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'ﬂ\e Classic Plf\o»se Retrieval (PR) Problem

let $eC0RY), £ real and $20. Gan we
/\

reconstuct § Trom |£1 2

Applications X-ray dl-%md—?ov\l wave front sensing

commw\{c_o&—tov\) a$+ronom3 ete .
2

B Answer; NO in gereal |

Under some constraints, the answer might be YES



Ambigw)ries in PR

We have |91 =1F1 i
3O = T(x) .
O %4&x = +(x-a) -For and a€ (Rd.

D Llet {00 =f0*xH00. Set eq.
S(X\ = ‘F;C‘X.) * 'F'z(x’a) )
¢ The "frivial” ambiguities cm be eanily overcome throwsh

suiteble nomalizgedion. The third one poses o
difficnit challenge | There might be othar cmbiguities,

O These chmllcﬂaes have not detered people {rom 9 PR



) Proésed—‘\on" A\Soﬁ'\”r\m -V—of PR)

When one otfempts PR, there is alwauas an implicit
Qs5umption thot the ’Prob\evv\ hos ev\owgh constrevnts
that there is & unigue solution.

O Al ?-X?ﬂ'?'\g Ngcrifhms are heuristics based

D Most olgorithms are “Projection” based

Get an initial Quess from constraint A

V
Aﬂalg constramt B 4o get an “Pd"d'e N

7
Apply Constraint A aGAIn;
v



G’eﬂefﬂ.\ Phase P@‘l’( ;Q,VOLl In FTv\(-\'e_ 'D{mens{ong}

Let g = S,'Eu""z,""a{'”‘j - Rd or C“. The P"&GSQ. Retrieval
'Prob\em for BC 15

let xeH = (Rdor C‘. Given %l(x,féﬂs,’v . Can
)
we Yelonstruct X? J

Cleary, we can only reconstruct X up Yo CX where [cl=],

O Define x~y i Y =cx for some lcl=]. |et
N
M} : H/\,\ — R
X "__>[ ‘<X/{:|>\2; <X, '('2?‘1: ~tY \<’<r&,>t]\:

We say I i Phase Retrieial (PR) i Mg i njective,




Real Cose H = R

let F=3f.%, - nc,vk C_le, Assume X XY, e,
X3 Y such that l<><,¥j>\ =<y, %> for all §.

O &xf> = 244, 8>, j=la,-— N

ng <X’-Fj = <3:£}7 ) 3—’""':K;
<X, 5> = -4 = k+1,~ N,

HeV\CC_ <X"8"€&'>:O, 8=‘l&,_..'K

<X‘\’é,fa'7 =0 ., 3 =Kit\,-uN

[} There exists a pastition of ¥ =% U¥, sud
+hot neither F nor £ Spong 1[24‘




:_ﬂ\eO(em let F =3, £f c R Then F
is PR W§ for ay partition ¥ =F, U F,.,
either §| spans ‘Rd dr 52- SPMS ‘Rd.

L Z—O"D“WJ’; F 5 PR = Nzad-I.

Furthermore., o generic F with Nz ad-]
vectors is PR,

) Theorem et F be a generic set sf Nz d+i
Vectors n IR, Then, M§ % injective for almest
all x€ ‘RJ/\/\’ v.e, i; (M;()O) = {X} for

Q.e. Xe le/\/\.

-



Complex Case H s(‘f}

The complex cane 5 dmost an entively. different game!
Many banic guastions remain open.

Cl let N@) denctes +he minimal number o‘S’ vectors
needed in X c C? +o have phase retrieal | Than,

Wsing +ho reall_ cone technigud. we get N ) 2 ad-]
But this is far from optimal_,

Balan-&smzza—Edidtn 06 - ch) S4’d"‘9\.

@ Furthermore, a genric § With Nz 4d-a
Vectors has PR, 4.e. Ng(d) < 4d-2,
® Conjectwed N(4) = 4d-2Q

Clearly false a5 N =4



O Bodmonn 2012, . N({d) <4d-4
O Dossn't show 4d-4 generic vecos have PR

[0 Finkelstein, 3004: N(@) 7 3d-a..

(1 Heinosaari, Mazzarella, Wolf 3012 .

NW@) 2 4ed -4 - Aot (d-1)
where o((n) is He number of Ls in the binany
expansion of n,.

[} Conjecture : Nd)=4d-4 . Tue: d=3 (Cd‘ = e

Balan- (asszza - Edidin 06 : N 2 2d gewic vectovs g
PR for almost all X € CJ/\/\

O YW 3012 ; N <ad generic veders in ¢ i not PR
for almost all )(e(f‘/vs




Theotem Lot F= 16} C.C . The following,

are e} vaent

W F isnt PR,

(1) There exist non- colinear w,V e Cd such, +that
Re (((A,fp <V"Fa'7> =0 for all §
Gii) The (real) Jacobian of My has rank
< ad-| at seme nongRro point on ([:"/\,\
) Theoem (YW doi2)

y dwl
Lientity ¥ = Hj}j:l with F=h, - lel .
let TTUA) = §Fe C™: Fis PRY. Then

dxN

TT(d,N) 5 open in C )




| The Minimo&i’rg prololems are -Fundamen’rv&, but are
ovxlg o Small 'Parl: of +he clnallenges in PR,

O One b?ﬁ challenge s the COMPui—a&iona& aspect of PR,
E—%I cient alSorH—\nm 1 Robustness 1

The brute {orce algorithm is useless,

‘ RE&SOnable" PR adgar?*rhm -Fa“ into one o‘f’ 3 dqsses;

@ General $ with N57d (N=0(d»)
@ Spedialy Aes-‘aw.d g
O Romdom 3—' ushs CONVRXK rela\xod—iov\.




[N = 0()]

The bosic idea is Ve simple: Eoch |<x, e
Can be wWritten as a linear Gombination of

%uow\rod'tc Monomials .
A
o Real cone, X, %x;.

© Complex :  [4(, Re(xix)), Im (xix;)

So i& N = d(dz'.lﬂ (reql) or N = d?_ (Com?\Qx)

one Con Solve. |<X-(: >| J =l,-->N Via Solvmj Q
System of lineor e%uod—\ons,

Work by Balan eral, * Paialess” relonstuction,



rCom/ex Relaxation — Phase Lift |

PR in IR/ or C/-

> Reconstructing X x*© = Z;X'
& Reconstructing Lxg)

O We know
'<X,\C§>\Z: X*{qux = tr (ﬁﬁfxx‘*)_

Set Z_:)(x*} S‘a -_-__-Fa-F:, ond
L (X)) = [tr(55%))

dxd v N
D View 4 as linearmap € —— IR,

Knowing & (X)), Tind X



Solve for LA(X) =b
@) { Subject to X2 0, rank(X)=1.

ﬁie,laxad-;on I] min, rank (X))
suject o [ (X)=b, X Z o

ﬁzelaxad-;on ] min,  Tr(X)
subject o ([ (X)=b, X Zo.

® Condes, Strohmer & Voroninsk: — Phase Lift
@



Theorem ( Condes Stiohmer % Voron{nski>
For any X, let & = ??ﬂ?ﬂ be N 2 CodLe5d

ramdoM\& chosen unit vectors (uhi‘ftfwv\lé_ d\'(‘l’ﬁb\«%)
onv the unit sphere. The with high probability
+he Phase Litt odjom—hw. reonstrucky X

Theoem  ( Candes & i)

Improved on thi obove +o
(i) For all X
) N =z cd



'(AGDnS'l’MC‘Hnj §P€c§ﬂ9\ = for PQJ

Ancther aﬂ;roacl« 1$ o onstruct 396(409\, § = {-6};/, So

“hat PR (an be done e—?f icien-\'la_ usbsj a “small ¥ number
of vectors. This is easier said than done

[0 Babw, Bodmann, Gasazze., Edidin 2061 . * Painless” frame
@eonstiuckon . N = OW™) o(d?) Cow\?(-ex\'—\';

Random 5 : N2z Cd&9d or N2 Cod.

Co lage no precise estimate  sfow



Alexeey, Atonso, Fickus, Mixen w013 : A graph
theoretic nstruction with N = Cd  and

Q(N*) complexity  C very large (7 240)

Fickus ¥ YW : A class of F through o re(ursive
construckon. N = CdQOSZd with C being

very small ( C=aL works, bigger C Yields more
robushess) . O (d%) (_omyle,xzi'a.

- g a |
Basic idea - IR™ X R™=
Ik V
PR ¥, PR 3{2_ J

) F with N=Cd with smal” C 1



—
\Qobus{’ness

All +he a]ﬁoriﬁﬂms Mew\'ionecl 0Jo(>\/€, have shme.
+7'Pe of rbbus-l—uo_ss, 1.8, ]5- +ha measurements have

Some, exvor bounded by £, the ervor of e
Yerstruckion is within Some § . S depends own.

¢, d ond g-

Two noise models

@ by = [KXH>] + 1 (b measucmed)

@ bj = l<x,ﬁ>ll+”5



0 There have been some estimades on +he robustress
under model I, e.q. Eldar & Mendelson 2012,

p—

O Pecse estimare in Model I (Relanb Yw/)

let E =[fi—4y). Forang SCS,nf let B be
the Submadrix consisting of Colwmns £-  36S

We now introduce twe quantities T(E) and wo(F),

RN TACEACS )
.= M s ke (€
OF) = M 3SR (F)ed b

W(F) = TlF)



Theorem  ( Balan & W)

> d
Assume Hat § "—‘(2['\5\7_ . For each XeR
let X be the reonstruckion. Than

‘ 2

() sup [x-KI| < =— .
leu-El TF) -

Gi) swp Ux-%I > —=—.
uxng| 7 w(F)

[J For "redly smal” ¢>0, we've precisely
0 T

Su Ix-XI| = —/=.
llﬂtE.\ o)

D For Gewssion F with Nz Ad |, Ne> 2, With
“high” probabilty TIE) Z Hodd | o depends only on ),




