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Conservation Laws
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Conservation Laws - Analytic Theory

Oru+divy f(t,x,u) = g(t,x, u)

0y o ~ X

RN
R—i—
Rn
smooth
smooth

space

time
unknown
flow (n x N)
o.d.e.
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Conservation Laws - Analytic Theories

Oru+divy f(t,x,u) = g(t,x, u)

Scalar MultiD
n=1and N>1

0y o ~ X

RN space
Rt time
R" unknown

smooth flow (n x N)
smooth o.d.e.

Systems in 1D
n>1land N=1
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Conservation Laws - Analytic Theories

Oru+divy f(t, x, u) = g(t, x, u)

Scalar MultiD
n=1and N>1

Oru + divy f(t, x, u) = g(t, x, u)

0y o ~ X

RN space
Rt time
R" unknown

smooth flow (n x N)
smooth o.d.e.

Systems in 1D
n>1land N=1

Oru~+ Oxf(u) =0
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Conservation Laws - Analytic Theories

Oru+divy f(t,x,u) = g(t,x, u)

Scalar MultiD
n=1and N>1

Oru + divy f(t, x, u) = g(t, x, u)

Existence
(Kruzkov: Mat.Sb., 1970)

0y o ~ X

RN space
Rt time
R" unknown

smooth flow (n x N)

smooth o.d.e.
Systems in 1D
n>1land N=1
Oru+ Oxf(u) =0

Existence
(Glimm: CPAM, 1965)
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Conservation Laws - Analytic Theories

x € RN space
t € Rt time
Oru+divy f(t,x,u) = g(t,x, u) u € R” unknown
f is smooth flow (nx N)
g is smooth o.d.e.
Scalar MultiD Systems in 1D
n=1and N>1 n>1land N=1
Oru + divy F(t,x,u) = g(t, x, u) Oru+ Oxf(u) =0
Existence Existence
(Kruzkov: Mat.Sb., 1970) (Glimm: CPAM, 1965)
Dependence from data Dependence from data

(Kruzkov: Mat.Sb., 1970) (Bressan & c.: 1995, 2000)
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Conservation Laws - Analytic Theories

x € RN space
t € Rt time
Oru+divy f(t,x,u) = g(t,x, u) u € R” unknown
f is smooth flow (nx N)
g is smooth o.d.e.
Scalar MultiD Systems in 1D
n=1and N>1 n>1land N=1
Oru + divy F(t,x,u) = g(t, x, u) Oru+ Oxf(u) =0
Existence Existence
(Kruzkov: Mat.Sb., 1970) (Glimm: CPAM, 1965)
Dependence from data Dependence from data
(Kruzkov: Mat.Sb., 1970) (Bressan & c.: 1995, 2000)
Dependence from f, g Dependence from f

(Colombo, Mercier, Rosini: CMS, 2009)  (Bianchini, Colombo: PAMS, 2002)
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Techniques — Wave Front Tracking (N=1 n>1)
» Riemann Problem
8tu + 8xf(u) =0

u x<0 Lax: CPAM, 1957
u(O,x):{ u" x>0 ( )
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Techniques — Wave Front Tracking (N=1 n>1)

» Riemann Solver
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Techniques — Wave Front Tracking (N=1 n>1)

» Riemann Solver
» Mesh in the u-space (Au=¢)
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Techniques — Wave Front Tracking (N=1 n>1)

» Riemann Solver
» Mesh in the u-space (Au=¢)
» Approximate Riemann Solver
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Techniques — Wave Front Tracking (N=1 n>1)

Riemann Solver

Mesh in the u-space (Au = ¢)
Approximate Riemann Solver
Piecewise constant initial datum
(Dafermos: JMAA, 1972)

vV vyYyysy
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Techniques — Wave Front Tracking (N=1 n>1)

Riemann Solver

Mesh in the u-space (Au = ¢)
Approximate Riemann Solver
Piecewise constant initial datum

vV vyYyysy

t
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Techniques — Wave Front Tracking (N=1 n>

» Riemann Solver

» Mesh in the u-space (Au =€)
» Approximate Riemann Solver

» Piecewise constant initial datum

2

e=1/4

05

1)
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Techniques — Wave Front Tracking (N=1 n>1)

» Riemann Solver

» Mesh in the u-space (Au =€)
» Approximate Riemann Solver

» Piecewise constant initial datum

2

e=1/8

05
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Techniques — Wave Front Tracking (N=1 n>1)

» Riemann Solver

» Mesh in the u-space (Au =€)
» Approximate Riemann Solver

> Piecewise constant initial datum

2

e=1/16
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Techniques — Wave Front Tracking (N=1 n>1)

» Riemann Solver

» Mesh in the u-space (Au =€)
» Approximate Riemann Solver

> Piecewise constant initial datum

2

e=1/32
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Techniques — Wave Front Tracking (N=1 n>1)

» Riemann Solver

» Mesh in the u-space (Au =€)
» Approximate Riemann Solver

> Piecewise constant initial datum

e=1/64
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Techniques — Wave Front Tracking (N=1 n>1)

» Riemann Solver

» Mesh in the u-space (Au =€)
» Approximate Riemann Solver

> Piecewise constant initial datum

2

£=1/128
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Techniques — Wave Front Tracking (N=1 n>1)

Riemann Solver

Mesh in the u-space (Au = ¢)
Approximate Riemann Solver
Piecewise constant initial datum

vV vyYyysy

= Existence of solutions
(Glimm: CPAM, 1965)
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Techniques — Wave Front Tracking (N=1 n>1)

Riemann Solver

Mesh in the u-space (Au =€)
Approximate Riemann Solver
Piecewise constant initial datum

vV vyYyysy

= Existence of solutions

= Uniqueness + L! Lipschitz dependence from u,
(Bressan: ARMA, 1995)

(Bressan, Colombo: ARMA, 1995)

(Bressan, Crasta & Piccoli: Mem.AMS, 2000)
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Techniques — Wave Front Tracking (N=1 n>1)

Riemann Solver

Mesh in the u-space (Au =€)
Approximate Riemann Solver
Piecewise constant initial datum

vV vyYyysy

= Existence of solutions
= Uniqueness + L! Lipschitz dependence from u,

= L1 Lipschitz continuous dependence from f and g
(Bianchini & Colombo: PAMS, 2002)
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Techniques — KruZzkov Theory (N>1 n=1)

1 Solve { 2t T divx f(t,x,u) = g(t,x,u) +cAu
U(O7X) = UO(X)
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Techniques — KruZzkov Theory (N>1 n=1)

1 Solve { 2t T divx f(t,x,u) = g(t,x,u) +cAu
U(O7X) = UO(X)

2. Lete — 0
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Techniques — KruZzkov Theory (N>1 n=1)

1 Solve { 2t T divx f(t,x,u) = g(t,x,u) +cAu
U(O7X) = UO(X)

2. Lete -0

3. Have a good definition of solution
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Techniques — Kruzkov Theory (N>1 n=1)
Solve { Oru + divy f(t,x,u) = g(t,x,u) + e Au

—_

u(0, x) = uo(x)

. Lete —0

w N

. Have a good definition of solution

o

. Variables doubling and many computations
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Techniques — KruZzkov Theory (N>1 n=1)
1 Solve Oru + divy f(t, x, u) = g(t,x,u) +c Au
u(0, x) = uo(x)
2. Lete =0
3. Have a good definition of solution

4. Variables doubling and many computations

= Existence and uniqueness of solutions
(Kruzkov: Mat.Sb., 1970)
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Techniques — KruZzkov Theory (N>1 n=1)
1 Solve Oru + divy f(t, x, u) = g(t,x,u) +c Au
u(0, x) = uo(x)
2. Lete =0
3. Have a good definition of solution

4. Variables doubling and many computations

= Existence and uniqueness of solutions

= L1 Lipschitz continuous dependence of u from u,
(Kruzkov: Mat.Sb., 1970)
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Techniques — KruZzkov Theory (N>1 n=1)
1 Solve Oru + divy f(t, x, u) = g(t,x,u) +c Au
u(0, x) = uo(x)
2. Lete =0
3. Have a good definition of solution

4. Variables doubling and many computations

= Existence and uniqueness of solutions
= L1 Lipschitz continuous dependence of u from u,

= L! Lipschitz continuous dependence of u from f and g
(Colombo, Mercier & Rosini: CMS, 2009)
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NonlLocal Conservation Laws
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NonlLocal Conservation Laws

The unknown is a

Measure Density
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NonlLocal Conservation Laws

The unknown is a
Measure Density

Woasserstein distance L1 distance
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NonlLocal Conservation Laws

The unknown
Measure
Woasserstein distance

+ micro—macro

is a
Density
L1 distance

+ local-nonlocal
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NonlLocal Conservation Laws

The unknown
Measure
Wasserstein distance
+ micro—macro

(Piccoli, Rossi: ARMA, 2014)
(Piccoli, Tosin: ARMA, 2011)

is a
Density
L1 distance

+ local-nonlocal
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NonLocal Conservation Laws — g NonLocal
Oru + div f(t, x,u) = g(t, x, u) (t,x) eERT x Q

u(t,y) = up(t, y) (t,y) e R x 9Q
u(0,x) = uo(x) xeQ
t € R, xeQ, QCRV, ueR"

t
g NonlLocal in t: g(t,x, u) :/ G (1,x,u(t,x)) dr
t-T

‘ Memory efFects‘

(Christoforou: JHDE, 2007) N=1n>1
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NonLocal Conservation Laws — g NonLocal
Oru + div f(t, x,u) = g(t, x, u) (t,x) eERT x Q

u(t,y) = up(t, y) (t,y) e R x 9Q
u(0,x) = uo(x) xeQ
t € R, xeQ, QCRV, ueR"

g NonlLocal in x: g(t,x,u) = /R’V G (x,&u(t,€)) d¢

Radiating Gas

(Lattanzio, Marcati: JDE, 2003) N=1 n=1
(Colombo, Guerra: CPDE, 2007) N=1n>1
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NonlLocal Conservation Laws — f NonlLocal
Oru + div f(t,x,u) = g(t,x, u) (t,x) ERT x Q

u(t,y) = up(t, y) (t,y) e R x 9Q
u(0,x) = uo(x) xeQ
t € R, xeQ, QCRV, ueR"

f NonLocal in x: f(t,x,u) = /R’V F (t,x,f, u(t,§)) dé

‘Vehicular Traffic‘

(Colombo, Herty, Mercier: COCV, 2011) N>1 n=
(Li, Li: NHM, 2011) N=1n
(Blandin, Goatin: Numer.Math., 2015) N=1 n=
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NonlLocal Conservation Laws — f NonlLocal
Oru + div f(t,x,u) = g(t,x, u) (t,x) eRT x Q

u(t,y) = us(t,y) (t,y) e R x 9Q
u(0,x) = uo(x) xeQ
t € R, xeQ, QCRV, ueR"

f NonLocal in x: f(t,x,u) = /R’V F (t,x,g, u(t,§)) dé

’Crowd Dynamics‘

(Colombo, Mercier: Acta Math.Sc., 2011) N>1,n>1
(Colombo, Garavello, Mercier: M3AS, 2012) N>1 n=1
(Bellomo, Piccoli, Tosin: M3AS, 2012) review

(Crippa, Mercier: NoDEA, 2012) N>1 n=1
(Amadori, Goatin, Rosini: JMAA, 2014) N=1 n=1
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NonlLocal Conservation Laws — f NonlLocal

Oru + div £ (t, x,

u) = g(t,x,u)

U(t,y) = ub(t)y)

u(0, x) = uo(x)

teRT,

f NonLocal in x: f(t,x, u) :/

xeQ, QCRN,

RN

‘Granular I\/Iatter‘

(Amadori, Shen: JHDE, 2012)

(Guerra, Shen: JDE, 2014)

(t,x) ERT x Q
(t,y) eRT x 9Q
x e

ue R

F (t,x,g, u(t,§)) dé
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NonlLocal Conservation Laws — f NonlLocal
Oru + div f(t,x,u) = g(t,x, u) (t,x) ERT x Q

u(t,y) = up(t, y) (t,y) e R x 9Q
u(0,x) = uo(x) xeQ
t € R, xeQ, QCRV, ueR"

f NonLocal in x: f(t,x,u) = /R’V F (t,x,g, u(t,§)) dé

‘ Bolts — Conveyor Belts‘

(Géttlich, Hoher, Schindler, Schleper: App.Mat.Mod., 2014) N=2 n=1
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NonLocal Conservation Laws — f and g NonLocal
Oru + div f(t, x, u) = g(t, x, u) (t,x)ERT x Q

u(t,y) = up(t, y) (t,y) e R x 9Q
u(0,x) = uo(x) xeQ
t € R, xeQ, QCRV, ueR"

f and g NonLocal in x: f(t,x,u) :/ F(t,x,& u(t,&)) d¢
RN

(Colombo, Marcellini: JDE, To appear) N>1 n=2
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NonLocal Conservation Laws — u;, NonlLocal
Oru +div f(t, x, u) = g(t, x, u) (t,x)ERT x Q

u(t,y) = us(t, y) (t,y) e R x 9Q
u(0,x) = uo(x) xeQ
t € R, xeQ, QCRV, ueR"

up NonLocal in x: up(t,y) = / F (t,x,y, u(t,x)) dx
Q

‘ Structured Populations ‘

(Perthame: Book, 2007) N=1n=1
(Carrillo, Gwiazda, Ulikowska: M3AS, 2014) N=1 n=1
(Colombo, Garavello: MBE, 2015) N=1n>1
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NonlLocal Conservation Laws — Numerical Methods

Oru +div f (t,x, u(t, x), (u(t) =n) (x)> = g(t,x,u)

» Lax Friedrichs
» multiD = Dimensional Splitting
» source = Operator Splitting

1D  (Betancourt, Biirger, Karlsen, Tory: Nonlin., 2003)
(Amorim, Colombo & Teixeira: ESAIM M2AN, 2015)
multiD  (Aggarwal, Colombo & Goatin: SINUM, 2015)
hyp @ para  (Rossi, Schleper: ESAIM M2AN, To appear)
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NonlLocal Conservation Laws — Numerical Methods

Oru +div f (t,x, u(t, x), (u(t) =n) (x)> = g(t,x,u)

» Lax Friedrichs
» multiD = Dimensional Splitting
» source = Operator Splitting

1D  (Betancourt, Biirger, Karlsen, Tory: Nonlin., 2003)
(Amorim, Colombo & Teixeira: ESAIM M2AN, 2015)
multiD  (Aggarwal, Colombo & Goatin: SINUM, 2015)
hyp @ para  (Rossi, Schleper: ESAIM M2AN, To appear)

‘ Computational cost! ‘
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Crowd Dynamics
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Crowd Dynamics

Macroscopic

(Bellomo, Dogbé: M3AS, 2008)

(Degond, Appert-Rolland, Moussaid, Pettré, Theraulaz: J.Stat.Phys., 2013)
(Twarogowska, Goatin, Duvigneau: App.Math.Model., 2014)

(Andreianov, Donadello, Rosini: M3AS, 2014)

(Hoogendoorn, van Wageningen-Kessels, Daamen, Duives, Sarvib:
Trasp.Res.Proc., 2015)
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Crowd Dynamics
v = speed modulus
v = velocity direction
(Kruzkov: Mat.Sb., 1970)

dep + div [pv(p) V(x)] =0

Video clip
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Crowd Dynamics — NonLocal

dep + divy (pv(p*n) ¥(t,x)) =0
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Crowd Dynamics — NonLocal

Theorem (Colombo, Herty & Mercier: ESAIM COCV, 2011)
If v, V,n are sufficiently regular, then

Oep + divy (pv(p*n) v(t,x)) =0

generates a semigroup
S: R x (LY nL*® N BV)(RY;R) — (LI nL> N BV)(R";R)
such that

RMColombo



Crowd Dynamics — NonLocal

Theorem (Colombo, Herty & Mercier: ESAIM COCV, 2011)
If v, V,n are sufficiently regular, then

Orp + divy (pv(p*n) v(t,x)) =0

generates a semigroup
S: R x (LY nL*® N BV)(RY;R) — (LI nL> N BV)(R";R)
such that
V't = S¢po Is the solution with datum p,
/'S¢ is LY Lipschitz in the initial datum
/S is Gateaux differentiable and (DS:(po)) (ro) solves

Ocr +dive (rV(p) + p (DV(p)) (1))
r(0, x) = ro(x)

Also for systems (Colombo, Mercier: Acta Math.Sc., 2011)

=0 where p(t) = Stpo
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Crowd Dynamics — NonLocal

Each individual chooses an optimal path
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Crowd Dynamics — NonLocal

Each individual chooses an optimal path

Hughes Model:

Vv =—grad,

Oep + divy (pv(p) grad, ) =0
lgrad, ®|* = 1/v(p)

(Hughes: Transp.Res.B, 2002)
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Crowd Dynamics — NonLocal

Each individual chooses an optimal path

Hughes Model Regularized

Vv =—grad,

Oep + divy (pv(p) grad, ®) =0
|grad, ®|* = 1/(v(p) +¢e)+eAd

In 1D: (Di Francesco, Markowich, Pietschmann, Wolfram: JDE, 2010)
(Amadori & Di Francesco: Acta Math.Sc., 2011)
(El-Khatib, Goatin & Rosini: ZAMP, 2012)
(Goatin & Mimault: SIAM J.Sci.Comput., 2012)
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Crowd Dynamics — NonLocal

Each individual chooses an optimal path

Hughes Model Regularized

Vv =—grad,

Oep + divy (pv(p) grad, ®) =0
|grad, ®|? = 1/(v(p) +¢e)+eAd

In 2D:  (Colombo, Garavello, Lécureux-Mercier: M3AS, 2012)
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Crowd Dynamics — NonLocal

Each individual chooses an optimal path

Hughes Model Modified

Vv =—grad,

Oep + divy (pv(p) grad, ) =0
lgrad, ®|> =14 ¢ Ad

In 2D:  (Colombo, Gokieli, Rosini: Work in progress, 20157)
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Crowd Dynamics — NonLocal

Orp +divye | pv(p) | V(x) + deviation =0
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Crowd Dynamics — NonLocal
avoid

Orp +divy | pv(p) | V(x) + high =0
density
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Crowd Dynamics — NonLocal

Orp +dive | pv(p) | V(x) — o grady (p xn) - =0
\/1 + ngadx (p = 7])H
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Crowd Dynamics — NonLocal

B k grad, (p*n) _o
\/1 + ngadx (p = 7])H2

Oep + div | pv(p) | V(x)

is smooth, non decreasing, v(0) = V, v(p) =0;
is smooth;
is smooth with compact support;

| <t <
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Crowd Dynamics — NonLocal

k grad, (p*n)

- ~0
\/1 + ngadx (p = 7])H2

Oep + div | pv(p) | V(x)

If: v is smooth, non decreasing, v(0) = V, v(p) =0;
Vv is smooth;
1 is smooth with compact support;

Then: v Existence, Uniqueness in LY, with p € [0, 1]
v Lipschitz Continuity from Data and Equation
v Viability (discomfort)
V" Lanes formation

RMColombo



Crowd Dynamics — NonLocal

B k grad, (p*n)
\/1 + ||lgrad, (p 7])H2

Orp +dive | pv(p) | V(x) =0

If: v is smooth, non decreasing, v(0) = V, v(p) =0;
Vv is smooth;
1 is smooth with compact support;

Then: v Existence, Uniqueness in LY, with p € [0, 1]
v Lipschitz Continuity from Data and Equation
v Viability (discomfort)
V" Lanes formation

(Colombo, Garavello, Lécureux-Mercier: M3AS, 2012)
Systems  (Colombo & Mercier: Acta Math.Sc., 2011)
Bolts (Géttlich, Hoher, Schindler, Schleper: App.Mat.Mod., 2014)
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Crowd Dynamics — NonLocal

t = 0.000
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Crowd Dynamics — NonLocal

t =1.010
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Crowd Dynamics — NonLocal

t =2.118
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Crowd Dynamics — NonLocal
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Crowd Dynamics — NonLocal

T 6252 pice = 4470
“ ' ' T L
S B 0g
2 ﬁ o

0z

t =6.253
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Crowd Dynamics — NonLocal
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Crowd Dynamics — NonLocal — Braess Paradox

o=

== E

oo | M
T SRS ] M
U 7 01

o

t =11.396
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Crowd Dynamics — NonLocal — Lanes’ Formation

. vV 1*
Oept +div | ptv(pt) (Vl(X) - \/121\|VV((ppl*7Z7))H2

. vV 1*
dep® + div | p? v(p?) (VZ(X) - ¢1€i1\|vv(&1*7:7))|!2 B

1
-1
=15 +6
. 4 €11
2=, +4 v(p)=4(1-p) €
21

€12 V(p?*1)

V[V (o2en) |

e22 V(p**1)

V|V (o2en) |

0.3 €12 =
0.7 e =

)
)

0.7
0.3

n(x,y)= (1 (202 [1= ()] x_g 5 0.2 (%)
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Crowd Dynamics — NonLocal — Lanes’ Formation

Two populations moving in opposite directions
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Crowd + Agent Interaction
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Crowd =+ Agent Interaction — A Shepherd Dog
p = density of sheep p = position of the shepherd dog

Orp + divy (p v(x, p, p)) =0 sheep
p = o(t) shepherd dog
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Crowd =+ Agent Interaction — A Shepherd Dog
p = density of sheep p = position of the shepherd dog

Orp + divy (p v(x, p, p)) =0 sheep
p = o(t) shepherd dog

KruZzkov Theorem = Existence of solutions
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Crowd =+ Agent Interaction — A Shepherd Dog
p = density of sheep p = position of the shepherd dog

Orp + divy (p v(x, p, p)) =0 sheep
p = o(t) shepherd dog

Pmax

For example: v(x,p,p) =V - (1 - L) - (P(x,p) + R(x,p))
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Crowd =+ Agent Interaction — A Shepherd Dog
p = density of sheep p = position of the shepherd dog
Orp + divy (p v(x, p, p)) =0 sheep
p = o(t) shepherd dog

For example: v(x,p,p) =V - (1 - LX) - (P(x,p) + R(x,p))

Pma
P(x,p) = x/1/1 + ||x|]? Propagation
R(x.p) = ~(p— x)exp (~Ip—xI)  Repulsion
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Crowd - Agent Interaction — Confinement problem
p = density of sheep p = position of the shepherd dog
Orp + divy (p v(x, p, p)) =0 sheep

p = o(t) shepherd dog
For example: v(x,p,p) =V - (1 - prax) - (P(x,p) + R(x,p))
P(x,p) = x/1/1 + ||x|]? Propagation
R(x.p) = ~(p— x)exp (~Ip—xI)  Repulsion
Given: B(0,r) the allowed area
Po (spt poCB(0,1)) initial sheep distribution
T deadline
Find: %) dog's trajectory

So that: fHX||>r p(T,x)dx =0 forall t €0, T]
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Crowd + Agent Interaction — A Good Shepherd Dog

p = density of sheep p = position of the shepherd dog

Oep + divy (pv(x,p,p)) =0 sheeps
p = depends on p! shepherd dog
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Crowd + Agent Interaction — A Good Shepherd Dog

p = density of sheep p = position of the shepherd dog

Oep + divy (pv(x,p,p)) =0 sheeps
p=¢(pp(t.p)) shepherd dog
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Crowd + Agent Interaction — A Good Shepherd Dog

p = density of sheep p = position of the shepherd dog

Oep + divy (pv(x,p,p)) =0 sheeps
p=¢ (p, (p(t) #xn) (p)> shepherd dog
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Crowd + Agent Interaction — A Good Shepherd Dog

p = density of sheep p = position of the shepherd dog

Oep + divy (pv(x,p,p)) =0 sheeps
p=¢ (p, (p(t) #xn) (p)> shepherd dog

For example: v = V- (1 - L) - (P(x,p) + R(x,p))

Pmax
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Crowd + Agent Interaction — A Good Shepherd Dog

p = density of sheep p = position of the shepherd dog

Oep + divy (pv(x,p,p)) =0 sheeps
p=¢ (p, (p(t) #xn) (p)> shepherd dog

For example: v = V- (1 - L) - (P(x,p) + R(x,p))

Pmax

¢ = orthogonal to (Vp)(t, p)
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Crowd + Agent Interaction — A Good Shepherd Dog

p = density of sheep p = position of the shepherd dog

Oep + divy (pv(x,p,p)) =0 sheeps
p=¢ (p, (p(t) #xn) (p)> shepherd dog

For example: v = V- (1 - L) - (P(x,p) + R(x,p))

Pmax

@ = orthogonal to (V (p(t) *x 77)) (p)
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Crowd + Agent Interaction — A Good Shepherd Dog

p = density of sheep p = position of the shepherd dog

{ Oep + divy (p (x P, p sheeps

) =0
p=o (p (p(t) =« Vr/ )) shepherd dog
=) (P

For example: v = (

¢ = kn ((p(t) #x V1) (p))

p) + R(x,p))
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Crowd + Agent Interaction — A Good Shepherd Dog

p = density of sheep p = position of the shepherd dog

Oep + divy (p (x p,p)) =0 sheeps
p=o (p (p(t) =« Vr/ ) shepherd dog

For example: v = ( pr ) P(x,p) + R(x, p))

¢ = kn ((p(t) % V) (p))

Kruzkov Theorem does not apply.
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Crowd + Agent Interaction — A Good Shepherd Dog

Civen: dep + divy (pv(x,p,p)) =0 HCL
Ve p=¢ (t,p, (p(t) *n) (p)) ODE
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Crowd + Agent Interaction — A Good Shepherd Dog

Civen: dep + divy (pv(x,p,p)) =0 HCL
Ve p=¢ (t, p, (p(t) * 1) (p)) ODE

IF: v € C%([0, R] x RN x RV RN) is such that ...
n € CY{RN;R)
o Caratheodory, Locally Lip. and sublinear
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Crowd + Agent Interaction — A Good Shepherd Dog
Civen: dep + divy (pv(x,p,p)) =0 HCL
| A=t (o(t)<n) (7)) ODE

IF: v € C%([0, R] x RN x RV RN) is such that ...
n € CYRN; R)
o Caratheodory, Locally Lip. and sublinear

Then:  There exists a solution (u, w), with
v p = p(t, x) weak entropy solution to HCL

v p = p(t) Caratheodory solution to ODE
v stability estimates
[(o1 = p2) ()| 2 + [|(pr — P2)(2)
< () <H8p(v1 )| oo+ [|div (1 — v2)]| s
Fller = e2llpoe + [Im — m2]lp1

WM—mMHWm—mD
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Crowd + Agent Interaction — A Good Shepherd Dog

Assumptions on v:

(v.1)
(v.2)

(v.3)
(v.4)
(v.5)
(v.6)
(v.7)

v(0,x,p) = v(R,x,p) =0 V(x, p)
p = v(p,x,p) € L%, ¥(x, p)

(p, x) = Opv(p,x,p) € L™, Vp

(p;x) = 0, Vxv(p, x, p) € L™, Vp;

(p,p) = Jan ||V divi (p,x p)|| dx € L2
(p,p) — fRN Hlex vip,

(psP) = Jan HV divy v(p,x p H dx € L®
x = Vp0,v € L, Y(p, p)

Jan |Iv(x, ')HL°° dx < 0o, YK ¢ RN, K compact

loc

Ioc

loc

(Colombo, Mercier: JNLS, 2012)
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Crowd + Agent Interaction — A Good Shepherd Dog

Video clip
(Colombo, Mercier: JNLS, 2012)
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Crowd + Agent Interaction — A Good Shepherd Dog

Video clip
(Colombo, Mercier: JNLS, 2012)
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Crowd + Agent Interaction — Alternative Construction
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Shepherd Dog
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Shepherd Dog without p.d.e.s
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Shepherd Dog without p.d.e.s

A Sheep:
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Shepherd Dog without p.d.e.s

A Sheep: x = x(t)
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Shepherd Dog without p.d.e.s

A Sheep: x = x(t)
A Wandering Sheep:
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Shepherd Dog without p.d.e.s

A Sheep: x = x(t)
A Wandering Sheep: X € B(0, ¢)
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Shepherd Dog without p.d.e.s
A Sheep: x = x(t)

A Wandering Sheep: X € B(0, ¢)
A Shepherd Dog:
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Shepherd Dog without p.d.e.s
A Sheep: x = x(t)

A Wandering Sheep: X € B(0, ¢)
A Shepherd Dog: E=¢(t)
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Shepherd Dog without p.d.e.s

A Sheep: x = x(t)
A Wandering Sheep: X € B(0, ¢)
A Shepherd Dog: E=¢(t)

Sheep & Dog:
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Shepherd Dog without p.d.e.s

A Sheep: x = x(t)
A Wandering Sheep: X € B(0, ¢)
A Shepherd Dog: E=¢(t)

Sheep & Dog: x = v (&(t),x) + B(0,¢)
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Shepherd Dog without p.d.e.s

A Sheep: x = x(t)

A Wandering Sheep: X € B(0, ¢)

A Shepherd Dog: E=¢(t)

Sheep & Dog: x = v (&(t),x) + B(0,¢)

Differential Inclusions

(Aubin, Cellina: Differential Inclusions, 1984)
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Shepherd Dog without p.d.e.s

A Sheep: x = x(t)

A Wandering Sheep: X € B(0, ¢)

A Shepherd Dog: E=¢(t)

Sheep & Dog: x = v (&(t),x) + B(0,¢)

Differential Inclusions

(Aubin, Cellina: Differential Inclusions, 1984)

| CONFINEMENT |

(Bressan, Zhang: SetVal.Var.An., 2012)
(Colombo, Pogodaev: SIAD, 2012)
(Colombo, Lorenz & Pogodaev: DCDS, 2015)
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Shepherd Dogs — Differential Inclusions

Film
Successful RMColombo



Shepherd Dogs — Differential Inclusions

Film
NOT Successful RMColombo



Shepherd Dogs — Differential Inclusions

Film
Movement
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General Case
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General Case

3tp,' + div

(o) Vi<t,x, (,4: (p(t))) (X),p>] =0 i=1,...,n
b= (o (560) ) peRT

t time
x  plane/space coordinate
pt,...,p" various populations in the crowd

agents’ positions (and speeds)
effects of density on speed
velocities

F  agents’ velocities
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General Case

3tp,' + div

q'(o) vi<t,x, (Ai (p(t))> (x),p)] =0 i=1,...,n
p=F (e (500) ) peRT

t time
x  plane/space coordinate
pt,...,p" various populations in the crowd

agents’ positions (and speeds)

gt,...,q" effects of density on speed
vi,...,v"  velocities
F  agents’ velocities
Al ..., A" NonLocal crowd+crowd interaction (averages)
B,...,B™ NonLocal crowd+agent interaction (averages)
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General Case

3tp,' + div

(o) Vi<t,x, (Ai (p(t))> (x),p>] =0 i=1,..., n
p=F (6. (B((0) ) peRT
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General Case

3tp,' + div

7 (o) vi<t,x, (Ai (p(t))> (x),p)] =0 i=1,...,n
p=F (5. (B(() () pe R

> Follow the Leader
[m = (space dimension) x (n. of individuals)]
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General Case

O¢pi + div

qi(pi) \/i<1_“,x7 (,Ai (p(t))) (X),p>] =0 i=1,...,n
p=F (6. (5((0) ) pe R

» Follow the Leader

» NonLocal model for a crowd [n = 1]
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General Case

8tpi + div

G (o) Vi<t,x, (Ai (p(t))) (X),p>] =0
p=F (ep (501 ()

» Follow the Leader
» NonLocal model for a crowd

» Crowd =+ Agent Interaction
[n =1 and m = (space dimension) x individuals]
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General Case

O¢pi + div

qi(pi) \/I'(l“./x7 <Ai (p(t))) (x),p)] =0 i=1,...,n
p=F (6. (5((0) ) pe R

» Follow the Leader
» NonLocal model for a crowd
» Crowd + Agent Interaction

» Crowd <+ Crowd Interaction [n > 1]
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General Case

O¢pi + div

qi(pi) \/i<1_“,x7 (,Ai (p(t))) (X),p>] =0 i=1,...,n
p=F (5. (B((0) () pe R

» Follow the Leader

NonLocal model for a crowd

v

v

Crowd + Agent Interaction

v

Crowd + Crowd Interaction

v

Crowd + Crowd =+ Agent Interaction
[n > 1 and m = (space dimension) x (n. of individuals)]
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General Case

3tp,' + div

(o) Vi<t,x, (Ai (p(t))> (x),p>] =0 i=1,...,n
p=F (6. (B((0) ) peRT

Follow the Leader

v

NonLocal model for a crowd

v

v

Crowd + Agent Interaction

Crowd + Crowd Interaction

v

v

Crowd + Crowd =+ Agent Interaction

Well posedness

(Borsche, Colombo, Garavello & Meurer: JNLS, 2015)
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General Case — Crowd = Cars Interaction

Oep' + div [pi(l — pwi(x, p) (Vi(x) - Ai(p))} =0 i=1,2

bkzg((B(p)) (pk)) u(pkt — pk) k=1,...,m-1
p" = ur(t)
w' = w/(x, p) i-th crowd speed,

Vi

A’(p changes of direction due to crowd interaction
B=DB
= u(p"*t — p¥) driver's speed

p
x) i-th crowd main direction
)
p)

average total crowd density felt by drivers
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General Case — Crowd = Cars Interaction

Film
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General Case — Hooligans

depr +div |p'(1 - pt) (Wl(X) + Al(plvp3)) =0
Bep2 +div [p?(1 — p?) (W?(x) + A%(p*, p?)) | =0

wy upward; w2 downward
Al _ 11 nx(p' —p) Vx(p'¥n) 12 n*(p?—p*) Va(p?*n) ,
() V1HIn(p =) Vx(pln) 12 + V1Hn#(p2—p1) Vi (p25n) 2
A2 _ _en nx(p*—p) Vx(p?sn) e21 n*(p —p?) Vi (pt*n) ,
() V1HIn(p =) Vx(p25n) 12 + V1+n(p1—p?) Vi (p5n) 2
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General Case — Hooligans

Film 1
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General Case — Hooligans

O¢pi + div {p"(l —p") (—W"(x,p) + A"(p))] =0 i=1,2
= Ik(p) + Bk(p) k=

1,....4

Al(p) = e11 n+(p —p) Vix(pt¥n) 12 p*(p?—p1) Vx (p?+n)
VIHIn(pT=p) Va(pt*n)[2  /1+nx(02—p1) Vi (p2n) 12

A2(p) = e22 1%(p* —p) Vx(p?*n) e21 n*(pr—p?) Vi (p**n)

VIH(p =B Va(p2n)2 A/ 1+nx(pt—p2) Vi (pt5n) |12

B _ V((7xp") (7%0%)) (P*)
K(p)(p) AV 02 (PP
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General Case — Hooligans

Film 2

(Borsche, Colombo, Garavello & Meurer: JNLS, 2015)
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