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Suppose I' is an arithmetic subgroup of a semisimple Lie
group G. For any finite-dimensional representation

p: G — GL,(R), a classical paper of J. Tits determines whether
p(I') is conjugate to a subgroup of GL,(Z). Combining this
with a well-known surjectivity result in Galois cohomology
provides a short proof of the known fact that every G has an
arithmetic subgroup I', such that the containment is true for
every representation p. We will not assume the audience is
acquainted with Galois cohomology or the theorem of Tits.

G = linear semisimple Lie group (mo compact factors)
= G(R) semisimple over R mo anisotropic factors)
I' = arithmetic subgroup

Definition oNf arithmeticity
= dp: G < GLu(R), p(T)  GL(Z).

I' universally arithmetic & Vp: G — GL,(R),
dM € GL(R), M p(T)M~' < GL(Z).

Eg. SL,(Z) is universally arithmetic in SL;,(R).

Proposition (Morris [2004])
Every G has a universally arithmetic subgroup T.

I' universally arithmetic < Vp: G — GL,(R),
dM € GL(R), M p(T) M~ c GL,(Z).

Eg. I' irred in G; X G»
= m (T) is dense in G1,s0 ¢ (G1)z
= I not universally arithmetic.

I' universally arithmetic in G X G»
=> I =I; XxIb and I univ arith in G;.

Warning. Converse is not true.

Prop. List up to commens) all univ arith subgrps
of simple G.

(could also do semisimple)

Proposition (Morris [2004])
Every G has a universally arithmetic subgroup T.

Reps of G <> Reps of g  (characteristic 0)
So can restate (stronger) in terms of Lie algebras.

Semisimple Lie algebra gq over Q is R-universal:
V homo p: gg — gl,(R) (Q-linear),

IM € GL(R), Mp(g) M~ < gl,(Q).

Proposition (Raghunathan [1982], Morris [2004])

Every semisimple gr has an R-universal Q-form:
Vgr, 3 R-universal gq, gr = go ® R.

Proposition (Raghunathan [1982], Morris [2004])

Every semisimple ggr has an R-universal Q-form.

Eg. g split = irred rep is highest-weight module V)
= Vi) ® Cirred = gqg weakly R-universal.

@ My original proof was tedious (and explicit).
@ Better pf (conceptual) by Prasad-Rapinchuk [2006].
@ Today: another proof (direct, natural).

Exercise

gq R-univ = irred reps over Q remain irred over R
< “weakly R-universal”

Converse often holds (split over quad ext, same -action)

Eg. g split = irred rep is highest-weight module V)
= Vi) ® Cirred = gqg weakly R-universal.

In general, p ® C = 3; Vi, {A;} = Gal(F/F)-orbit.

Today, assume Autg = G (or g is “inner form”).
So all A;’s equal: p ® C = mV,). Notation: p = pa.

Schur’s Lemma

p:or — gl (F) Cr(p) = CMatpn()(P(GF))
p irreducible over L < Ci(p) is division algebra.

Cor. gq weakly R-universal <
V Q-irred p, Cq(p) ® R = Cr(p) isdiv alg.

Tits: use Galois cohomology to calculate Cr(py).




How to use Galois cohomology

gc = s[> (C) = complex semisimple Lie algebra
g = sl (R) = split R-form
0: 5l (C) — sl (C) complex conjugation

gr = any R-form = R-span of C-basis, consts in R.
So gc = gr + igr. Cplx conj w.r.t. gr is Or: gc — gc-

o and o are conjugate-linear Lie alg autos of gc,
SO tr := OR = Aut(g(_) = G¢c. Note: g %tg = 1.
{R-forms of g} — G¢ tr € HY(Gal(C/R); Gc)

trtr = 1

Tits calculated Cr(pa) from A [1971]
ZR = tugﬁ e /.= Z(é() in @(.
In fact, Zgr = zg, SO Zg € Zr. SO A(zr) € {=1}.

gr = R-form of gc ~ tgr € G¢

L (—1LAzr)) . |R if A(zR) = 1;
Crlp) = ( R ) “1H if A(zg) = —1.
Q-form gq ~ tq € Gr if gq splits over L = Q[i].
L (—LA(Z@)) . 1Q ifA(zq) =1;
Calp) = ( Q ) - {HQ if A(zg) = —1.

Ixp: gr — g < Ja € Aut(gc), O = XOp X
o Ax €CGq lg=0go  =xtrox o =xtgX"
tg is “cohomologous” to tg

1

Cor. do weakly R-universal (split over quadratic extension)
< V Q-irred p, Cq(p) ® R = Cr(p) is div alg
e VA, Alzq) #1 = A(zr) = 1.

Cor. gqg R-univ & VA, A(zr) =1 = A(zq) = 1.

Proposition (Raghunathan [1982], Morris [2004])

Every semisimple gr has an R-universal Q-form.

Outline of proof (for inner forms).

tr € G¢c = adjoint grp, zg:= tugﬁ S Z(é([) =: Zc.
Z_R=Z[R=>Z€Z[R=ZQ.

(inner form)
So @(c o= 5<¢/(z) is a Q-group.
trtr =2z=1inGc = tg is coho to tg € Gari-
HYQ[i]/Q; Gqri1) = HYC/R;Gc) [~Kneser]
Let go be Q-form corresponding to tq
= fixed points of tq o in gqri
A(Z[R) =1 = A((Z[R)) =1 = A(ZQ) = 1. ]

A list of references is in the bibliography of:

Dave Witte Morris:

A cohomological proof that real representations of
semisimple Lie algebras have Q-forms (preprint).
arxiv:1410.2339




