amenablee E ) 7- I t i : E i i s

amenable a s rigid uni tary t e n s o r cat.

- pointed monoidal category ( I r r e = p

fo r s o m e d i s c r e t e g r o u p , w i t h
"same" prod.)

i s a m e n a b l e E ) P i s amen a b l e

117g, + . -+7g, 11 = n



Duality w i t h F r o b e n i u s algebra objects

2 - c a t e g o r y E m y

- t e n s o r categor ies E i = @ i i

. b i m o d u l e categor iesEirxeijnej.ejI0Pendeileijl.eiI
@Eudejleij7leij2Eudeulejk.e

i v . 1 )

u s c a n w e i n t e r n a l i z e such s t r u c t u r e

( i n s o m e c o r n e r E i ) ?



O s t r i k , - - ) C t e n s o r category
µ : t ight e-modu le category ( M i n e )

w i t h generating obj X E M

t h e n (morally) I algebta object A E e s i t .

M = A-mode = { ( M e e ,
A x o n → M ) }

a s e - m o d u l e categories

I d e a i internal endomorphism r ing

End_( X ) = TO M I X 0 0 k , X ) U k a s A
V k E I r r e

Rem p ro p e r n e s s l { k : MIXxovk.t l /Fo3/ccs



Mi ige r, . . ) rigidity f o r b imod . c a t e g o r y

A - bimoden A-mode h e

corresponds t o t h e Ftobenius-ag.es#
c o n d i t i o n o n

A :

m " ! A → A @ A i s A-bimod. hou r f o r

t he product morphism m : A @ A → A

Morally : "C"- algebra w i t h faithful state"



A c t i o n o n v o n N e u m a n n algebras

Def (.-, Tomatsu) E : u n i t a r y 2-category

a c t i o n o f e o n v o n N e u m a n algebras

(Mi);:O-cell i s given by a un i ta ry

1 - category f u n c t o r

F : C → (von N e um a n n algs, b imodu les )

s i t . i → M i f o r O-cel ls

F t e e a c t i o n i fully fa i thfu l f unc to r



Unpacking ingredients

- X E e i j n ) b i m o d u l e µ i Xµ j , h o w Mj#Mi

- T E e i j ( X , Y ) → b i m o d . h o w miXnj→µiYmj

i n t e r t w i n e ' TECp× ,py)cMi
F z

- u n i t a r y mo rph i sms mix,&;YMu→ M:(X-047mi,

w i t h compatibility w i t h a s s o c i a t i o n s , . .
( 2 - c o c y c l e c o n d i t i o n )



Example
f r e e a c t i o n o f t h e pointed ca tego r y [

o n properly i n f i n i t e M

E M a M o u t e r cocyc le a c t i o n

R e m . C rigid ~ C h i l i

n , m:X , ; "finite index" bimodules



singly generated r ig id 2-ca tego ry

0 - c e l l s : O , I

genera t ing 1 - c e l l '

. X E E , o

i . e .
, a n y object Y f e i j e m b e d s i n

(X o r I)xO.-05×0×05×0...io/Xorx)

→ l o o k f o r "generators and re la t ions"

presentation o f e



S t a n d a r d i n v a r i a n t o f ( e , X E E i o )

O c n e a n u ) p a r a g r o u p & f l a t c o n n e c t i o n

- f u s i o n graphs 17¥', R f t '

-
m a t r i x c o e f f i c i e n t s ( "6J - symbol") o f

G o l f , 1×021×011)¥*CiolY, 1/012×0×1)

Popa ) X - l a t t i c e d-' y
- Am , n = End ( 2402¥ . I s

J o n e s proj

- t r a c e T r . . # 5 × 0 × + 0 . . o n A m i n



J o n e s ) fshaded) p l ana r algebra
- PY's C o c k o , X-xox.no#0X)

Pui's e . ( A . , xxoxgn.IO'T)

- 2 - c a t . ope ra t i ons f r o m ( R , R )
"it's'

→ "if. . . .



C lass i f i c a t i on

Popa , To m a t s u

C i a m e n a b l e rigid un i ta ry 2 - c a t .

( M i ) i : O - c e l l s : properly i n f i n i t e

injective f a c t o r s

t h e n f r e e a c t i o n s e ¥ 9 ( M i l i a r e

un i q ue u p t o isomorphism o f

unitary 2- f u nc to r s F I G



Unpacking i s o m . o f 2 - f unc to r s F → G

"xim.FM),; → n ; GCX),; unitary bimod.

h o m

FIX),xG;FlY) " ¥ " " G M O GCT),y,M i M k M i Mj

F r f

M i F I X @T ) m u ¥ , MiG1 × 0 4 ) 1 7 k

compatible w i t h a s s o c i a t o r s

( " I - c o c y c l e " )



O a n e a n u ) 1 7 A M o u t e r

a m e n , i n j .

Popa ) N C M i n j e c t i ve s u b f a c t o r

w i t h a m e n a b l e s t a n d a r d i n v a r i a n t

generated by X -

µ ECM),

M a s u d a - T o m a t s u ) Gn
~ Minject've

d i s c r . a m e n . quantum g r o u p

A r a n o ) C "Rokhlin action"

f u s i o n c a t

~ A

Kirchberg a l s


