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PDEs & Complex Dynamical

oystems

* (Getting the right basis
- POD modes

* Minimal dynamics
- dynamical systems of the cheap
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How to solve a PDE: 3 easy steps

1 2
PDE — ODE —— Algebra*

.

Undo

U= N(x,u,th, Uy, .. .)

Eigenfunction expansion (separation of variables]

- ufxt) = Z a,(t) P, (x)
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* 5ad fact: This is all you know how to do!




IST on the Cheap
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Kutz, Data Driven Modeling Sciand entific Computing (Oxford]
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SVD on Data

0.4 T
— mode1i
—— mode2
. - mode3
Z 0
=
045 15

T Kutz, Data Driven Modeling Sciand entific Computing (Oxford]

UNIVERSITY of WASHINGTON



Galerkin Expansion

u(z,t) = a1(t)d1(z) + az(t)pa(z)

ia1, + @1101 + 01202 + (Br11la1]?® + 28211 a2]?) ay
+ (Bi21]a1]?® + 2B221)a2|?) a2 + o121a%al + 02110307 =0
tags + 2101 + 2202 + (ﬂ112|a1|2 + 2,3212|02|2) a1

+ (Bizz2]a1]? + 2B292|az|?) as + o122a%al + 02120307 =0

Ak = (B 1p» Dk)/2
Bikt = (|¢5]° bk, d1)
okt = (65%%, d1)

_ (2sech(z), ¢1)
w0 =541
a _ (2sech(z), ¢2)

0= 0
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Data Driven IST
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Olfactory receptor
cells

10% neurons

Antennal lobe (AL)

103 neurons

Mushroom body
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Dynamical Systems and Fixed Points (Locust]

MB (KCs)

S L e

0

THe :
\
AL (PNs and LNs) 3 \

3 s cit
3 s meth

Mazor & Laurent, Neuron 2005
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Encoding Dynamics

LOCUST BRAIN IMAGE (ANTENNAL LOBE)
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Rabinovich, Huerta, Laurent, Science (2008]




Encoding Dynamics (?)

LOCUST BRAIN IMAGE (ANTENNAL LOBE)
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Our Goal
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~ Data Driven Projections
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~ Data Driven Projections
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opatio-Temporal Coding Modes

Model of olfaction: Spatio-temporal competing modes
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Encoding Dynamics
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Encoding Competition Dynamics

3X3 ODEs
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Lack of Decision Makin
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A Nice Talk by Candes

compressive sensing ...

blah blah blah ...

L1 optimization ... sparsity .....

blah blah blah ..... C’est magnifique!
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Example from this book
(Oxford 201 3]
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General PDE Reduction Concepts

132 ¢1(.’E,,Bk), ¢2(.’I3, :Bk)a Ty ¢m1 (w,ﬁk)

U, = N(U,U,, Uy, - --,z,t,3)

| | |
Ag, = | U(t,z) U+ At,z) --- U(t+ mpAt, x)
| | |
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Expand in Low-Dimensional Bases

K m

Uz, t) =) D akm(t)pm(z, Br) = Yra

k=1m=1

rse measurement matrix . .
>pars l solution expansion

A \

U=oU U= (Pr)a

highly —undetermined system!
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Promoting Sparsity

K m

U, ) =Y. aim(t)dm(z, Be) = Yra

k=1m=1

- ((I)qu)a solution expansion

promote sparsity

7 min |al|,
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CQGLE - A Prototypical Example

iU+ (% - z'r) Usa—itUsgzq+ (1—in) [UPU+(v—i0)| UV ~inU = 0
T K L v o v description

B1 -0.3 -0.056 1.45 0 -0.1 -0.5 3-hump, localized solution
B -0.3 -0.05 14 0 -0.1 -0.5 localized solution with small side lobes
Bs  0.08 0 066 -0.1 -0.1 -0.1 Dbreather
By 0.125 0 1 -0.6 -0.1 -0.1 -exploding (periodic) dissipative soliton
Bs 0.08 -0.06 06 -0.1 -0.1 -0.1 fat bump
Bg 0.08 -0.06 0.5 -0.1 -0.1 -0.1 dissipative soliton
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PDE Dynamics
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Library Modes

Library modes
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Measurements and Reconstruction

B2 t € [100,200)

B tel0,100)
ﬂ:
B3 t € [200,300]

m = 3 measurements at o = 0,2, =0.9,2, =1
p = 24 number of library elements
n = 128 dimension of original system
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Measurement and Reconstruction

APPLIED MATHEMATICS
UNIVERSITY of WASHINGTON




Library Identification
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Poor Measurements
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Run extensive simulations of the governing PDE (23.1.1) at values of the
bifurcation parameter 3 that produce signature dynamics in the system.

For each signature value B (k = 1,2,---,K), sample the low-rank dy-
namics (slow manifold) through a snapshot based method. Alternatively,
other dimensionality reduction techniques can be used to produce the cor-
rect low-rank encodings such as dynamic mode decomposition or equation
free modeling. Retain only the principal components (POD modes) that
capture a prescribed high percentage of the data.

Construct a library 1;, of the p POD vectors sampled at the various ;.

Building the library is a one-time cost. Once done, use sparse measure-
ments U and a compressive sensing scheme (convex L' optimization) to
reconstruct the best-fit (in an L' sense) sparse evaluation of the full state
of the system U at any given time ¢ by evaluating a.

Either the sparse sampling can be used continuously to produce a sparse
representation of the state of the system in terms of the library modes v,
or occasional sparse sampling can be used to generate the correct low-rank
POD dynamics of a.
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Flow Around a Cylinder
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ressure Field
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Pressure Dynamics on Cylinder

Re - 300 Re - 1000

1500
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POD Modes
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Compressive Sensing Reconstruction
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Neuro-Sensory Application?

Steven Brunton
v, o UW AMATH
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Encoding Flight Dynamics
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Capanitorm Sensilla

cuticle

cell body

Tom Daniel + Michael Dickinson
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Insect Wing Sensors

Moth (Orona and Agee, 1987)

Moth (Aietal, 2010) Fly (Dickinson and Palka, 1987)

Filiform sensilla Campaniform sensilla
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S Beston

Can the campaniform sensilla
on insect wings encode body
dynamics or wing loading?




Application to Numerical
Algorithms

Xing Fu +  Matthew Willams + Peter Schmid
UW AMATH Princeton Ecole Polytechnic
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Adaptive Time-Stepping Algorithms

N

o

Energy
(Predictive)

Energy
(Derivative)

0 N " N s N 0 ! s N " N )
0 100 200 300 400 500 O 100 200 300 400 500
t t

APPLIED MATHEMATICS Combine POD + DMD

UNIVERSITY of WASHINGTON




Dynamical Systems

+ Machine Learning (robust PCA: L+M+S)

+ Compressive Sensing (time + space)
+ Control

= Transformative Paradigm
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