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Statistical models

A statistical model M is a collection of probability distributions on
(say) C4.

Given some empirical data, want to recover the “most likely"
distribution from our statistical model.

How many samples do you need for this “most likely" distribution to
be unique (almost surely)?

Almost surely = data not pathological.




Likelihood function

o We consider Gaussian distributions on C? (with mean 0)

o For a concentration matrix ¥ € PD,, the probability density
function is given by

fo(¥) = det(¥/m)e™" VY

Suppose we have m samples Y}, ..., Y,,. Each Y; € C¢. The
likelihood function is

Ly(®) = [ fe()-
i=1

A Gaussian model M is just a subset of PD,.

A maximum likelihood estimate (MLE) is a ¥ € M which
maximizes the likelihood function.




Gaussian group models

Let G C GL, (i.e., G acts on C?) be a Zariski-closed subgroup that is
closed under adjoint and scalar multiples.

We define the Gaussian group model

= e R

Suppose we have m-samples Y = (Y}, ..., Y,,) € (C)™.

Theorem (Améndola, Kohn, Reichenbach, Seigal 2020)
Let G = GNSL,. Then

o Ly is bounded if and only if Y is G -semistable.

o An MLE exists if and only if Y is Gy -polystable.

o An MLE exists uniquely if and only if Y is Gg; -stable.

Warning: Over R, MLE exists uniquely does not mean Y is Gg; -stable.




Invariant theory notions

Suppose an algebraic group G acts on C", i.e., p : G — GL,. Then
v e C"is called

o unstable if 0 € G - v;
o semistable if 0 € G - v;

o polystable if v # 0 and G - v is closed;
o stable if polystable and finite stabilizer (modulo Kernel of p).

Closure is in either Zariski or Euclidean topology.

When we work over R, the closure is in Euclidean topology.




Sample size thresholds

Let M C PD, be a Gaussian group model.
Suppose we have m samples Y = (Yy,...,Y,) € (C/)"

Problem (Sample size thresholds)

Do we have (almost surely)
o boundedness of log-likelihood function;
o existence of MLE;

o existence of a unique MLE.

This is equivalent to asking if for the action of Gg; on (C9)", we have

o generic semistability;
o generic polystability;
o generic stability (Over R, this is not quite true).




Tensor normal models

Let
V(d)=Ch ®C"? @ - ® C%.

Consider the group G = GL,, XGL,4, x--- X GL, <€ GL(V(d)).

Concretely

G={g®s®®g |geCL,}

The Gaussian group model M,; is called a tensor normal model

We can take
GSL = SIad1 X SLd2 X e X SLdk'




A purely algebro-geometric question

Problem
Given m and d = (dy, ... ,d,), for the action of Gg; on V(d)®", do we
have generic semistability/polystability/stability ?

For example, is the SL, X SL, x SL,-orbit of a generic tensor in
C"® C" ® C" closed?




An easy example
Suppose m =2 and d = (2,3, 5, 176).
So, we consider the action of

GSL o SL2 X SL3 X SLS X SL176

V(d)@z ams (CQ ® C3 ® CS ® Cl76)®2

Just viewing as an SL,,, representation, we get V' (d)®? = (C!76)®60,

Easy fact: For the action of G = SL(W) on W, every 0 € G - w for all
w € W, i.e., all points are unstable.

Fact: Same is true for the action of G = SL(W) on W if m < dim(W).

Hence V' (d)®? generically unstable for SL,4 action, and hence for G,
action as well.

If md,d, ...d,_, <d,, then generically unstable.




Some more examples:

Suppose m = 1,
o d=(2,3,1) — generically unstable
o d =(2,3,2) — generically polystable, but not generically stable
o d = (2,3,3) — generically polystable, but not generically stable
d = (2,3,4) — generically polystable, but not generically stable
d = (2,3,5) — generically unstable
d = (2,3, 6) — generically polystable, but not generically stable

d = (2,3,7) — generically unstable




Two step strategy:

o The property of being generically semistable/polystable/stable is
invariant under castling transforms [Sato, Kimura, Elashvili]

o Understand the minimal elements in each castling equivalence class.




Castling transforms
Suppose H acts on W and dim W = n.
We have an action

HXxSL, ODW ®CFK

Suppose 0 < k < n, we also have

SISl ol

H x SL,-orbits on W ® C¥ < H x SL,_,-orbits on W* @ C"*,

Stabilizers are preserved by this correspondence




Applying to tensors

We have m and d = (d,, ..., d}). Want to understand action of
G@d) = Hf.;l SL, on V(@)®" = (C1 ® - ® C%)®"

Suppose d, < N :=mdd, -+ d,_,.

Take H = []\Z/' SL, and take W = (C @ C* ® - @ Cé-1)®".

The action we are interested in:

HxSL; OW ®C%.

Its castling transform:

HXxSLy_, OW @CN ™%,

s e e




Example

Consider
m=1,d=(2,3,4)

NSRS

(2,3,4) «— (2,3,2) =(2,2,3)

(2,2,3) «— (2,2,1) = (2,2)

Hence, we are down to looking at SL, X SL, acting on Mat,, by

left-right action.
Easy to check that it is generically polystable but not generically stable.
Warning: (1,(2,3,4)) = (1,(2,2)) but (2,(2,3,4)) # (2,(2,2)).




Minimal Castling equivalence classes

Consider (m,d) (w.l.o.g., assume d; < d, < --- < d}). Let
N =md,d,...d,_,.
Castling: (m,(d, ...,d,)) «— (m,(d,,...,d,_;, N — d,))
Then (m,d) is minimal if one of the following holds:
TS
2. d,=N

1
3. d, <IN

We already argued (1) in example — generically unstable

Case (2) is generically polystable — easy to compute stabilizer in general
position: you get SL; X SL; x---XSL; .

Case (3) is generically stable with a couple of exceptions. Deduce from
results of Andreev, Elashvili and Vinberg.




answer:

k k
R@y,ndigm) i=m[[di+ Y =1" Y gcddy, .. d;,)?
i=1 n=1

1<) <...<ip<k

gmax(dy, ..., dy) = max ged(d;. d;)
i<j

k
di) = mdy -+ dy — 1= Y (d? = ).

i=1

Theorem (Derksen, M. , Walter)

1. If R > 0, then almost surely an MLE exists. Further,

P m > 2: In this case, we always have R > gmax® and almost surely an
MLE exists uniquely if and only if R > gmax® or gmax = 1.

P m=1: In this case, we always have A > —2 and almost surely an
MLE exists uniquely if and only if A > —1.

2. If R =0, then almost surely an MLE exists. Further, almost surely
an MLE exists uniquely if and only if gmax = 1.

3. If R <0, then likelihood function is unbounded.




