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Optimal transport

» Given probability distributions p;, p2 on X
» Cost function ¢(z,y)
» Optimal transport problem

inf //c(x,y)du(&y)
nell(p1,p2) Jx JXx

where TI(p1, p2) is the set of joint distributions on X x X with
marginals p1, ps.
» Applications

> Operational research, ...
> Generative adversarial network (GAN), ...



Multi-marginal optimal transport

> Given probability distributions p1,...,pny on X
» Cost function C(z1,...,2nN)

» Multimarginal OT problem

inf / C(z1,...,xn)du(xy, ..., TN)
RETL(p1,-PN) S X x - x X
with II(p1, ..., pn) the set of distributions on X X --- x X with
marginals p1,...,pn
» We are concerned with an example from many-body Schrédinger
equation
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Schrodinger equation

» Many-body Schrédinger equation

D S RO SCR) EE T LA
1<J
with O = U(xy,...,2xN) antisymmetric and || U]z, = 1.

» Ground state energy
inf (W|H|W) = inf(¥|K + O + V| ¥)

» High dimensional problem for IV large, hard to solve.



Density functional theory (DFT)

» Define density (1-marginal)

p(x)E/|\I/(x7:v2,...,xN)\deg,...da:N

» DFT uses nested optimization using p

inf inf (U[(K + C) + Vext|¥) = inf Fp] + Vexe[p]
p U—p P

Vosl) = Juf (#1Venl ) = Jut (913 2| ) = N / Ve (@) pla)dx

= inf
W—p
Flp] = inf (V|K + C|¥)

U—p

(unknown universal functional, Hohenberg-Kohn 64).



Approximating F'[p]

» When K dominant, approximate F'[p] with Kohn-Sham functional

» When C dominant, ignore K and approximate F[p] with
strictly-correlated electron (SCE) functional (Seidl 99)

v—p

. 1
F[p] ~ ‘/'eSeCE[/)] = inf /Zm‘qj(ﬁﬂl,’(]j]\[)Pd{El de
i< 7 J

1
inf ——u(zy,...,xN)dxy ... dTN
uEﬂ(p,m,p)/;|$i—Ij| ( )

wsymmetric, [du=1,1>0, p(..., 2, ..., 2j5,...) =0if z; = z;.
» This is a special multimarginal OT problem
» Same l-marginal p for each dimension

> Cost 1
Clor,an) =) e
. 7 ¥l

> But the support of u is singular



Breaking the complexity barrier

» Numerics-related previous work

» (Mendl-Lin 12): Solve the dual problem of V3E[p] (exponential
number of constraints)

> (Benamou-Carlier-Nenna 16): Sinkhorn scaling (exponential number
of variables)

> (Friesecke-Vogler 18): Existence of sparse solution for multimarginal
oT
» Q: Can we solve this multimarginal OT with polynomial complexity?

» Approach: use convex relaxation techniques to obtain useful lower
and upper bounds for the SCE optimization problem

> Yuehaw Khoo and Lexing Ying. Convex relaxation approaches for

strictly correlated density functional theory. SIAM Journal on
Scientific Computing 41-4, (2019).
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Discretization

> InSCE C(z1,...,an) = >, m multimarginal OT with
pairwise cost

inf / Z; dp(ze,. .., xN)

rell(pop) Jxx..x X 1 |z, — ]

» Discretize X with a grid £ of L pts and introduce ¢(z,y) = F=E

» From now on, focus on the discrete problem

min Z (Zc(xk,xl)> w(@y,...,TN)

(o.-
HETI(p, 7p)rcl,....rNE[, k<l



Reducing dimensionality

RE(p,--,p)

z1,...eNnEL \k<I

» Rewrite the problem in terms of 2-marginals

l l lMarginaIize

—

=

—

° Marginalize

min Z (Z c(xk,:cl)> w(xe, ...

E I1: 3-dimensional probability

polytope



In terms of 2-marginals

v

Write 11 as convex combination of extreme points:

H= Z M’”17~--7$N€$1® "'®6mN

T1,... TN

v

Let {e; : © € L} be the set of L canonical basis vectors.

> le,...xN Bay,.zn = 1 and Hay,....xn Z 0.
The generalized 2-marginal of the (k, ) slice

v

kl __ 2 : T LxL
G - lu’wlw-m'ENelvkea:l ER

Z1,...-TN

v

Due to symmetries (identical electrons), all G¥! for k # [ are the
same and all G** are the same. Thus define

y=Gr, e=GMF



Equivalent multimarginal OT form

> MiNuen(p o p) Dy, awer (Dpcr @h @) pl@n, o 2N)
Z Z c(xp, z;) Z w(zy,...,zn) = Z Z (g, 1) GF (xg, 27)
k<l xi,x; rest x; k<l xk,z1

» Introduce G,C € RNLXNL.

Gll GlN € .- v o ... Is
GNl .. GNN /7 DR E C ... O

» We can the optimization problem in terms of 2-marginals:

min  Tr(CQ)

» But non-trivial constraints on GG



Convex relaxation

Gll . GlN
> Ming.ryp,...,p) Tr(CG) with G = : ) :
GNl . GNN
» What are some necessary conditions on G?

» Gil=~41=p
> G = e = diag(p)
» G>0,G>0

» Relax: drop all other constraints and obtain the convex problem

min Tr(CG)
G=[G]
st. G911 =~1 = p, G = e = diag(p), G >0, G = 0.

» Polytope w. exp. num. of constraints. = Polytope w. poly. num.
of constraints.



Final SDP form

» Rewrite the cost Tr(CG) = w Tr(ey)
» Introduce 6 € RLXE

) I , e - A1
6:F[I I]G |: :m[l Il |: ANk
I ¥ el |1

» Then
1 N-1 B _ N§ —diag(01)
b=yt N A=e vm RN

» A convex-relaxed SDP lower bound for V3<E[p]:

 N(N-1) N 1
i, g (e s

st. 01 =p, 5= 0,6 >0, diag(d) = £.




Why this relaxation is reasonable?

» Theorem (Friesecke-Vogler 18): The set of extreme points of
N-representable symmetric 2-marginals (with Coulombic cost) is

L
F—{N)\)\T 1 diag(A)‘Ae{O,;f} ,)\Tl—l}

N-1 N -1

» Theorem (Khoo-Y. 19): T is a subset of the extreme points of

N 1 01
= — i > > i = —
D {N—15 N_ldlag(él) ’ =0, § >0, diag(d) N}

(Note that D is the set of feasible 2-marginals -y for the SDP).

&



Extensions

» An upper bound to V.3CE[p] using three marginals

» The second quantization case

> Yuehaw Khoo, Lin Lin, Michael Lindsey, Lexing Ying, Semidefinite
relaxation of multi-marginal optimal transport for strictly correlated

electrons in second quantization. SIAM J. Sci. Comput., 42(6),
B1462B14389.



Numerical examples

» 1D electron: N =8, L = 1600
p X eXp(—xQ/ﬁ)

v

-2

-2

» 1025 entries if LP was used.



Numerical examples

» 1D electrons, N =8

p(x) o sin(4x) + 1.5
T

N

~

.-' AAE s - A
'ﬂ%é#%ﬂ

> Left: 2-marginal 6* — 7. Relative gap = 4.2e-02
» Right: 3-marginal 6* — ~. Relative gap = 3.9e-02



Numerical examples

» 1D electrons, N =8

-2

7

Z

-2

> Left: 2-marginal §* — ~. Relative gap = 4.9e-04

2 -2

» Right: 3-marginal * — ~. Relative gap = 1.0e-06



Numerical examples
» 2D electrons, N =5

p(z,y) oc 1

> Plots are slice of 2-marginal with one component fixed.
> 2-marginal §* — ~. Relative gap = 3.8e-02
» 3-marginal * — ~. Relative gap = 3.5e-02
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