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Gaussian Mixture Model (GMM)

A Gaussian mixture random variable y € RY is such that

71 ~ N(p1,X1)  with prob.  wq

zr ~ N(ur, ;) with prob. w,

with wi,...,w, >0, > w; = 1. The density function is

Z R oirm o= m) T - ) )
The task of GMM is to learn Gaussian parameters
pieRY ¥ieR> wieR,.
General approaches: estimate them from samples y3,--- , yy of y.
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Backgrounds and Related Work

Broad applications: automatic speech recognition, hyperspectral unmixing
problem, background subtraction, anomaly detection.

@ The expectation-maximization (EM) algorithm (Dempster, ...), based
on the maximum likelihood estimation.

@ Projection into low-dimensional subspace (Dasgupta, Arora-Kannan,
Vempala and Wong, ...)

@ Moment based methods (Pearson, Beklkin-sinha,
Anandkumar-Ge-Hsu-Kahade, ...)

» Spherical covariance X;

This talk: Incomplete tensor decompositions based on moments.
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Moments for GMMs

The first order moment vector is

My = Ely] = wipr + - + wrpr.

The second order moment matrix is

r

M, =Ely®y] = Zw;(u;@u;+2;>.
i=1

The third order moment tensor is

,
M3 ZZE[}/®Y®)/]Zzwiui®ui®ﬂi+”'
i—1

The remaining terms are quite complicated
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Moments for Diagonal GMMs

Assume every covariance matrix X ; is diagonal, i.e.,

a,-21 o --- 0
s _ 0 a,-22 0
0 0 Ul-zd

Then one can show that

r
Ms :=Ely ®y ®y] Zzwiui®ui®ui+
i=1
d
Z(aj®ej®ej+ej®aj®ej+ej®ej®aj>,
j=1

,
where a; == > w,—aizju,- eERY forj=1,---,d.
i=1
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The Incomplete Moment Tensor

When each X ; is diagonal, the cubic moment tensor is

r d
I\/I3:Zw;u;®u;®u;+z(aj®ej®ej+ej®aj®ej+ej®ej®aj).

i=1 j=1
r
For the tensor F = > wjpj @ i @ pj, it holds that
i=1

(M3),‘1,'2,'3 = (.F),'l,'2,'3 for all f1 75 /2 75 i3 75 i1.

Denote the label set

Q ={(h,f,i3) 1 ih # bo # i3 # 1, i, fa, i3 € [d]}.

The subtensor F|q = Ms|q is available from samplings of y.

Jiawang Nie (UCSD) GMMs and Incomplete TD May 6, 2021

6/28



Incomplete Tensor Decomposition

Denote the label set
Q ={(i,i2,i3) 1 i1 #i2 # i3 # ir}.
The subtensor F|q = Ms|q is available from sampling.

The computational task: for given subtensor F|q, we look for an
incomplete tensor decomposition (iTD)

3 3 ...
*F}li2i3 = (Vi(l8 ++V;X) )i1i2i37 for (Ilvl27’3) er

v1,...,vr€Rd.
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Do Tensor Completion?

For given subtensor F|q, we look for an iTD

~Filizl'?, - (Vig)s ot V'®3) ’ (il’ i2’ 13) €

iz
One may do tensor completion: find missing tensor entries
Fiipiyy  (,12,3) € Q
and then compute an TD for F.

To learn GMMs, tensor completion is discouraged:

@ The theory for tensor completion or recovery is premature.

o Convex relaxations (e.g., the nuclear norm or trace min)

are

applicable. The computation is still quite expensive, while completed

tensors are typically not low rank.

@ Low performance in numerical experiments.

Jiawang Nie (UCSD) GMMs and Incomplete TD

May 6, 2021

8/ 28



Our Proposed Method

For the given subtensor F|q, we compute an iTD
'Fflleé = (Vig) +"'+V§3>...7 (i17i27i3)€Q'
i1 i3
The method is based on generating polynomials (GPs) in the work

Jiawang Nie, Generating polynomials and symmetric tensor
decompositions, Found. of Comp. Math. 17 (2), 423-465.

It works efficiently when
@ The py,- -, ug are linearly independent;
o r< %.

These assumptions are sufficient (may not necessary) for the success of
the method.
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Notation

o letn:=d -1
@ The S3((Cd) denotes the space of all complex d x d X d symmetric
tensors. Label F as

F=(Fiin)s 0<it,.c.,im<n.
e Define the bilinear functional (xg := 1)

(P, F)i=" Y. PubisFiis

0<i1,i2,i3<n
for

pP= E Pivipiz = Xiy Xip Xis -
0<i1,i2,i3<n
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Generating Polynomials (GPs)
A poly g € C[x]3 is a GP for F € S3(C"*1) if

(g-xP,F)=0 Vp:deg(g-x")<3.
Denote By == {x1,- -+ ,x,} and
Bi = x41BoU- - UxaBo\Bo = {xjx;: 1<i<r, r+1<j<n}
For each xix; € By and G € CBoxB1 | denote

wi[Gl(x) = > G(k,ei+ &)xk — xix;.
k=1

Want G such that each ¢;;[G] is a GP, i.e.,

r
<th0,'j[G](X),f> = Z G(k, e + ej)}"Okt — .F,‘jt = 0, t= 0, ]., Lo, n,
k=1
for all i,j. Such G is called the generating matrix.
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Existence and Uniqueness of Generating Polynomials

For G € CBoxB1 consider the polynomials

iG] (x Z G(k, e + e)xk — xix;.
k=1

Theorem (Guo-N.-Yang): For F € $3(C"*1) with

1 ®3 1 ®3
F:)\1<u1> ++)\r<u> ,

if the subvectors (u1)1.r,- - -, (ur)1.r are linearly independent, then there is
a unique G € CBo*B1 gyuch that each ¢;[G](x) is a GP, i.e.,

(xepii[ G](x), Z G(k, e + €)Foxe — Fijit = O,
k=1

for all x;x; € By and t =0, 1,..

., n
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From GPs to Tensor Decompositions

1 ®3 1 ®3
For F = \; <u ) +o A, (u ) . if vii[G, a](x) is a GP, then for
1 r

s=1,...,r,

©ii[G](us) Z G(k, e + ) (us)k — (us)i(us); = 0.

k=1
So uy,...,u, are solutions to eigen-equations
G(l,ee+e) -+ G(r,e1+e) X1 x1
: : =X
G(l,e,+¢) -+ G(r,e-+e) Xy Xy
Ni(G)
for I=r+1,...,n Then one can show that

Ni(G)(ui)rr = (ui)i(ui)z:r-
We can obtain TDs from eigen-decompositions of N;(G).
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An Example for GPs

For the tensor F € S3(C°®) that is

F=04-(1,2,3,4,

5,6)%3 +0.6-(1,-1,2,

The rank r =2, Bg = {x1, x2} and

B1 = {Xx1X3, X1X4, X1 X5, X2X3, X0 X4, X0X5 } .

caar)-(
chara)-(
G(
G

27 €1 + e5) _
2a €2 + 65) -

One can calculate that

(1,e1 + e3)
Ns = ((1 ez+ez)
(1,61 + €4)
Na <(1 e+ eq)
(1,e1 + e5)
N ((le;-l-es)

).
7).
)

The uy, up can be determined by eigen-values-vectors of N3, Ny, Ns.
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An Algorithm for Incomplete Tensor Decomposition

Input: A cubic subtensor F|q and the rank r < % —1.
Step 1: Determine G such that each ¢;;[G](x) is a GP.
Step 2: Formulate the matrices N,+1(G),..., No(G) and let

N(g) = £r+1Nr+1 + -+ EalNy

for a generic weight vector £ = ({41, -+, &n).

Step 3: Compute unit length eigenvectors ¥y, ..., 7, of N(§) and let

Wi = (Vi Nry1(G) Vi, -+, U No(G)W), i=1,...,r.
Step 4: Determine scalars vj, A; such that (linear least squares)
F =M (17100, )3 4 o+ A (L, e O,y ) 23,

Output: F = A1(1,t1)®3 + -+ A\ (1, u,)®3.
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Robustness with noises

If the subtensor Fq has noises, we can still apply the same method to get
a rank-r tensor approximation:

Linear equations — Linear Least Squares.

Theorem (Guo-N.-Yang)

If the subtensor Fq is sufficiently close to a low rank one, then the GP
method can produce a quasi-optimal tensor decomposition.

Reason: Linear Least squares and Eigenvalue decompositions are
numerically stable, under general assumptions.
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The Choice of Rank r

Let Flat(F) be the flattening matrix of F such that
Flat(F); ) = Fijk
forall i,j,k=0,1,...,n. It can be shown that
rank(Flat(F)) = rank(F)
when the decomposing vectors of F are generic and r < d.

The rank of Flat(F) is not available since only the subtensor (F)q is
known.

However, we can calculate the ranks of submatrices of (F)q whose entries
are all known.
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The Choice of Rank r (continued)
To see this, consider F € S3(C7). The matrix Flat(F) is

* % k k k k

*  JFio Fizo Fuo Fiso Fieo
Foi0  x Faz0 Foao Faso F260
F3z0 Fzo  x Fzao Fzso F3e0| s
Faro Fazo Fazo  * Faso Faeo
Fsi0 Fso Fszo Fsao ok Fse0
Fe10 Fe20 Fe30 Feao Feso  x

* X X X X K ¥

where * means unknown. The submatrices with all entries known are

Faro Fao Fa3o Fiao Fiso Fieo
Fs10 Fso0 Fs3o|, |Foa0 Foso Fo60
Fe10 Fe20 Fe30 F3a0 F3s0  F360

Use the biggest rank of them to estimate r (works if r < g — 1).
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How to learn GMM parameters?

Let y be the GMM random variable such that
y =z ~N(ui,X;), with prob. w;.

Assume that r < g — 1. For samples y1,...,yn of y,
R T N
My = N Z;}’i ~ My :=E[y]= z;wi,ui,
i= i=

N
T ®3 — ®3
Ms = N ;yi ~ Ms:=E[y®”].

For F = wlu%n + -4 w,,u‘?3, if all ¥; are diagonal, then

Mslq = Fla.
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Determine w; and p;
First, compute the tensor approximation

F ()% + -+ (pr) P

Second, determine scalars 5; such that

~

My = Bipr + -+ - + Brpr-

Third, foreach i =1,...,r, let

3/2 ~1/2
wi= B2 pwi=p7"p.

Then we get
r r
~ ~ 3
My =~ Zwiﬂia Ms ~ Zwiﬂ? :
i=1 i=1
If necessary, apply nonlinear optimization to improve the accuracy.
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Determine Covariance Matrices _;
Observe that

.Z:: I\/l3—]-':ﬂ:Z(aj®ej®ej—l—ej®aj®ej+ej®ej®aj),

j=1

where a; = Z wij au,u, for j=1,---,d. The vectors a; can be estimated as

11 15 L
() = 34, (3)i =345 for i#].

Determine diagonals 03- from the linear least squares

2

min
2 2
Tjses0y

ZU wlﬂl

If necessary, apply nonlinear optimization to improve the accuracy.

) ./:177d
2
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Robustness of the Method

Due to sampling errors,

N
I\7Il = %Zy,- ~ M =E[y]= Zw,-,u;,
1 =1

1
= Nzy’@?’ ~ Mz :=E[y*3].

Theorem (Guo-N.-Yang)

Consider the GMM with Gaussian parameters (wi, i, ZA,)
i=1,...,r <91 Ife=max(|Ms — M|, | My — My|) is small
enough, then

i = 1™l = OC(e), llwi — wi*™| = O(e), X = ™| = O(e).
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Relative Errors for iTD

Generate random tensors F = (p1)®3 + - - 4 (p,)®3. Apply random

~

perturbations (F)o = (F)q + €q. Then apply the Algorithm to get the

rank-r tensor F. The accuracy is measured by

*
rel-error := w
I(F = Fall
rel-error rel-error
d r € min average max d r € min average max
3 0.1 0.9610 0.9731 0.9835 4 0.1 0.9816 0.9854 0.9890
20 5 001 0963 09700 09742 30 g 001 09634 09700  0.9742
7 0.001 0.9148 0.9373 0.9525 11 0.001 0.9501 0.9587 0.9667
6 0.1 0.9853 0.9877 0.9904 7 0.1 0.9887 0.9911 0.9925
40 10 0.01 0.9761 0.9795 0.9820 50 13 0.01 0.9812 0.9831 0.9854
15 0.001 0.9653 0.9690 0.9734 18 0.001 0.9739 0.9767 0.9792
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Performance for Diagonal GMMs

Generate 100 random instances of {(wj, pj, ;) :i=1,---,r} for

d € {20, 30,40}, and 20 random instances for d € {50,60}. For each
case, 10000 samples are generated, from one of r component Gaussian
distributions. The Incomplete tensor decomposition (iTD) and EM are
applied. As the difference d — r increases, the iTD becomes more
accurate, opposite to EM.

A d =20 d =30 d =40
ccuracy
r=3 r=5 r=7 r=4 r==8 r=11 r==6 r=10 r=15
iTD 0.9861 0.9740 0.9659 0.9965 0.9923 0.9895 0.9990 0.9981 0.9971
EM 0.9763 0.9400 0.9252 0.9684 0.9277 0.9219 0.9117 0.8931 0.9111
Accuracy d=50 d=060
r=1 r=13 r=18 r=8 r=15 r=22
iTD 0.9997 0.9995 0.9993 0.9999 0.9998 0.9995
EM 0.8997 0.9073 0.9038 0.8874 0.8632 0.8929
Jiawang Nie (UCSD) GMMs and Incomplete TD May 6, 2021

24 /28



Apply iTD to do Texture Classifications

We select 8 textured images of 512 x 512 pixels from VisTex, converted
into grayscale version. For each image, apply iTD and EM to fit a GMM
to the image. Then compare the accuracy with the EM method.

Table: Classification Accuracy Results on 8 textures

Jiawang Nie (UCSD)

Accuracy iTD EM
Bark.0000 0.56376 0.8413
Bark.0009 0.5107 0.7150
Flowers.0001 0.8137 0.6315
Tile.0000 0.8219 0.7239
Paintings.11.0001 0.8047 0.7350
Grass.0001 0.9841 0.9068
Brick.0004 0.9406 0.8854
Fabric.0013 0.9220 0.9048
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Pictures of Selected Images

Figure: Textures from VisTex

Flowers.0001 Tile.0000

Ptings.11.0001 Grass.0001 Brick.0004 Fabric.0013
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Conclusions

Learn Gaussian mixture models with diagonal covariance matrices.

Reduced to incomplete tensor decomposition (iTD).

An algorithm, based on generating polynomials, is proposed to
compute iTD.

Stability analysis is given. If the incomplete tensor is accurate
enough, the output iTD is quasi-optimal.

@ Numerical experiments are provided.

Jiawang Nie (UCSD) GMMs and Incomplete TD May 6, 2021 27 / 28



Thank You Very Much!

o = E E = 9ace
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