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AGENDA

Brief introduction to the essentially nonoscillatory
family of schemes

Finite volume (FV) WENO schemes
FV WENO for the Boltzmann Transport Equation

Numerical results (1-D, 2-D, 3-D):



INTRODUCTION — ENO

Motivation: generalize Harten’s very successful TVD
scheme (1983) to higher than second-order accuracy.

Original UNO/ENO papers by Harten and Osher, fol-
lowed by Harten, Engquist, Osher and Chakravarthy,
both published in 1987.

Non-linear scheme (even for linear PDE’s)
Originally developed for finite volume schemes
In essence, it is an interpolation technique.

ENO scheme design principles:
1 uniformly high order reconstruction (interpola-
tion)
2 conservation
3 stencil avoids discontinuities/sharp gradients

ENO evaluates several stencils, and chooses one of
them: the one with “smallest” derivatives

Finite difference ENO introduced by Shu and Osher,
in 1988.
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INTRODUCTION (Cont.’d) — WENO

WENO (Weighted essentially nonoscillatory) schemes
came about in 1994, by Liu, Osher and Chan.

First developed for finite volume schemes (like ENO).

WENO (convexly) combines all stencils, with weights
based on smoothness

Advantages of WENO over ENO:
(i) Higher order in smooth regions (2k — 1 for kth
order ENO)
(ii) Smoother stencil transition
(iii) Higher efficiency on vector computers: No if-
then-else statements

WENO is also applicable to both finite difference and
finite volume schemes.



INTRODUCTION (Cont.’d) — FD WENO

Finite difference (FD) WENO first used by Jiang and
Shu, in 1996.

More efficient than FV WENO: it avoids the recon-
struction step.

FD only applicable to structured grids.

FD WENO (and ENO) only applicable to Cartesian
grids.

In general, WENO is recommended for problems that:
1 are unsteady
2 contain steep gradients (strong shocks, contacts,
reaction fronts, etc.) and
3 rich, smooth structure (vortices, boundary lay-
ers, shear layers, etc.)



THE 3-D BOLTZMANN TRANSPORT EQUATION

e In its general form, it is a scalar initial boundary
value problem (IBVP), more specifically, an integro-
differential equation in 1:

19y

n +Q-VyY +oyp = / ¢05dQ’dE’ +q
v

where
Y =(r,Q, E,t) is the particle flux
= (z,y,2) € D = [ay,b;] X [ay,by] X [a,,b,] CR?
o = o(r, F), the total cross section
(? € 52, the unit sphere in R3
E € (0,00),t € (tg,0), energy and time, respectively
os = 0s(r,Y-Q, ' — F), the scattering cross section
qg=q(r,Q,E,t) is an external source term
v =wv(F) is the particle speed

e subject to intial conditions
Y(r,Q, E tg) = Yo(r, ), E) at time ¢t =t

and Dirichlet or reflecting boundary conditions (BC)
on 0D.
e Including the temporal variable, phase-space is 7-D.



THE 1-D BTE

e To illustrate derivation of the finite volume method,
we simplify the 3-D BTE by assuming:
(1) one spatial dimension only: x (“slab geometry”)
(2) it follows from (1) that €2 also has one component: p
(3) a single energy group F (“mono-energetic”)
(4)

isotropic scattering: o, = %

op oy o [

where
subject to intial conditions

(@, 1,0) = (@, ) at time £ =0
and Dirichlet BC at x = 0, 1:
(0, p,t) = go(p), for p>0

¢(1aﬂat> — gl(:u)a for p<0

e We now have a total of 3 phase-space variables.



SEMI-DISCRETIZATION: SPACE AND DIRECTION

e The spatial grid is defined by “nodes”at M + 1 half-
indices

e and “cells” (or “zones”) for each integral index m,
which is of size:

e In direction u, we use discrete ordinates collocation
at J Gaussian quadrature points (J even):

—1<,u1<...<,u% <O<,u%+1<...</u<1
which are symmetric about the origin:

HI+1—5 = —Hj

e The integral on the right hand side is approximated
by (for each x):

1 J
/ i Y (e )
) 2



SPATIAL AVERAGING (“CONSERVATION FORM”)

e Integrate the 1-D BTE over cell m to obtain:

8¢m,j 2]
ot + Az,

(VYmt1j — Ym—1,5) + OmPm,;

J
O0m,
= E Wi P+ Gm,
ji=1

where
wmil,j = ¢(fﬂmi% y /Lj)

Tt L

wm,j — Awm/;p w(xvﬂj)dfv

1

2

1 Tmt g
Om = Axm/x o(x)dx

1

2

1 Tmt g
Tom = 7 / oo(x)dz

m-}

o /$m+% (x, pj)dx
Qm,j — Agj‘m . q 7“]

m-}

e We use Dirichlet boundary conditions for simplicity:
Y= go(pj), >0
¢M—|—%,j = g1(p5), 1 <0



SPATIAL INTERPOLATION

Need to relate point values (at half indices) to cell
averages (at integer indices).

There are many ways to do this: central scheme, (sim-
ple average), corner balance, 1st order upwind, etc.

For example, with 1st order upwind we have:

w . = wm+1,j7 lf :u’] S O
m+3.J wm,ja if i > 0

- very dissipative

With central we have:

1
Ym+ts = 5(Umt1s + ¥m,;)

- oscillatory (like Petrov-Galerkin node-centered)

Higher order interpolations (i.e. reconstructions) of
point values yield higher spatial accuracy.

The higher the order of accuracy, the more important
to control the oscillations

Obvious choice: ENO or WENO interpolation



Advanced Methods
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FINITE VOLUME WENO IN SPACE

For finite volume schemes the interpolation conditions
must be treated as conditions on cell averages (ie.
integrals) instead of simple point values.

Up to second order, these two are the same.

For WENO3 scheme we compute three 2nd order
polynomials, and use a linear combination of them.

For the BTE, no flux splitting or expensive “Riemann
solver” is necessary. (No characteristic decomposition
necessary. )

The scheme is fully conservative and the reconstruc-
tion is upwind (Riemann solver is trivial in this case).

WENO3 Spatial discretization is only slightly more
expensive than Petrov-Galerkin, and about the same
as Corner Balance.

Convergence to steady-state can be slower than other
linear methods — need a good preconditioner.

Fully parallelized with 2 (WENO3) or 3 (WENO5)
ghost layers.

Load balancing not affected by WENO.



WENO INTERPOLATION

e Given a cell averaged grid function {v;};_, on a set of
grid cells {z;} corresponding to a grid {z;_1 }, we ap-
proximate v, 1 at the cell faces via a weighted linear
combination of all possible interpolations:

V;,1 = E k_lw 'U(r)
It3 r=0 | J+3

where typically & = 2 (for WENO3) or £ = 3 (for
WENO5).

e The ’UJ(:_) , are the various interpolated values using
2
polynomials corresponding to stencil r.

e The weights are given by:

W, =




WENO INTERPOLATION (Cont.’d)

For the two most commonly used WENO schemes we
have:

if £k =2:

2
do =
1
di = 3
Bo = (Vi1 — v;)
ﬁl = (’Uz' Uz—1)
if k= 3: ]
dn = =
°7 10
3
di1 = =
1
do — —
710
13 , 1 ,
Bo = E(’Ui — 2041 + Vig2)” + 1(37)7; — 40,11 + Viy2)
13 1
B = E('Ui—l —20; +viq1)? + Z(Uz'—1 — Vig1)°

13 1
B = E(Ui—2 —2u;_1 + )+ Z(vi—2 — 4v;_q + 3v;)?



WENO INTERPOLATION (Cont.’d)

® Y1 ; is reconstructed in the upwind direction.

e Our formulation is general enough to be:

(1) applicable on unequally spaced grids;

(2) formally high order accurate for any grid (FV vs.
FD);

(3) “seamlessly” high order at processor boundaries
and at reflecting boundaries via HYPRE ghost
layers;

(4) fully three dimensional.



OPERATOR (MATRIX) FORM

e The semidiscrete form can be written as a matrix op-

eration on a solution vector ¥ = (¢, ;)%,1 < m <
M,1<j<J:

UL TO-_F=0

where:
U = %—‘f is the temporal derivative,
T represents the semidiscrete operation in space
and direction, and

F includes source and boundary terms.

e In compact notation, we may write it as a system of
ODE’s (in general, with other types of BC’s it be-
comes a differential- algebraic equation (DAE) sys-
tem):

F(t, ¥, ¥) =0

e We have efficient time integrators that solve this in
time (eg. IDA, PVODE).



1-D TEST PROBLEM, I

IC: ¢g(x) = 0 for € [0,1] at t = 0.
Dirichlet BC at “inflow”:

»(0,t) =0 for w©u>0
P(1,t) =0 for pu<0

c=0.1, o, =0.01

(10, ifz€[0.4,0.6]
1= 0, otherwise

N = 50 grid cells

Time-dependent simulation: used IDA for time inte-
gration.

Compared WENOZ3 to:
(i) Petrov-Galerkin finite element (node centered)
scheme
(ii) 1st order upwind scheme (node centered)
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Time = 1.5e-07
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Time = 2.6e-07
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1-D TEST PROBLEM, 11

IC: ¢g(z) =0 for z € [0,1] at t = 0.
Dirichlet BC at “inflow”:

Y (0,t) =0 for w©u>0
P(1,t) =0 for pu<0

oc=0.1, o, =0.01

(10, ifz € [0.48,0.52]
4= 0, otherwise

N = 50 grid cells

Time-dependent simulation: used IDA for time inte-
gration.

Compared WENO3 and WENOS to:
(i) Petrov-Galerkin finite element (node centered)
scheme

(ii) 1st order upwind scheme (node centered)
(iii) 1st order upwind on fine grid (1000 cells)
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Dirichlet boundary conditions of y(0, t) = 1,
c=1forx<0.35,
o = 100 for x > 0.35, after time t = 0.7.

All results shown here are run with 200 spatial and 50 velocity discretization
points, excepting the upwind model, which is run with 10,000 spatial and 50 velocity
points. The output shown is a weighted sum of the spatial solutions at each velocity
discretization point, representative of the solution that would be physically observed.
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2-D TEST PROBLEM

o IC: Yo(z,y) = 0 for (z,y) € [0,100] x [0,100] at ¢ = 0.
e Dirichlet BC at “inflow”:

Y(0,y,t) =0 for Qp >0

$(100,9,8) =0 for Q, <0
Y(x,0,t) =0 for Q, >0
Y(x,100,t) =0 for Q, <0

e 0 =0.001, o5, = 0.001

(1, if (z,y) € [33.25,66.75] x [33.25, 66.75]
1= 0, otherwise

e N, =300, N, = 300

e Steady-state simulation: used KINSOL as nonlinear
solver.

e Compared WENOS3 to:
(i) Corner-balance method (cell centered)
(ii) 1st order upwind scheme (node centered)



WENO3 scheme flux contours for mu > 0, eta >0
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3-D TEST PROBLEM

o IC: o(z,y,2) = 0 for (z,y,2) € [0,1] x [0,1] x [0,1]

at t = 0.

e Dirichlet BC at “inflow”:

¥(0,y,2z,t) =0 for Q, >0
Yv(1,y,2,t) =0 for €, <0
P(x,0,2,t) =0 for £, >0
P(x,1,2,t) =0 for 2, <0
Y(z,y,0,t) =0 for Q, >0
Y(x,y,1,t) =0 for Q, <0

oc=10.,0,=0

(1, if (z,y,2) € [4,.6] x [.4,.6] x [4, .6]
1= 0, otherwise
N, = 40, N, = 40, N, = 40

Steady-state simulation: used KINSOL as nonlinear
solver.

Compared WENO3 and WENOS to:
(i) Petrov-Galerkin (node centered)
(ii) 1st order upwind scheme (node centered)
(iii) 1st order upwind on fine grid (100 x 100 x 100)
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CONCLUDING REMARKS

ENO/WENO schemes offer a non-oscillatory spatial
discretization.

Reduces/eliminates oscillations near true discontinu-
ities, as well as steep gradients.

Could be used for both linear and nonlinear governing
equations.

Could be used with both finite difference and it finite
volume methods.

Comparable cost for scalar problems.

Recommended for unsteady problems with large parts
of smooth variation /features and discontinuous mate-
rial interfaces.

Has advantages for steady-state problems as well.





