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Setup : ACIR" is a
real

,

central hyperplane arrangement

·*
c(t) = 6

OOAD = #CAMBR full dimensional cones



Consider the complement of A in two different ways
:

PeDo:
-

· Mir(A) := RA X
· disjoint union of CCA) contractible pieces

· Com Run H"Mir(A))
has an INTERESTING PRESENTATION :

WARCHENKO-GELANDIN VE(A) more on this soon

L presentation via
Heaviside functions

-VG(A) with cohomological interpretation.↳ associated graded ring 9
B
⑳

AGGEBRA
from Galen's talk



(2)ComPLEMENT

Ma(t) : = C+ A

COMOLOG FRAN

· HE (Mc(A))= OSCA)
,

the OOA
of A.

↳ GRADE : in cohomological degrees
8

,

4
, .....

2

↳ TESO (A) .



W TES

EMPORTANT and&ASTON S

ENTERESTING O EMPORTANT and

SEQUENDES ENTERESTING

OF INTEGERS 8S

ForS : - S of

CHAMBER
OS (A) and. VGCAL .

DAD

-
CHARACTERISTGUARA

↑ AMENSION

*(A
,

+) = = &M(F) +
* can(x)

OF GRADED PIECES OF

F = 2(A)

os(A)
, gr(vG(A)

where I(A) is the

lattice of intersection subspaces Cup to signs)
.



S TheDANGE

·
· c(t) =

n ! =
dimension of VGCA) and OSCA)

X (Ann ,

+) = (t-1)( + - 2) -
- .. (t - m + 1)

= s(n , j) +
+j

(IGNOMING SIGN) :

j = 1 · STIRLING NUMBERS OF
: #GWeSuiwasa

FIRST KIND



every hyperplane
HitA divides MR/A) in two pieces.

↳ choose a positive part
: Hi

and a negative part : Iti

-WARCENKO-GEFANDIN is generated by

linear functionals on MiCA) called

#VISIDFUNTONS : For Hitt
,

ni : Mr(A)-

put e
Note : hie HoMr(A)



S : hi form an algebra

by pointwise ADDAO
and MUSEDFROM

:DAANG has Heaviside functions hij

DON : e . g.
What is 1-hiz in HMr(A) ?

*
1- hizi



* /MULTIPENDATION) :

#
has

↳ 12

·



T (WARCHENKO-GEAND

There is a surjection

ZLZiIneA-HEMR(A)
Zihi

"TONS"
with Kernel JCA) generated by Y

minimal linear dependency
DEFIN

vo(A) : = ZSziTnet/J(A)



:AANE

22i

[12 [2
(1-21s)

-
his hasthis



DANGE : VG(A) = (zij]/JCAn)

where JCAne) is generated by

CD zjj(l-zj) = Zig-zij

(2) < ijzjn
(1 - Zir) +

(1 - zij)(1
- 2j) Zin

= Lijzjk-Zijzin + Zin-Eyphin-Zhin + Zijir

Msimplicityof thispresentationiis
& only

need circuitsi - Hij , Hir
, Hjr].

This makes it more tractableBED



ASSOCIATED GRAD D

aThere is a Filtration by degree on VG(A)

Fi = monomials of degree i or less

F
.

CFCF2C ....
Fr

- Assorte GRADEDR

grVGCA): Fiy = &(ri]/g(5) .

ENEDUPHON: relations in gr(5)- take highest degree terms in

relations in
J

.



EDITION : relations in gr(5)- take highest degree terms in

relations in
J

.

:DANMEN

Generating relations for JCAn) :

(1) 2jj41
-zij) = ZigfR/y

(2) < ijzjn
(1 - Zir) +

(1 - zij)(1
- 2j) Zin

= Zijzjk
+ Eig-LjpZin-Zijdiv

gr
VGCAny

= Zij]/[zj , zijzjk-ZjnZin-Zijkin]



DIMENOM of
gr VGCAnin-j

is :

S &,j)
=

SPRING NUMBERS DEFRSD= #We Se with

⑨ cycles

&AMPLE : n = 3

=>(23) (1)

c

(13) (2) , (132] ·

(23) (1)



GENERAL FACTS ABOUT gr(VG (A))
:

Recall A CIRK

a K+ 1 graded pieces gr(VG(A); = jth graded piece.

aMutative : [[ZiInet/gr(JCA)
- homogeneous

ideal

* Her
SER

Thim (grVGSA)j) +
"

matches OSCA)

j

T (Moseley
: 9-VGCA) has a cohomological interpretation

grVaCA)
= H(RFOR")V

3K



(A) by:
DAMENT

OSCAntheMSYijYizizjan/<yaYin-Yij Yint Yijyin
:

· grVG(A) can be thought of as a Commutative analog
of OS(A)

↳ Presentations are very
similar :

generators&mo↑
minimal linear dependencies

↳ dimensions of graded pieces give
coefficients of characteristic polynomial XCA, t)

↳ Both have Grobner basis given by NBCseteen circuits



#

Many of the most interesting arrangements have

Syn
(FINITE) group

of automorphisms

G acting
on
A

This induces an action on MRCA) ,

Ma(A)
.

: Symmetric group
Su acts on Any

* acts by reflecting overa



This inducesaTON on

VODAD , goAD ,

OSCAD).

GRETION : G action on a
rector space

-

So acts on VG (A2) = [zij]ij/J(tz)
2- g.

(12) · 21s = 223

(12) · ZieLas- [12 = Zas 2
. 0

- (2 ,2) = Eas Zin + Zum.



W SMETS OF TES

EMPORTANT and&ASTON S

ENTERESTING O EMPORTANT and

SEQUENDES ENTERESTING

OF INTEGERS 8S

&
ASTO

⑧T EMPORTANT and

ENTERESTING

RESTOS



⑭How do we
describe this representation ?

CDREAM SCENARD
:

Describe a REPRESENTATION in terms of its

smallest building
blocks

FREDUCABLE of a finite group representation

COMPLICATIONS :

· this is often infeasible,
even for BRAND ARANMEN

↳ hard computationally AND theoreticallyy.-.

- next best thing
: Formula for representations ....



COMPLICATIONS ,

continued---

· -REPRESENTATON of

NGDA))
are Not as (A)

s gA)
same

totalrep- can only
relate them in a technical way

Ci
. e .

as an induced representation

Fo:DAD and grD

Nor : gD decomposes



DAMENT
om: Any = [[Xi = Xj]] for 1i <jen

Haz = [xz = X3]

~
META : The symmetric group

acts on Any

REPRESENTATIOR
OF SYMMET Cr :

↳ parametrized by integer partitions
:

(2 ,
2

,
1)



We can encode representations of Su asMR FOTON :

↳ this is called FrBART

:
SCHUR FUNCTION

=
irreducible representations

=
EXT
T

HOMO GEN EOUS

SymMTR FUNCTION

permutation representations
& Xij -" Xin 1-

#on =

i siz ... in

:

- Dream Scenario+ Schur expansion

- Next best thing- symmetric function formula



What isFARTF VG (An

Answe (h)" =
[S
XIN & #Standard Young

Tableaux
of shape

↳ Also known asLAPRESTO
of Sn

↑ Basis indexed by permutations

*

Very
natural equivariant lift of m

: = 1. Si+G + 1.

S
f= 1 f

B
= 2 =

F
= 1.

3 ⑬
UPSHOF :

n VECA) chVG(Am) = h



W ABOUT GRADED - Much harder

Thm (Sundaram-Welker

grVf(Amj
has From

Se :
-

#REL" HERINE

[Liex ②AS

e(x) = n -

j
↑

numberof
#PLE : n = 5

,
grVG(Anba :

Lie
3 = 5-2 parts



FROBENNUS
CHARACTERISTICO

↑ 3-0 parts=>↑ 3-1 parts

3-2 parts

FCA2)6 = 32 Si +S + 1.

S
f= 1 f

P
=2

F
= 1



I

a Indexed by partitions
of

· DecomposeA
REPRESENTONI

a Can be expressed as

hm
,

24 . 3. handhel ..
-

- hmesha
his representation

x = (3m
,

2 m
. . . .,

Rm)

↳ : Major open problem to expand

plethysm into Schur functions ...

(but DONAB F in Sage ...



TRESHA
There are

many
other interesting arrangements with symmetry

TODAY : THRESHOA

Th = Exi + Xj
= 03 , iajan.

n = 3 :

**



S
c Appears in connection to other interesting math:

e neural networks

Jeg "On encoding and enumerating
threshold functions") .

Zunic in IEEE Trans .
Neural Netw

,

2004.

- algebraic statistics

↳ Geometry of Restricted Boltzmann Machine" Cueto-Morton-Sturmels

in Algebraic
Methods in Statistics and Probability ,

2010

(c(Tr) =#
SHO

on a vertices



#O : Well studied in enumerative combinatories

Seei "Threshold graphs and related topics" by Mahadev and Peled

te applications to linear programming and beyond !

DEA:

Build a graph
withn vertices with two operations

(I)
(1)E

(C)

(2) CONNED
= 23 4 5

#MPE : Build (I)(I)(C)(E) (C)

I I
· 4

I %- I 12 ·
1 : (1) 2 : (I) I 1 5 : (c) .

BATECHON : chambers of in > labelled threshold graphs
on n vertices



COUNTING #of :

(1) EXPONENT
GENERATIN FUNDON

th = # of labeled threshold graphs with n vertices

HM (Beissinger-Peled)
[
n = 0

(2)OSIONS : for 13

·n = 2+

· = R.



With MEAN CHANGECE AND FREWORKARN :

Can we make these statements

# dimVECTe) To

-The symmetric group
acts on Th.

-

#·
I

(23) . (x1 + x3] = (X .
+ 423

This induces a -PRESTON un
NOT)

↓ What does this representation look like ?



B

#COREM (Beissinger-Peled)

=
LetIn be the Frobenius characteristic of VICT)

THERE : GENERATING
FUNCTION (B

,
Chang-Lee ,

Karn 25t

Let &(x) : =Ci* Then
the FRESHEBRESENTATOM

is [ch(ra(n) x
=[Tex

n = 0

Note : does not seem
like an equivalent statement holds for OS (Tn).

.



RCURSION : for n = 3

·In = 2+ (4).

MORE: RECORDON
(B

,
Chang-Lee ,

Karn 25+

For n = 3,
In = Ihn + n

&AMP

= Zha

Thus Jy = Cha + hi (2ha)

= 2ha + 2ha

#O: Rules for moving
from to -



BOSTON : For 13

· = R.
We show that this can be upgraded

to

BRAN
ROBS" :

from ->T ....

Rules for moving

MORE : RECOSION (B,
Chang-Lee ,

Karn 25 +

for Jm
,

n = 3

& (5) =+T
2P,

#"restriction" of symmetric functions



W ABOUT GRAD

H
·EN PROB Stanley in EC2 (Exercise 5 . 2) :

Combinatorially interpret coefficients of CARTERNS BOBENOM

of Th via
S

- Answer very recently by Deshpande-Menon-Single ,

21

↳ answer in terms of "odd anchors" of threshold graphs



=>



:

(1) Give a BASIS for goVGCTr) in terms of threshold graphs

(2 Decompose
In by graded pieces

of grUG (i)

** Simplified presentation -for grVG(T)
~

RELATIONS

ro(A)= /]/JCA)
Circuit

Recall : &

grtG(t)[(2n) gr5(t)



We show only
two circuits are necessary...

MOREM (B
,

Chang-Lee ,
Karn 25 +

As a ring ,
grVf(Tul E [(zij]/I

where I is generated by
CROWIEDATIONS

from circuits

(2)a
↓

Makes computations more
feasible

#Hop : *

# combine with representation stability
results

to give PRECUSE DESCRIPTIONS of reps .



We think only
two families of circuits are needed

to obtain a Grobner basis ...

Don (B
,

Chang-Lee ,
Karn 25 +

With grVGCTule &(zij]/goJCTul
.

circuit relations
from the following

circuits

form a
Gre

for grJCTr):

TED:

1 (2)-a Tun i edges for is o

(n = 5)



↑

Sum : D THURSATOD

AMEN

↳
CER :

bijectwith permutations threshold graphs

-=·

FROBENDS REGULAR

TEST I REPRESENTATION

-TADLabelled threshold
numbers of the

CHARTERST Stirling graphs
with jodd anchors

⑳Or I permutations
with jcyclesI n20

⑧

OMOM first kind i . e.

-
FROBENDS # R"S

&
CHRIST HAND

ofrD CARS



·
on

② gmail . Oom
: Sardbraer & gmail . Com

We:braer .
Dom



Don (B
,

Chang-Lee ,
Karn 25 +

det ideal for grUG(Tn).
Lat grJ(Tr) be the -ining
Then (with appropriate term

order)
,

the following
for JCTh):

circuit relations formaBe

#Y:

T -
i edges for is o

(n = 4) (n = 5)

#or
* This would make computations more feasible

# combine with representation stability
results

to give PRECUSE DESCRIPTIONS of reps .



*BR

- Let Aw be a reflection arrangement corr
· to W.

↳
My past work dealt with describing the graded pieces

of grVGCAw)
AGAIN : no known irreducible decomposition

INSTEAD : I describe the graded pieces in terms of

other representations occurring
in the literature

,

called

EULERIAN REPRESENTATIONS

↳ come from certain IDEMPOTENTS in DESCENT ALGEBRA



REPRESENTATIO TER
OF SYMMET Cr :

ENT PARTON
DNOU -

e . g. X # (2 ,
2

,
1)

We can encode representations of Su asM FONOS

via FROBS ART M :

SCHUR FUNCTION

chi
ERREDB

= [XT
*** T

HOMOGENEOUS SYMMETRIC FUNCTION

SPECIAL CASE:FR
--- =

& Xij -" Xin

ch:E * - #or i siz ... in

:c) This is an important COMPUTATIONAD #0

(2) New
.

DREAMN
:

decompose symmetric functions into SCHUR FUNCTION



COMPLICATIONS :

this is often infeasible,
even for BRAND ARANMEN

↳ hard computationally AND theoreticallyy.-.

: Long
term stability properties are

better understood ?

Lo e . g.
Gadish,

Proudfoot - Ramos




