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Key takeaway: Finiteness conditions on families of algebraic,
combinatorial, or geometric objects lead to (somewhat) predictable
growth behavior.
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Hilbert polynomial

R = ®penRy, a Noetherian standard graded algebra over a field Ry = k.
dim(R,) = agn® +ap_1n? 1+ :
imk(R,) =, 2dn +ap—1n® "4+ a € Q[n]

Ehrhart polynomial

P c Q9 a lattice polytope.
#(nPNZ9) = bgn® + bp_1n "1 4. + by € Q[n].

Snapper polynomial

Let X be a d-dimensional projective scheme over a field K, £ an invertible sheaf.

Xk(£®") = cdnd + C,,_1ndi:l +---+ ¢ €Q[n].

If “standard” and/or “lattice” are removed, then one obtains quasi-polynomials.
P:Z — Q is a quasi-polynomial if there exist Py, ..., P, € Q[n], such that
P(n) = P;(n), for n=1i (mod 7).
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More (quasi-)polynomials in commutative algebra

o (Hilbert-Samuel function) length(R//") is a polynomial for n > 0, where |
and m-primary ideal.

o (Number of generators) p(/") is a polynomial for n>> 0, for any ideal /.

o (Ext, Tor, Betti and Bass numbers) length(Tor(R/I", M)),
length(Extix (M, R/1")), u(Tor®(R/1", M)), and u(Exti(M, R/I")) are
polynomials for n > 0. (Kodiyalam, 1993)

o (Castelnuovo-Mumford regularity) reg(R//") is a linear function for

n > 0, where | a homogeneous ideal. (Kodiyalam, 2000), (Cutkosky, Herzog,
Trung, 1999)

o (v-invariant) vp(/") is a linear function for n > 0, where | a homogeneous
ideal. (Conca, 2023)

These results use in a fundamental way that the Rees algebra
R[It] = ®nen!"t" C R[t] is Noetherian.

One obtains quasi-polynomials if {/"},eN is replaced by a graded family
Z = {lh}neNs Inlm C lntm, such that R[Zt] = @penlnt” C R[t] is Noetherian.

Jonathan Montafio (ASU) Presburger modules: quasi-polynomials and tameness February 13, 2025 3/22



Local cohomology of monomial ideals

R=K[x,...,xq], m=(x1,...,xq), I = (x™,...,x™) monomial ideal, M an
R-module.

5(/)20—)R—)@Rx"1 — @ Rx"ix"f —)"'—)Rxnl,,,xn,_, —0
i=1

1<i<j<u

Hi(M) := H(C (1) ®r M) is the i-th local cohomology of M with support /

Theorem (Dao - M, 2019)

Iflength(H.,(R/I™)) < oo for n > 0, then length(Hi, (R/I")) is a
quasi-polynomial for n > 0.

Example: | = (x1x2, xaX3, X3X4, XaXx5) C K[x1, ..., Xs].

n5 n4 n "2 n H J—
Tg)+9—?—g—g+m7 |f1n:0 (m0d2)
50t og — 48 53t e T3 ifn=1 (mod2);

length(Hy, (R/1")) = {

o] 23
glength(Hm(R// ))z" = -2 -27)
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Main ingredient: Presburger arithmetic

A Presburger formula F is a first order formula that can be written using
quantifiers 3, V, boolean operations A, V, —, and affine integer linear inequalities
in the variables.

A set S C Z? is Presburger definable if it can be defined via a Presburger
formula F(u), i.e, S ={uez?| F(u)}.

Equivalently, S is a finite union of sets PN (q + A), where P C Q% is a
polyhedron, q € Z%, and A C Z9 is a lattice. (Woods, 15)

Example:

o F(u)=(3c€Z)(c >0 A u=3c+1) defines the positive integers with
remainder 1 mod 3.

o G(uy,u) = (2u1 4+ us = 3 A 3u; — up > 2) defines the set of integer points
in the cone (1,1) + Rxq conv({(1,3),(1,-2)}).

e Yi(a,n)=3t, € Z50,1<p < u)(z th=nANaxy tpnp) defines the
monomials x? in the ideal /7 = (x™, ... x")".

Jonathan Montafio (ASU) Presburger modules: quasi-polynomials and tameness February 13, 2025 5/22



Wood's Theorem
Let F(a, n) be a Presburger formula. Set
f(n) =#{aez?| F(a,n)},

this function is called a Presburger counting function.

Theorem (Woods '15)

Let f : N — N be a function, then the following conditions are equivalent:
@ f is a Presburger counting function.
@ f is a quasi-polynomial for n > 0.

© The generating function )\ f(n)z" is rational with denominator of the
form [[,(1 —z"), ni € Z>o.

Example: Let F(a,n) = (a € N9) A (=Y)(a,n)). Then
length(R/I") = #{a € Z | F(a, n)}

is a quasi-polynomial for n > 0.
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Sketch of proof for Dao-M’s Theorem

For each a € N9 there exists a subcomplex A, of A(/), the Stanley-Reisner
complex of V1, such that

dimg H (R/1™)a = dimi Hi_1(Aa(1), K).
(Hochster '77, Takayama '05)

Given A’ C A(/), the a such that A,(/") = A’ are characterized by simultaneous
membership and non-membership in powers of monomial ideals, which is a
Presburger counting function fas(n). Thus

length(Hi,(R/1™) = Y dimic HiL(R/1™)a

=Y dim A1 (8a(1"), k)
aeNd

> > dimi Ay (A K)
A'CA(1) {a|Aaa(In)=A"}

Z dimy H;_1(A’,K)fas(n), a quasi-polynomial by Wood's.
A'CA())
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Kevin Woods and his coauthors expanded the Presburger methods to prove
quasi-polynomial behavior in a wide and diverse range of situations.

The unreasonable ubiquitousness of
quasi-polynomials*
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Abstract

A fanction g, with domain the natural numbers, is a quasi-polynomial if there
exists a period m and polynomials po.pi,.., 1 such that g(t) = pi(t) for £ =
Fmod 7, Qs polsmormias clasieall-- and ressanably” - appoat in Fhehart the-
ory and in other contexts where one examines a family of polyhedra, parametrized
by a variable £, and defined by lincar inequalities of the form a1 ++ - +aaza < bit)

Recent results of Chen, L, Sam; Calegari, Walker; and Roune, Woods show a
quasi-polynomial structure in several problems where the a; are also allowed to vary
with ¢, We discuss these “unreasonable” results and conjecture a general class of
sets that exhibit various (eventual) quasi-polynomial behaviors: sets 5, € N¢ that.
are defined with quantifiers (¥, 3), boolean operations (and, or, not), and statements
of the form @) (t)z1 + -+ + ag(t)z4 < b(t), where ,(t) and b(t) are polynomials in
£, These sets are a generalization of sets defined in the Presburger arithmetic. We
prove several relationships between our conjectures, and we prove several special
cases of the conjectures. The tile is a play on Bugene Wigner’s “The unreasonsble
effectivencss of mathematics in the natural sciences”

Keywords: Ehrhart polynomials; generating functions; Presburger arithmetic;
quasi-polynomials; rational generating functions

1 Reasonable Ubiquitousness

In this section, we survey classical appearances of quasi-polynomials (though Section 1.3
might be new even to readers already familiar with Ehrhart theory). In Section 2, we
“With apologies to Wigner [18] and Hamming [9]. Extended abstract appeared in FPSAC 2013,

U FLECTROMIC J0URNAL OF CoMBIATORICS 21(1) (2014), #PL44 1

K. Woods, The unreasonable ubiquitousness of quasi-polynomials, The Electronic
Journal of Combinatorics 21 (2014), #P1.44.
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Goal: Describe a category that exploits the finiteness properties of Presburger to
prove quasi-polynomial behavior of multigraded modules and functors.

From Dao-M's proof, the idea is to divide supports of modules in finitely many
“Presburger describable” regions.

The issue: What morphisms preserve the Presburger structure? Tameness from
persistent homology developed by Ezra Miller.

HOMOLOGICAL ALGEBRA OF MODULES OVER POSETS

FZRA MILLER

rings, a
o define finitencss 1o replace the noctherian hypothesis which fails. The tameness
‘condition ntroduced for this purpose captures finiteness for variation in famibies of

paces indexed by posets i a way that is characterized cquivalently by dis
tinet topological, algebraic, combinatorial, and homological manifestations.
ess serves both theoretical and computational purposes: it guarantees finite presen-
tations and resolutions of various sorts, all related by a syzyey theorem, amenable to
2w oven i the

fnitely generated discrete setting of N'-gradings, where tame is materially weaker
than noetherian. n the context of persistent homology of lered topological spaces,
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Let Q@ = Z9 with a generating semigroup Q. C @, such that Q4 has trivial unit
group. @ has a partial order given by:

4=q <d -qecQ,.

A Q-module M is a Q-graded k-vector space M = @©qeq@ My with a K-linear map
Mq — My for every pair q < q’, such that Mq — Mg~ equals the composition
Mg — Mg — Mg ifq<q' <q".

Example: R = k[Q,] C k[Q] = K[x!,... ,x$' is an affine semigroup ring and
M = ®qezs My a multigraded R-module.

The maps are given by x* Mg C Maiq.

For example, R, monomial ideals /, quotients R//,... are all Q-modules.
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Tameness: the finiteness condition

A @-module M admits a constant subdivision if Q is partitioned into constant
regions A, each with vector space My =5 M, for all a € A, with no monodromy,
i.e., alla < b with a € A and b € B induce the same composite

Mpy — My — My — Mp.

M is tame if it admits a finite constant subdivision and dimg Mq < oo
for all q.

M is a Presburger module if M is tame and the finitely many constant regions
are Presburger definable.

Figure credit: Ezra Miller.
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Presburger families

A Presburger Rees monoid over Q is the G, of a partially ordered group
G =~ Q x Zsuch that Gy € Q4 x N and G, N (Q x {0}) = Q4 x {0}, and that
the generators of G, are Presburger definable.

A Presburger family is a family {M,},cz of @-modules whose direct sum is a
Presburger G-module M = P, Mg = D ,q Mg

Example: The following are Presburger families of Q-modules
(all ideals are monomials).

@ Powers {/"} e, integrally closures {7} ,cn, symbolic powers {/(},cn,
saturations {/" : J>°},cn. We note, however, that these families are
Noetherian graded families.

Q@ {/3ntb . yentdy \ for a,c € N, b,d € Z do not necessarily form a graded
family but it is a Presburger family.

Q If Q; = N7, the multiplier ideals {7 (/")},en form a Presburger family.
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Presburger families (continued)

Q If Npen(lnt1 : 1) # (0) and membership in the ideals /, is Presburger, then
{I,}nen is a Presburger family.

Therefore, integral closures {I,}nen, colons {/, : JT9} oy with ¢ > 0,
saturations {/, : J®}hen, and over @, = N9 the multiplier ideals
{J (1) }nen, are all Presburger families.

One can combine all these operations to find elaborated examples. For
example, in K[N9] the following is a Presburger family

{T(r: JBr=2): K} e

@ Presburger families are closed under direct sums and quotients, so we can
create other families from the ones above. For example

{(Modnen; Mo =g )/ Im@ 1M/ 1"q 1" J>=.
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Homomorphism of tame modules

A homomorphism of Q-modules ¢ : M — N is a collection of K-linear maps
Mq — Nq, q € Q, making the following diagram commute for every q < q’
Mg — Ny

Mq/ — Nq/

@ : M — N tame if Q admits a finite constant subdivision that tames both M
and N, such that for each region | the composition M; — M; — N; — N; does
not depend on i € /. If the constant subdivision is Presburger definable, we say ¢
is Presburger.

Theorem (Miller, '17)

Kernel and cokernels of tame (Presburger) homomorphisms are tame (Presburger).

Thus, the cohomology of a complex C*® of Q-modules with Presburger modules
and morphisms is again Presburger.
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Resolutions of tame modules

Uc Qisanupset if U+ Q4 = U. We call kK[U] = @qeuk an upset module.

SR A

A upset resolution of M is a homology isomorphism Fq — M, where each module
in Fq is a direct sum of upset modules. Likewise define downset resolutions.

These resolutions are finite if there are finitely many upsets or downsets involved.

They are Presburger if all the objects involved (modules, upsets, downsets) are
Presburger definable.

Theorem (Syzygy Theorem, Miller, '17)

The following are equivalent.
Q@ M is tame (Presburger).
@ M has a finite (Presburger) upset resolution.
@ M has a finite (Presburger) downset resolution.

Figure credit: Ezra Miller.
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Presburger functors

Q =2 Z9 with generating semigroup @, C @ that has trivial unit group.

Theorem (Dao-Miller-M-O’Neil-Woods)

Let {M,}ncz be a Presburger family of Q-modules. The following are again
Presburger families:

O Localizations {(M,)p},_, for any monomial prime ideal P C R = K[Q.].
(2] {H;(Mn)}nez for any monomial ideal | C R = K[Q,].

(5] {Tor,R(l\/I,,, L)}nez for L a Noetherian R-module.

O {Extk(L, M)} o for L a Noetherian R-module.

9 {Exti(M,, L)},c5 for L a Noetherian or Artinian R-module.
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Presburger functors (continued)

Example: The following are Presburger families (all ideals are monomials).

0 {HY(R/IM}, -

@ {Extj(Exti(--- (Extg (I"/1,R),R),--- ,R)}, 5
@ {Torf (HY(T(")/T7).K)} ey

0 {Exti (R/PHIIT(IM/T)) } ey
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A word about the proof

{Torf(M,, L)},.5 is a Presburger family, for L a Noetherian R-module.

Tensor over R a free resolution of L and a finite Presburger upset presentation of
M = ®,czM, as a G-module to obtain

-1 QFin—4@F—

l l

= 2@ Fiy1 = L@ F —

l l

- MRFi - MRF —

l l

0 0
The four maps in the top square have components of the form
kU] @ kla+ Q4] — k[U'] @ k[b + Q], which is 0 if U+a ¢ U’ + b, and
multiplication by elements in k otherwise. This implies these maps and its vertical
cokernel are Presburger. The conclusion follows by taking homology.

Tensor products of general Presburger upsets need not be tame, so one needs L to
be Noetherian.
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The unreasonable ubiquitousness of quasi-polynomials

General idea: For Presburger families, finite invariants grow quasi-polynomially.

Theorem/Example (Dao-Miller-M-0’Neil-Woods)

Let {M,}ncz be a Presburger family of Q-modules. The following are
quasi-polynomials for n > 0.

o|ength( D Hg(Mn)a), length (H;(M")%Mb).
an+b<|a|<cn+d

R = K[x, y, z, w]; length ( Hi,., (R/I": m")an+b<|a|<c,,+d)

@ length (Torf(/\/ln, L)) length (Ext’;?(L, Mn))

length (Extf.?(/\/l,,, L)), for L a Noetherian R-module.

© Replacing length by 1 in any of the above.
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The unreasonable ubiquitousness of quasi-polynomials

(continued)

Q Bi(M,) = dimg Torf(M,, k), Betti numbers.
@ 1i(P, My) = dimr/p), Extk (R/P, M,,)P, Bass numbers.
0 a;(M,) = max{|a| | H.,(M,)a # 0}, a-invariants, quasi-linear.

@ reg(M,) = max{a;j(M,) + i}, Castelnuovo-Mumford regularities, quasi-linear.
reg (J(I" D32y K°°)

Q vp(M,) =min{|a| | (3f € Ra)(P =0, f)}, v-invariants, quasi-linear.
Q = N9, deg(M,), degrees.

@ Q = N9 hdeg(M,),homological degrees, (Vasconcelos, 1998).

The latter is a linear combination of deg(M,) and degrees of modules of the
form Extj(Ext3(- - (Extly (I /1,R),R), -, R). This was not know to
grow polynomially, even for {R/I"} en.
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Thank you!

montano®@asu.edu

nathan Montafio (ASU 13, 2025 22/22



