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quiver representation

quiver Q = (V, E) is a directed graph

a representation of @ assigns vector spaces to vertices and linear maps to edges

representation A, assigns
e to each vertex v, a vector space A,
e to each edge e = (v — v), a linear map A, : A, — A,
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example: tensor of data

..-+....
e

[ — [ ] — (]

RS — R — R5 — RS assume maps are
Als A2l A3l scalar multiplication

best rank one approximation of each block, subject to compatibility under maps, has the form
[a ®b )\13 ® b )\1)\28 ®b )\1/\2)\33 ® b]

ie. Ta®b®c, C:[l A1 Ao )\1)\2)\3].
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quiver Q@ = (V, E) (@)

representation A, assigns vector space A, to each vertex v and linear map A, to each edge e

Definition

A section of A, is a vector v, € A, for each v € V that is compatible with the linear

map A, on the edge, i.e. for each edge e = (u — v),
Ac(vu) = -

set of sections ['(Q; A,) is a subspace of [] ., A.. goal: describe space of sections
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M(Q;As) ~ A,, where r is the first vertex (root) of the path.

M(Q;A,) >~ A, for any quiver with a root r and a unique path from r to every other v,

>0

. such a quiver is called an arborescence
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quiver Q = (V/, E), vector space A, at each vertex v, linear map A, for each edge e,
space of sections '(Q; A,)

Example (loop)

single vertex v and loop e
o M(Q; As) is the subspace of A, fixed by Ae,

i.e., the eigenspace of A corresponding to eigenvalue 1.

Example (Kronecker quiver)

— two vertices u, v and edges e, f.  Ac(vy) = Ar(Yu) =Y
Yu € ker(Ae — Af)
¥ M(Q; As) ~ ker(A. — A¢),
i.e. the equaliser of the linear maps A. and Ar.
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let p be a path in Q
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a general quiver

let p be a path in Q

er [=7) €k—1 ex
ue [ ] LU [ ] [ AV4

A, assigns path p the linear map A, := A, 0 A, 0 --0Ag 0A,,.

for any paths p, g from u to v, a section v = (v, : v € V) has Apy, = Ay (=),
i.e. vy € ker(Ap — Ay)
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restrictions that preserve space of sections

0/4 ~
?\
L i,j\\°

1. start with quiver Q with representation A,

2. remove cycles to get ayclic reduction Q@* with acyclification: quiver representation A}
3. add a new initial vertex r to give the augmented quiver @+, which has r as a root
4

. the arboreal replacement is a representation A on a spanning arborescence T+ C QT

Theorem
The spaces of sections are all isomorphic: T(Q; As) ~ T(Q*; A}) ~T(T+;Al) ~ A}
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intersecting kernels

...to describe the space of sections of a strongly connected quiver
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removing the last edge of each ear gives a spanning arborescence.
unique path in the arborescence from root r to a vertex v, call it p[v]
let € index the terminal edges e = (s(e) — t(e))

Proposition

the space of sections is (), ker (Ap[t(e)] — A0 Ap[s(g)])

A,y is the linear map A, — A, obtained byg;;nposing maps along the path p[v]
4
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principal components
mean-centred data {y1,...,yn} in R", sample covariance matrix S:ﬁ E,N:l viyT,

usual PCA:
projection to R" given by X € R™*" with orthogonal columns, maximising tr(X T SX)

restrict the principal components to lie in the space of sections, the image

F:Af — ] A,

veV
for representation A, valued in real vector spaces, F is a full-rank real matrix.

PCs along A,: optimisation over image of F can be written in terms of S and F:

Theorem

the r-th principal component along A. is spanned by Fu,, where u, is the eigenvector of the
matrix pencil FTSF — \(FTF) corresponding to its r-th largest eigenvalue.
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