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RESEARCH OUTLINE

©@ THE SPATIALLY HOMOGENEOUS MODEL

o Continuous velocity model

o From continuous to discrete velocity model

o Fundamental diagrams and the phase transition
o Traffic safety

@ THE SPATIALLY NON-HOMOGENEOUS MODEL

o Model on a single road
o Model on road networks
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BASICS OF KINETIC MODELING

@ Microscopic state of the vehicles: speed v € [0, 1]
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Continuous velocity model
The spatially homogeneous model From contin o d

BASICS OF KINETIC MODELING

@ Microscopic state of the vehicles: speed v € [0, 1]
o Kinetic distribution function: f = f(¢, v) s.t.

f(t, v) dv = fraction of vehicles with speed in [v, v 4+ dv] at time ¢t > 0
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BASICS OF KINETIC MODELING

@ Microscopic state of the vehicles: speed v € [0, 1]
o Kinetic distribution function: f = f(¢, v) s.t.

f(t, v) dv = fraction of vehicles with speed in [v, v 4+ dv] at time ¢t > 0

THE BOLTZMANN-TYPE KINETIC EQUATION

f = QUf, ) = / / oo ol D)6, T, o) F ()
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The spatially homogeneous model

BASICS OF KINETIC MODELING

@ Microscopic state of the vehicles: speed v € [0, 1]
o Kinetic distribution function: f = f(¢, v) s.t.

f(t, v) dv = fraction of vehicles with speed in [v, v 4+ dv] at time ¢t > 0

THE BOLTZMANN-TYPE KINETIC EQUATION

f = QUf, ) = / / oo ol D)6, T, o) F ()

@ P(v. — v|v*, p) probability distribution of speed transitions due to
pairwise (binary) interactions among the vehicles:

1
/ P(ve = vv™, p)dv =1 Y vy, v7, p €0, 1] (2)
0
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Continuous velocity model

The spatially homogeneous model

BASICS OF KINETIC MODELING

@ Microscopic state of the vehicles: speed v € [0, 1]
o Kinetic distribution function: f = f(¢, v) s.t.

f(t, v) dv = fraction of vehicles with speed in [v, v 4+ dv] at time ¢t > 0

THE BOLTZMANN-TYPE KINETIC EQUATION

of = QU f //Pvﬁvw, PV(t, ) f(t, v*) dve dv® — pf (1)

@ P(v. — v|v*, p) probability distribution of speed transitions due to
pairwise (binary) interactions among the vehicles:

1
/ P(ve = vv™, p)dv =1 Y vy, v7, p €0, 1] (2)
0

e Mass conservation: p(t) := f() f(t, v) dv is constant, in fact from (1)-(2):

1
d
o= [ QU £ =
dt J, 0



Continuous velocity model
The spatially homogeneous model From contin o d

QUALITA VE PROPERTIES

o Let P(vs — |0, p) € Z([0, 1]) for all vs, v*, p € [0, 1]. We assume

WI(P(U* - '|’U*a p)? P(’LU* - .|w*7 Q)) S
Lip(P) (Jws — ve| + [w™ = 0"+ o = pl) ,

where W is the 1-Wasserstein metric for probability measures
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Continuous velocity model
The spatially homogeneous model Fi

QUALITATIVE PROPERTIES

o Let P(vs — |0, p) € Z([0, 1]) for all vs, v*, p € [0, 1]. We assume

WI(P(U* - '|’U*a p)? P(’LU* - .|w*7 Q)) S
Lip(P) (Jws — ve| + [w™ = 0"+ o = pl) ,

where W is the 1-Wasserstein metric for probability measures

THEOREM (P. FREGUGLIA, A. T., 2015 [4])

Fix p € [0, 1] and f(0, v) =: fo(v) € 4% ([0, 1]). There exists a unique
I € C([0, +00); .47 ([0, 1])) which solves (1) in mild form:

¢ 1,1
ft, v) = e_ptfo(v)—l-/ er(s=t) / / P(vs = v[v*, p)f(t, vs)f(t, vF) dvs dv™ ds.
0 o Jo
Given fo1, fo2 € ///_ﬁ([[), 1]), the following continuous dependence estimate holds:

sup Wi(fi(t), f2(t)) < e2max{LLPPRT Y, (fo1, foo)
te[o, T)

up to an arbitrarily large final time T' < +oo.
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The spatially homogeneous model continuous to discrete vel
amental diagrams and the

TRANSITION PROBABILITIES

o We consider the following probability distribution of speed transitions:

17P5’U P5minv v if *S *
P(ve = vv", p) = ( )u. (0) + teran 1 (0) e v*
(1 = P)dy=(v) 4+ Pdy, (v) if v, >
3)
where 0 < Av < 1 is given and
P=Pp)=1-p" (v>0)

is a probability of passing (cf. |. Prigogine, 1961)
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TRANSITION PROBABILITIES

o We consider the following probability distribution of speed transitions:

17P6’U P5minv v if *S )
P(ve — 0", p) = ( )u. (0) + teran 1 (0) e v*
(1 = P)dy=(v) 4+ Pdy, (v) if v, >
3)
where 0 < Av < 1 is given and
P=Pp)=1-p" (v>0)
is a probability of passing (cf. |. Prigogine, 1961)

@ The time-asymptotic solution of (1), with transition probabilities (3),
concentrates only on speeds which are multiples of Av (G. Puppo, M.
Semplice, A. T., G. Visconti, 2015 [6])
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The spatially homogeneous model continuous to discrete vel
amental diagrams and the

TRANSITION PROBABILITIES

o We consider the following probability distribution of speed transitions:
17P6’U P5minv v if *< *
P(ve = vv", p) = ( Ju. (v) + teran 1 (0) LY _v*
(1 = P)dy=(v) 4+ Pdy, (v) if v, >
3)
where 0 < Av < 1 is given and
P=Pp)=1-p" (v>0)
is a probability of passing (cf. |. Prigogine, 1961)

@ The time-asymptotic solution of (1), with transition probabilities (3),
concentrates only on speeds which are multiples of Av (G. Puppo, M.
Semplice, A. T., G. Visconti, 2015 [6])

o This suggests that, in order to study the macroscopic equilibria resulting
from microscopic interactions, we can directly consider discrete velocity
models
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VELOCITY MODEL

o Define a speed lattice

vi=(G—-1DAv, j=1,...,n, Av=_1o
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The spatially homogeneous model From continuous to discrete velocity model
Fun ntal diagrams and the phase transition

DISCRETE VELOCITY MODEL

o Define a speed lattice
vi=(G-1DAv, j=1,...,n, Av=_1o

@ Assume that P is a discrete probability distribution over v:

P(vs — v|v*, p) = éw’ (s v°, P, (0) 4)
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DISCRETE VELOCITY MODEL

o Define a speed lattice

vi=(G—-1DAv, j=1,...,n, Av=_1o

n—1

@ Assume that P is a discrete probability distribution over v:
P = oo, p) = X P (v, 0", p)i, (0) (4)
j=
e Fix p € [0, 1] and take an initial condition of the form

fo(v):ilfféuj(v) with 2 >0, ﬁ)lff:p (5)
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The spatially homogeneous model e velocity model
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DISCRETE VELOCITY MODEL

o Define a speed lattice

vi=(G—-1DAv, j=1,...,n, Av=_1o

n—1

@ Assume that P is a discrete probability distribution over v:
P = oo, p) = X P (v, 0", p)i, (0) (4)
j=
e Fix p € [0, 1] and take an initial condition of the form

fo(v):ilfféuj(v) with 2 >0, ﬁ)lff:p (5)

THEOREM (P. FREGUGLIA, A. T., 2015 [4])

The unique solution to (1) with transition probabilities (4) and initial condition (5) is
f(t,v) =327 [ (t)dv; (v), where the f;'s satisfy

% =SSPVt —pfi,  £i0)=f2 ©
h=1k=1

and Pik(/)) =PI (vp, vk, p)-

v
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The spatially homogeneous model velocity model

he phase transition

DISCRETE TRANSITION PROBABILITIES

e From (3) we deduce:

(7)

Pi(p) = 4 = Psnt Phymingga,ny i h <k
" (1 = P)gj + Pojn ifh >k

which explicitly reads:

1-P ifj=h
P ifj=h+1 fh<k h<n
0 otherwise

) 1 ifj=h .

P _ ifh=k=n

i (P) {0 otherwise
1-P ifj=k
P ifj=nh if h >k
0 otherwise

o We recall that P = P(p) =1—p" (v > 0)
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ASYMPTOTIC DISTRIBUTIONS

o We study the asymptotic speed distributions f*° = {f7°}7_; resulting
from (6)-(7): f;° = , hT fi(t)
—+o0
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ASYMPTOTIC DISTRIBUTIONS

o We study the asymptotic speed distributions f*° = {f7°}7_; resulting
from (6)-(7): f;° = , hT fi(t)
—+o0

e The f°'s form a one-parameter family, the parameter being the density p
which is conserved
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The spatially homogeneous model

ASYMPTOTIC DISTRIBUTIONS

o We study the asymptotic speed distributions f*° = {f7°}7_; resulting
from (6)-(7): f;° = , hT fi(t)
—+o0

e The f°'s form a one-parameter family, the parameter being the density p
which is conserved

THEOREM (L. FERMO, A. T., 2014 [2])

For every n > 2 and every p € [0, 1] there exists a unique stable and attractive
equilibrium f°° of (6), which satisfies:
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The spatially homogeneous model c <
Fundamental diagrams and the phase transition

ASYMPTOTIC DISTRIBUTIONS

n

o We study the asymptotic speed distributions f*° = {f7°}7_; resulting
from (6)-(7): f;° = , hT 1i (@)
— 400

e The f°'s form a one-parameter family, the parameter being the density p
which is conserved

THEOREM (L. FERMO, A. T., 2014 [2])

For every n > 2 and every p € [0, 1] there exists a unique stable and attractive
equilibrium f°° of (6), which satisfies:

o In more detail, setting p. := (3)7,

o for p < pc there exists only one stable and attractive equilibrium
o for p > p. the previous equilibrium becomes unstable and a second stable
and attractive one appears
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ASYMPTOTIC DISTRIBUTIONS

n

o We study the asymptotic speed distributions f*° = {f7°}7_; resulting
from (6)-(7): f;° = , hT 1i (@)
— 400

e The f°'s form a one-parameter family, the parameter being the density p
which is conserved

THEOREM (L. FERMO, A. T., 2014 [2])

For every n > 2 and every p € [0, 1] there exists a unique stable and attractive
equilibrium f°° of (6), which satisfies:

o In more detail, setting p. := (3)7,

o for p < pc there exists only one stable and attractive equilibrium
o for p > p. the previous equilibrium becomes unstable and a second stable
and attractive one appears

@ p. is a critical value for equilibria inducing a supercritical bifurcation
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FUNDAMENTAL AND SPEED DIAGRAMS

@ We compute the macroscopic flux ¢ and the mean speed u at equilibrium:

=Y us ), ulp) =12

p

along with their standard deviations (dashed-red lines in the graphs below)
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FUNDAMENTAL AND SPEED DIAGRAMS

@ We compute the macroscopic flux ¢ and the mean speed u at equilibrium:

a(p)

p

= Zvjff"(p), u(p) =

along with their standard deviations (dashed-red lines in the graphs below)

06 12
05 1
04 038
03 06
alp) , u(p)
0.1 : 0.2
0 s — 0
0.1 02

0 02 04 o6 08 1 0 02 04 06 08 1

P P

o Bifurcation ~~ phase transition, free (p < p.) to congested flow (p > pc)
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TRAFFIC AS A MIXTURE OF DIFFERENT VEHICLES

@ We consider two populations of vehicles, say cars (C) and trucks (T), with
different microscopic characteristics
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TRAFFIC AS A MIXTURE OF DIFFERENT VEHICLES

@ We consider two populations of vehicles, say cars (C) and trucks (T), with
different microscopic characteristics

o Cars are shorter and faster while trucks are longer and slower
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TRAFFIC AS A MIXTURE OF DIFFERENT VEHICLES

@ We consider two populations of vehicles, say cars (C) and trucks (T), with
different microscopic characteristics

o Cars are shorter and faster while trucks are longer and slower

o Speed grids:
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TRAFFIC AS A MIXTURE OF DIFFERENT VEHICLES

@ We consider two populations of vehicles, say cars (C) and trucks (T), with
different microscopic characteristics

o Cars are shorter and faster while trucks are longer and slower

o Speed grids:

o Characteristic lengths: ¢ =1, /T > 1
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The spatially homogeneous model

TRAFFIC AS A MIXTURE OF DIFFERENT VEHICLES

@ We consider two populations of vehicles, say cars (C) and trucks (T), with
different microscopic characteristics

o Cars are shorter and faster while trucks are longer and slower

o Speed grids:

o Characteristic lengths: ¢ =1, /T > 1

@ Fraction of road occupancy:
s = oS0 1 o,

the admissible pairs of densities (p<, p") € [0, 1]2 being those s.t. s < 1
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MULTI-POPULATION MODEL

@ Model with self- and cross-interactions:

d P nP nd
f Z PRl +Y D D=0+ (a:=p)

h,k=1 h=1k=1

self-interactions cross-interactions
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MULTI-POPULATION MODEL

@ Model with self- and cross-interactions:

d P nP  nd
f ZP P+ Y D QI () R f =0+ f (a:=-p)
h,k=1 h=1k=1

self-interactions cross-interactions

o In the transition probabilities P/, QP%7 the density p is replaced by the
fraction of road occupancy s, i.e., the probability of passing is now

P=P(s)=1-5" (v>0)
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The spatially homogeneous model

MULTI-POPULATION MODEL

@ Model with self- and cross-interactions:

d P nP  nd
f ZP P+ Y D QI () R f =0+ f (a:=-p)
h,k=1 h=1k=1

self-interactions cross-interactions

o In the transition probabilities P/, QP%7 the density p is replaced by the
fraction of road occupancy s, i.e., the probability of passing is now

P=P(s)=1-3s" (y>0)

THEOREM (G. Puppo, M. SEMPLICE, A. T., G. VISCONTI, 2015 [5])

Ifn® =n" and (€ = {7 =1 the total kinetic distribution function
fi(t) == fS(t) + f](t) solves the single-population model (6).
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The spatially homogeneous model

MULTI-POPULATION MODEL

@ Model with self- and cross-interactions:

d P nP  nd
f ZP P+ Y D QI () R f =0+ f (a:=-p)
h,k=1 h=1k=1

self-interactions cross-interactions

o In the transition probabilities P/, QP%7 the density p is replaced by the
fraction of road occupancy s, i.e., the probability of passing is now

P=P(s)=1-5" (v>0)

THEOREM (G. Puppo, M. SEMPLICE, A. T., G. VISCONTI, 2015 [5])

Ifn® =n" and (€ = {7 =1 the total kinetic distribution function
fi(t) == fS(t) + f](t) solves the single-population model (6).

1
@ S. = (%) 7 is again a critical value for equilibria. For s = s. the

maximum flux is attained (G. Puppo, M. Semplice, A. T., G. Visconti,
2015 [5])
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TRANSITION PROBABILITIES

FIGURE: The asymptotic distribution function concentrates on multiples of Av
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MULTI-POPULATION MODEL

000 T T T T
09 : .
$ 08 5000 4
2 = *
o ~ &**
8 £ 4000 oo
2 - **
8 = xSk
2 £ 3000 i)
g - B e
> e PR e
IS 2000 oA
g + %
8 o e P
Sl o *
§ 1000 * .f* £y
- 5 gt B
Wy
0 02 04 06 08 1 50 100 150 200 250

aensiy P/ g, pC + pT [vehicles/km]

FIGURE: Left: fundamental diagram from experimental data (Minnesota Department
of Transportation, 2003). Right: fundamental diagram from the multi-population
model with v = 0.5
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