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Matrices are natural and have many remarkable properties:
They represent in many instances linear operators

Tensors are hard and many natural properties are NP-hard:
Tensors are closely related to system of polynomial equations
In this talk we discuss the complexity of computation of
Tensor rank over C (or any algebraically closed field and)

best rank one approximation of real or complex symmetric tensor
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Notations and facts |

[N :={1,....n},n=(ny,...,ng) € N9 [n] =[] x --- x [ng]

F =R,C, ®;1:1Fnj _ FMX..xng — [N

d-mode tensor 7 = [t;, ;] € FM*>*" ji < [nj],] € [d]

d =1 vector: X = (Xy,...,Xp)"; d =2 matrix A= [aj], d > 3 tensor

rank one tensor 7 = [Xj, 1Xp2** Xiyd] = X1 @ X2+ @ Xg = ®/‘7’:1x,- £0
IP:(T,S) = Xietntiela] fiisSiomiar T IHs == V(T T)
Contractions: T x (@ ,%;) = et jel2,d} liigXjj € F™

T x (@L1%) = Yicinl ety liiaXij € F

S(n,F) ;= {x € F",||x|| = 1} - unit sphere in F"
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Rank of tensors - joint paper with M. Aliabadi

Consider equidimensional tensors 7 = [t;, ;] € ®ICn
We assume d > 3

rank 7-minimal r: 7 = 37, @ X},

Computation of rank 7 is NP-hard: Hastad 1990

rank 7 > r iff the system of polynomial equations

(1) iy ©L4%;; — T = O'is not solvable

Number of variables rdn, number of equations n?
Hilbert's Nullstellensatz: 3 polynomials g; .. j,:

it

) > 90y, iy (X115 Xa ) (i ®/d:1xj,i) -T) =1
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Symmetric tensors |

SIC" ¢ ®9C -subspace of d-symmetric tensors

srank S = minimal r: S = 3.1_, ®9x;

srank S > rank S and strict inequality may hold Shitov 2018
srank S > r iff the system of polynomial equations

(3) >y ®9x; — S = 0/is not solvable

Number of variables rn, number of equations ("*4~") < nd

Hilbert NS: (2) 3 gi,iy(X1, ... X)) (O @9%) = S), =1

Hyeeesld

1<ih<--<ig<n

Shmuel Friedland UrComplexity of computation of tensor rank and



Symmetric tensors |l

Efficient version of Hilbert Nullstellensatz:

Assuming rn < ("T97"): (# of variables < number of equaitons)

r is at most the generic rank: rgen(n, d) = [("9") /n]

degree of each g, ;. is at mosté = gm-1

(3) < (™) linear equations in ("*41) ("+?) variables solvable
Upper estimates: n?d("=1 variables, d(™- 1™ equations

Flop complexity: O(a®("=1)("m)) (Gauss elimination)

As rank decomposition is generically unique for r < rgen

Lower bound is r! ~ r" < (%)(dﬂ)nq/m) for d > 1
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Rank algorithm

1. Find if srank S = 1:

polynomial time step: verifying if the rank of unfolded tensor is 1
2. Assume that srank S > k

Check if (2) solvable for r = k + 1

If yes set k = k+ 1 and goto 2.

otherwise srank S = k + 1

1. Flop complexity: O(gB3(srank Sdn—1)(srank Sdn))

12 The complexity is “only” exponential

while elimination method for solving pol. eq. is doubly exponential
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Remarks to tensor ranks

1. Can assume S concise=r > n

3. S € SYF”, srank S in algebraic closure of F
Solve (2) over F

(a) F: real rational, Gaussian rationals

(b) F finite field

Can all these results can be much improved?
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Spectral norm of tensors |

For T € ®Z,F" the spectral norm is
| T lloe = max{|T x (@Lyx)l, X; € F, [|jx;[| = 1,j € [d]}
For real tensors ||T|jor < ||T||lo,c, d > 3 strict inequality possible

If 7> 0 (entrywise nonnegative) || T|or = ||T

o,C
Maximal value of the spectral norm achieved for nonnegative vectors
Banach’s theorem-1938: for symmetric S € SYF”

IS0z = max{|S x (2x)|, x € F", ||x|| = 1}

Redis.: Hibener-Kleinmann-Wei-Gonzéalez-Guillén-Giihne 2009 (C)

Chen-He- Li-Zhang, Zhang-Ling-Qi 2012, Friedland 2013 (R)
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Homogeneous polynomials

d! J Jn
F(X) = X 1 eldAL kel s +tn= d gt B X1 - Xn € P(d,n,F)

f(x) = ZleJ(dn) (l)fxl x'_Xh X{zn» (l)_hu ol

J(dn) =i =Gty ofn) € 2T, o+ +Jn = d}, [, )] = (TH97T)
dimP(d,n,F) = ("9 = ("197), dimP(d,2,F) = d + 1

dimP(d, n,F) = O(d"") for a fixed value of n

P(d, n,F) ~ F/@" = (f = (f),] € J(d, n)}

(£,9) = > icua,n CDAG,  Ifllns = /(f, ) Hllbert-Schmidt norm

[flloe = [1Fllor = max{ o0}, x € F\ {0}} = max{|f(x)|,x € S(n,F)}
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Connection to symmetric tensors

S =1[si.i,] € S9F"
— ®d _ . v . . L — q .
f(X) =8 xx¥9 = Zij,ie[d] Sit ool Xiy *** Xigs 617-~-7/n = Siy,....Jg

Ji-the number of times I € [n] appears in {i,...,iq}

ISllHs = IfllHs, IS,

Trivial estimate: ||f||, < ||f||Hs

THM F 2021: limg_ o kaHHS = p1(f)
ky1/k
[fllor < p1(f) < [[f*||4g for kK €N

if f is unitary diagonalizable: f(Ux) = Y1, )\,-x,.d then ||f||or = p1(f)

What is p1(f)? for d > 37
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Measurements of entanglement

A state: x € C", ||x|| = 1, identified with {(x,¢ € C,|¢| =1

d-partite state T € @7 ,C™, ||T||ys = 1

T product state, unentangled, if 7= @2, X;,X; € C™,||x;|| = 1,/ € [d]
State 7 is unentangled iff | T|oc = 1

T entangled: ||7]joc < 1

M(n),n = (ny,...,ng)-the set of product states

Geometric measure of entaglement of state (GMOE) T
dist(7,M(n)) = /2(1 — ||T

U,C)
Friedland-Wang 2020: GMEO of symmetric tensor

polynomially computable in d for fixed n
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Computability of ||f||,r, d > 2

Assume f € P(d, n,F), F(x) = JVf(X) = L(o1f,...,0.)T
f nonsingular: F = C, F(x) = 0 = 0 (hypersurface f = 0 nonsingular )

Renormalized critical set of nonzero points of §R(f(x))]S(n, F) (C(f))
(1R)F(x) =x:forF =R, (1C) F(x) =xforF =C
(2C) H(x) = x, H(x) = F(F(x)), F(y) = F(y)

f nonsingular (1R) has % C-project. rays (|C(f)| = (d — 1) 1)

(d—1)*"

f nonsingular (2C) has W projective rays

f nonsingular (1C) has p(f) solutions M < u(f) < %

The set of singular f € P(d, n, C) is zero of hyperdeterminant
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Polynomial-time computability of ||f||,r for fixed n - A

Roots of ¢(x) = 31, aixP~' = 0, g € Z[i] computabe relative prec. ¢
in O(D?log D(D log D + log(1/¢))) oper., storage O(Dlog(>-%, |ail))
fc Z[i]@, [f] < M, size of f: S = ("9 2M = O(d™ ' M)

Assume f(x) nonsingular. (2C) has at most D = (d — 1)2" solutions
coordinate x; of sol. in Xj, set of all solutions of ¢;(t) = 0, deg ¢; < D

Compute ¢;(t) by Groebner basis. Complexity polynomial in max(S, D)

X=Xy x - xXp, [flloc =~ max{'Hde X € X} ((d = 1) evaluations)

Ifllo.c — L(F)| < 8||f]lo.c complexity of computing L(f)
is (d — 1)2™ times a polynomial in max(S, (d — 1)2", loglog(1/5))

Shmuel Friedland UrComplexity of computation of tensor rank and



Polynom.-time computability of ||f||, for a fixed n - B

Complexity of approximation L(f) for ||f||,r for nonsingular f

is (d — 1)”2 times a polynomial in max(S, (d — 1)", loglog(1/9))
Complexity of an approximation L(f) to ||f||,r in general

Ifllor — L(F)| < olIf]| (pay attention to |[£]}!)

Complexity of L(f) is polynomial in max([3/4]n(d — 1)"~'S, d”z)
Outline Consider fy = tf + (3L, x9), t € A:

A= (=[3/d1[[(n(d = )" +1)/21]) L ([3/8][[(n(d — 1)"~" + 1)/2]])
There is at least one value t € A where f; nonsingular

Complexity if f singular or not polyn. in max([3/6]n(d — 1)"~'s, d”z)

For first f; nonsingular use previous results
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Polynomial-time computability of ||f||,. for n = 2

The dimension space of S2F? is d + 1

S € S9F? corresponds to sy, ...,8g € F

To ¢(2) = S (9) 52 associate f(x) = S04 (%)% /x}

Let p(2) = X150 (%) sp417, a(2) = S (97 )52, r(2) = B
F(x) = (x1,%)", x1 #0 <= 2q(z) — p(2) = 0,9(2) # 0, z = 2/ zy

If Xy =0. Then sg_1 =0 and s4 # 0.
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Polynomial-time computability A

F(x) = (%, %) yields H(x) = F(F(x)) = x equivalent to

X1 # 0= zv(2) — u(z) = 0, v(2) # 0

u(2) = S0 (7518 (020 (O sz (2055 () sez)
v(2) = 7 ()5 20 (B s 2 (055 (T sz
Degree of zv(z) — u(z) at most (d — 1) + 1

In exceptional cases zv(z) — z = 0:

() 6(2) = A(%) 29K and [|fl.c = A (¢) (1 - &) 7" ()¢
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Polynomial-time computability of ||f||,r forn=2 - B

() ¢(2) = A(z + a)P(z + b)?~P
a=e%c, b=—e%c" ccR\{0},0cR, pc[d—1]
One can approximate well ||f||,.c with relative error ¢

Non exceptional case: Ry = {z € C, zv(z) — u(z) = 0}

1f]lo.c = max {ysdy max{ 2L 7 ¢ R1}}

(1 j212)8
For f € Z[i]%+" we get approximation |||f||o.c — L(f)| < d||f|lo.c
Complexity of getting L(f) is O(d*log d?(d? log d? + log(1/6)))
storage: O(d®(log 3M))
For f € Z9*! complexity of real approximation L(f) to ||f||, &
O(d?log d(dlog d + log(1/6))), storage O(d(log dM))

Shmuel Friedland UrComplexity of computation of tensor rank and



lterations of rational self maps of P"-

F = [fi js,...iprs] € C™ @ SPC"-symmetric in last p-coordinates
F(x) = F x (®Px)- polynomial map F : C" — C™

rational map F : P~ — pm-1

IFllo := max{|[FC)[l, ]| =1} = [|Flls

Assume m=n, F € SPTIC" <= F(x) = 55 VF(X)

lterate k times FoK(x) = F°K x (@P"x), F°k € C" ® (SP"'C")
If 7 symmetric F°K usually not symmetric for p > 1
for p =1 F(x) = Fx, FX(x) = Fkx, F e C™"

iMoo || F¥|| L/ = p(F)-spectral radius of F
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lterations |l

THM F 2021: Letpe N

a. | FEH|| s < [ FK sl F 0

b. pa(F) = limy_,ue || K] (55 /1)

p2(F) < H]:Okll(is_”/(pk_” for each k € N

0. 7Dy < ||| |18

p3(F) = limg_sue H;ok”((f%)/(pkfﬂ (< ”]:ongP*U/(Pk*U)

d. p3(F) < p2(F)

e. If F symmetric ||f||, < p2(F)
What is the dynamics meaning of po(F) and p3(F)?
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Meaning of p3(F)

In complex dynamics one shows the existence of the limit
Ueda 1994, Fornaess-Siboni 1995

G(x) := limy00 = 5 log [[F(x)]|

The Green function of F: either —oo or plurisubharmonic
G(F(x)) = pG(x), G(tx) =log|t| + G(x)

max{G(x), ||| = 1} = plog p3(F)
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