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q Quantum Spin Liquid Candidates

Fu, et. al., Science 2015
Cu3Zn(OH)6FBr, CPL 2018

J. A. Sears PRB 2015; A. Banerjee, et. al., Science 2017;

Kitaev materials kagome magnets

q How to decode the “DNA” of quantum magnets?
Ø Spin Hamiltonian and interaction parameters

triangular-lattice

Y. Shen, et. al., Nature 2016
Y. Li, et. al., PRL 2015

AReCh2: A family of frustrated
magnets

(A = alkali or monovalent ions, Re = 
rare earth, Ch = O, S, Se)

Liu, et. al, CPL 2018; Dai, et. al,

There are debates in these quantum materials …

YbMgGaO4
𝛼-RuCl3



q Can we infer the many-body model from experiments?

And then determine the exotic quantum states therein …

Ø Dynamical data are expensive to measure and difficult to
compute/analysis via many-body approach

Ø What about thermal data (easier to obtain and analysis)?



q Solve the Inverse Many-body Problem with Thermal Data

Lattice model

Ø Many-body Solver: Thermal Tensor Networks Ø Optimizer from Machine Learning

forward

inverse

Thermal data



Thermal Tensor Networks

WL, S.-J. Ran, […], Gang Su, PRL 2011
Y.-L. Dong, […], WL, PRB 2017

q Linearized Tensor Renormalization Group (LTRG)

𝜒𝜌(𝛽)
MPO

Critical spin chain Honeycomb Heisenberg
AF magnet

Directly in the thermodynamic limit



2D Fermi-Hubbard

B.-B. Chen, […], WL, PRB (Lett.) 2021

Up to width 8

2D Quantum Ising (up to 162-sites)

H. Li, […], WL, PRB 2019

q Exponential Tensor Renormalization Group (XTRG)
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L. Chen, […], WL, PRB (Rapid) 2019

Triangular-lattice Heisenberg

𝑢&∗  ≃ −0.6694(4), 𝑚)
∗ ≃ 0.30(1)

Square-lattice Heisenberg 



q Fitting the thermodynamics: very laborious if hand-tuned …

v Hand-tuned thermal data fittings: TmMgGaO4 and RuCl3 …



Parameter Optimizer
Optimal



q An automatic parameter searching approach

Ø Automatic and efficient!

Ø Systematic and human bias reduced.

Fermi’s elephant Global optimization

Optimal



q Automatic Gradient

H.-J. Liao, et. al., PRX 2019
B.-B. Chen, […], Wei Li, and Z.Y. Xie, PRB(R) 2020

Ø Derivative of fitting loss over 
Hamiltonian parameters

Define the loss:



q Bayesian Optimization 
Gaussian Process & Acquisition function

Suppose:

Ø Fitting Loss Function ℒ: least square
Ø Gaussian Process: high-dimensional optimization problem
Ø Acquisition function: balance exploitation and exploration



qGradient-based vs. Bayesian optimization

Gradient-based Bayesian

(animations)



qArtificial Experimental Data

Ø Gaussian (white) noise introduced.

q High-temperature solver:

10-site ED

Ø Only 𝑻 > 𝑻𝒄𝒖𝒕	data are
included in the fitting.

𝑇3453

v Generated by LTRG, XXZ HAFC model with two parameters 𝐽78	and 𝐽9



𝑎𝑢𝑡𝑜-𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝐵𝑎𝑦𝑒𝑠𝑖𝑎𝑛𝑅𝑎𝑛𝑑𝑜𝑚	𝐺𝑟𝑖𝑑	𝑆𝑒𝑎𝑟𝑐ℎ

q YES! Parameters Retrieved



Statistical box plot of 100 experiments

Bayesian optimization has the overall best performance.



qHigh-Temperature Solver: Varying Tcut

𝐽7K + 𝐽8K + 𝐽9K = 𝐽NOO
K 𝐽NOO reveal the coupling strength! 𝐽78 = ±1 exactly the same spectra

fitting is robustGround truth: 𝑱𝒙𝒚 = 𝟏	, 𝑱𝒛 = 𝟏. 𝟓



𝑱𝒙𝒚 = 𝟏 found!Ground truth: 𝑱𝒙𝒚 = 𝟏	, 𝑱𝒛 = 𝟏. 𝟓

q High-Temperature Solver: including more thermal data
üAdd more data transverse susceptibility can help improve the resolution



Realistic Materials



q Realistic materials: Spin-chain compound Copper Nitrate

Ø HAFC with alternating couplings

What about automatic parameter searching?

v 4 parameters 𝑱, 𝜶, 𝒈//, 𝒈]

ü 𝐽 = 5.13, 𝛼 = 0.27, Bonner et al. 1983
ü 𝐽 = 5.14, 𝛼 = 0.23, J. Xiang et al. 2017

𝐽𝛼𝐽



Ø Finite-size (10-site) solver: ED, already works
Ø Infinite-size solver: LTRG, resolution improved

Ø Machine fitting (with LTRG): J = 5.16, 
α = 0.227, ∆ = 1.01, g = 2.23 with ℒ = 
7.4 × 10-4.

Ø Previous hand-tuned fitting: J = 5.13, 
α=0.23, ∆=1, g=2.31, with ℒ =8.2×10−4

ED LTRG

q Spin-chain material Copper Nitrate

XXZ anisotropy

isotropic

ED LTRG



Triangular-lattice Magnet 
TmMgGaO4



[33] Li, et al., PRX 2020[31] Cevallos, et al., Mater. Res. Bull. 2018 [32] Shen, et al., Nature Commun. 2019

ü Two coupling 
strengths 𝐽d, 𝐽K

ü Transverse field Δ



q Triangular-lattice quantum Ising model for TMGO

S. Isakov and R. Moessner, PRB (2003)
Y.-C. Wang, Y. Qi, S. Chen, and Z. Y. Meng PRB (2017)

Ø 2D quantum magnet realizing KT physics!
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qEvidence of the Kosterlitz-Thouless Phase in TMGO

Nat. Commun. 11, 5631 (2020)于伟强（人大） 温锦生（南大） 孟子杨（港大） 戚扬（复旦）

Ø NMR shows a quasi-plateau
at intermediate temperature,
floating KT phase.

Collaborators:



1 2 3
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𝐽K 𝐽K
𝐽d

𝐽d

q Triangular-lattice Magnet TmMgGaO4

XTRG on YC6×9

𝑖𝑗 NN pair of sites
𝑖𝑗 NNN pair of sites

4 params 𝜟, 𝑱𝟏, 𝑱𝟐, 𝒈𝐞𝐟𝐟

3×3 ED



H. Li, […], WL, Nature Commun. 2020
Y. Li, et al, PRX 2020; Y. Shen, et al, Nature Commun. 2019

q Triangular-lattice Magnet TmMgGaO4

spin wave

XTRG
(Hand-tuned)

XTRG
(Hand-tuned)

spin wave

ED
𝑇𝑐𝑢𝑡=4 K

XTRG
𝑇𝑐𝑢𝑡=1 K



q Kitaev material 𝜶-RuCl3
vFitting Landscape vReproduce major exp. features

K=25 meV

𝚪m/|K|= -0.02

𝑱/|K|= -0.1

𝚪/|K|=0.3

XTRG

H. Li, […], WL, in process



q Outlook: The family of rare-earth triangular magnets

Ø Rare-Earth Chalcogenides 

W. Liu, et. al., Chin. Phys. Lett. 2019 Z. Zhang arXiv:2011.06274 (2020)
NaYbSe2 analyzed, mean field

AReCh2

[A=alkali or monovalent metal, RE=rare earth, 
Ch=O, S, Se, Te]



q Open source package: QMagen

S. Yu, Y. Gao, WL, arXiv:2011.12282 (2020)

Matlab version: include ED, LTRG, and XTRG solvers Python version



Summary
Ø Tensor network solvers + efficient optimizers can be used to solve the

inverse many-body problem
Ø QMagen: uniform framework for the many-body analysis of thermal data, and

search for spin liquids

Thank you for your attention!

True

S. Yu, Y. Gao, WL,
arXiv:2011.12282 (2020)


