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tensor of data

• the rows are samples {y1, . . . , yN}
• each column is a measurement e.g. here there are 20 measurements

• measurements organised into blocks (colours) e.g. time/tissue1/experimental condition/...

• slices of tensor e.g. here, it is of size N × 5× 4

what if columns are not aligned?

1
GTEx Consortium. The Genotype-Tissue Expression (GTEx) pilot analysis: Multitissue gene regulation in humans. 2015
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blocks of measurements

• blocks indexed by v ∈ V
e.g. here |V | = 7

• sample yi = (yi ,v : v ∈ V )

• blocks not aligned,
but still related

• assumption: blocks related
under linear maps

... gives a quiver representation
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quiver representation

quiver Q = (V ,E ) is a directed graph

a representation of Q assigns vector spaces to vertices and linear maps to edges

representation A• assigns

• to each vertex v , a vector space Av

• to each edge e = (u → v), a linear map Ae : Au → Av
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example: tensor of data

• → • → • → •
R5 → R5 → R5 → R5

λ1I5 λ2I5 λ3I5

assume maps are

scalar multiplication

best rank one approximation of each block, subject to compatibility under maps, has the form[
a⊗ b λ1a⊗ b λ1λ2a⊗ b λ1λ2λ3a⊗ b

]
i.e. T ≈ a⊗ b ⊗ c , c =

[
1 λ1 λ1λ2 λ1λ2λ3

]
.
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the space of sections

finding a low-rank approximation subject to compatibility under linear maps is an
optimisation problem over “the space of sections”.

quiver Q = (V ,E )
representation A• assigns vector space Av to each vertex v and linear map Ae to each edge e

Definition

A section of A• is a vector γv ∈ Av for each v ∈ V that is compatible with the linear
map Ae on the edge, i.e. for each edge e = (u → v),

Ae(γu) = γv .

set of sections Γ(Q;A•) is a subspace of
∏

v∈V Av . goal: describe space of sections
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rooted examples

quiver Q = (V ,E ), vector space Av at each vertex v , linear map Ae for each edge e,
space of sections Γ(Q;A•)

Example (path) • → • → · · · → •

Γ(Q;A•) ' Ar , where r is the first vertex (root) of the path.

Γ(Q;A•) ' Ar for any quiver with a root r and a unique path from r to every other v ,

... such a quiver is called an arborescence

7/14



rooted examples

quiver Q = (V ,E ), vector space Av at each vertex v , linear map Ae for each edge e,
space of sections Γ(Q;A•)

Example (path) • → • → · · · → •

Γ(Q;A•) ' Ar , where r is the first vertex (root) of the path.

Γ(Q;A•) ' Ar for any quiver with a root r and a unique path from r to every other v ,

... such a quiver is called an arborescence

7/14



rooted examples

quiver Q = (V ,E ), vector space Av at each vertex v , linear map Ae for each edge e,
space of sections Γ(Q;A•)

Example (path) • → • → · · · → •

Γ(Q;A•) ' Ar , where r is the first vertex (root) of the path.

Γ(Q;A•) ' Ar for any quiver with a root r and a unique path from r to every other v ,

... such a quiver is called an arborescence

7/14



rooted examples

quiver Q = (V ,E ), vector space Av at each vertex v , linear map Ae for each edge e,
space of sections Γ(Q;A•)

Example (path) • → • → · · · → •

Γ(Q;A•) ' Ar , where r is the first vertex (root) of the path.

Γ(Q;A•) ' Ar for any quiver with a root r and a unique path from r to every other v ,

... such a quiver is called an arborescence

7/14



small examples

quiver Q = (V ,E ), vector space Av at each vertex v , linear map Ae for each edge e,
space of sections Γ(Q;A•)

Example (loop)

single vertex v and loop e
Γ(Q;A•) is the subspace of Av fixed by Ae ,
i.e., the eigenspace of Ae corresponding to eigenvalue 1.

Example (Kronecker quiver)

two vertices u, v and edges e, f . Ae(γu) = Af (γu) = γv
γu ∈ ker(Ae − Af )
Γ(Q;A•) ' ker(Ae − Af ),

i.e. the equaliser of the linear maps Ae and Af .
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a general quiver

let p be a path in Q

u• e1 // • e2 // · · ·
ek−1

// • ek // •v

A• assigns path p the linear map Ap := Aek ◦ Aek−1
◦ · · · ◦ Ae2 ◦ Ae1 .

for any paths p, q from u to v , a section γ = (γv : v ∈ V ) has Apγu = Aqγu (= γv ),
i.e. γu ∈ ker(Ap − Aq)
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restrictions that preserve space of sections

1. start with quiver Q with representation A•

2. remove cycles to get ayclic reduction Q∗ with acyclification: quiver representation A∗•
3. add a new initial vertex r to give the augmented quiver Q+, which has r as a root

4. the arboreal replacement is a representation A+
• on a spanning arborescence T+ ⊂ Q+

Theorem

The spaces of sections are all isomorphic: Γ(Q;A•) ' Γ(Q∗;A∗•) ' Γ(T+;A+
• ) ' A+

r .
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ear decompositions

a quiver is strongly connected if there is a path between any two vertices.

Theorem: Q strongly connected ⇐⇒ Q has an ear decomposition

Definition

An ear decomposition of a quiver Q = (V ,E ) is a sequence of
subquivers {Qi = (Vi ,Ei )} such that

1. the Ei partition E

2. Q1 is a vertex or a cycle, every other Qi is a path or cycle

3. Vi only intersects
⋃

j<i Vj at its start and end points

2
Bang-Jensen J, Gutin GZ. Digraphs: theory, algorithms and applications (2008)
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intersecting kernels
...to describe the space of sections of a strongly connected quiver

removing the last edge of each ear gives a spanning arborescence.
unique path in the arborescence from root r to a vertex v , call it p[v ]
let ε index the terminal edges ε = (s(ε)→ t(ε))

Proposition

the space of sections is
⋂
ε ker

(
Ap[t(ε)] − Aε ◦ Ap[s(ε)]

)
Ap[v ] is the linear map Ar → Av obtained by composing maps along the path p[v ]
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principal components

mean-centred data {y1, . . . , yN} in Rn, sample covariance matrix S = 1
N

∑N
i=1 yiy

T
i ,

usual PCA:
projection to Rr given by X ∈ Rn×r with orthogonal columns, maximising tr(XTSX )

restrict the principal components to lie in the space of sections, the image

F : A+
r −→

∏
v∈V

Av ,

for representation A• valued in real vector spaces, F is a full-rank real matrix.

PCs along A•: optimisation over image of F can be written in terms of S and F :

Theorem

the r-th principal component along A• is spanned by Fur , where ur is the eigenvector of the
matrix pencil FTSF − λ(FTF ) corresponding to its r -th largest eigenvalue.
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for more, see

AS, H. Harrington, V. Nanda:
Principal Components along Quiver Representations,
arXiv:2104.10666.

Thank you!
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