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From graphs . . .

Interval graph

Unit interval graph
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. . . through vertex orders. . .

Interval graph

Unit interval graph
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. . . to complexes

Under-closed order Order on the vertices of ∆ such that

if v0v1 . . . vd is a facet of ∆

then v0w1 . . . wd is a facet of ∆

whenever wi ≤ vi for all i ∈ [d].
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Complexes continued

Unit interval order Order on the vertices of ∆ such that

if v0v1 . . . vd is a facet of ∆

then w0w1 . . . wd is a facet of ∆

whenever wi ∈ {v0, v0 + 1, . . . , vd} for all i ∈ [d].
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Computation

Marta’s code: https://detector.martapavelka.com/

Boxicity for graphs

Higher dimensions?
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Shellability

A pure d-dimensional complex ∆ is shellable if there exists an order
on its facets F1, F2, . . . , Fk such that

〈F1, . . . , Fi〉 ∩ 〈Fi+1〉

is pure and (d− 1)-dimensional for each 1 ≤ i ≤ k − 1.
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Lex shellings

A shelling F1, F2, . . . , Fk of ∆ is a lex shelling if it is induced by the
lexicographic order on the vertices of ∆.
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Shellability is hard

Determining shellability

Matroids
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The question of the day

What is the relationship between these

vertex orders and lex shellings?
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Back to graphs

Proposition (G–Pavelka)

Assume ∆ is 1-dimensional and connected.
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Higher dimensions

Proposition (G–Pavelka)

Let dim ∆ > 1. Assume ∆ is pure and strongly connected.
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A little bit stronger

Theorem (G–Pavelka)

Let dim ∆ > 1. Assume ∆ is pure and strongly connected.

Any unit interval order induces a lex shelling on ∆.
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Vertex decomposability

Definition

A pure simplicial complex ∆ is vertex decomposable if

(i) either ∆ is a simplex

(ii) or there exists a vertex v such that link∆(v) and del∆(v) are
vertex decomposable, and every facet of del∆(v) is a facet of ∆.

Theorem (G–Pavelka)

Let dim ∆ > 1. Assume ∆ is pure and strongly connected.

If ∆ has a unit interval order then ∆ is vertex decomposable.
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Vertex decomposability

Definition

A pure simplicial complex ∆ is vertex decomposable if

(i) either ∆ is a simplex

(ii) or there exists a vertex v such that link∆(v) and del∆(v) are
vertex decomposable, and every facet of del∆(v) is a facet of ∆.

Theorem (G–Pavelka)

Let dim ∆ > 1. Assume ∆ is pure and strongly connected.

If ∆ has a unit interval order then ∆ is vertex decomposable.
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Simon’s Conjecture

Shelling completable:

Conjecture (Simon 93)

Every shellable complex is shelling completable.

Theorem (Coleman et. al 22)

Every vertex decomposable complex is shelling completable.
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Questions

Efficiency (and boxicity?)

Lex shellings

Billera–Myers: Shellability of interval orders
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