Classical and Quantum Optimal Transport

problems for Matrices and Tensors

Shmuel Friedland
samuelfriedland in Zoom
Univ. lllinois at Chicago

IPAM workshop IV:
Efficient Tensor Representations for Learning
and Computational Complexity
June 8, 2021

Shmuel Friedland UiClassical and Quantum Optimal Transport pro



Matrix Optimal Transport

Tensor Optimal Transport

Entropic relaxation of Optimal Transport
Diagonal scaling of tensors
Minimization of convex functions

Matrix Quantum Optimal Transport
Metrics on density matrices

The dual problem

@ Quantum Optimal Transport for tensors

Shmuel Friedland UiClassical and Quantum Optimal Transport pro



Part I: Classical Discrete Optimal Transport

My O M§ convex set of probability vectors and its interior in R”}
Problem: Given pA, p8 € N, define distance dist(p”, p&)

Many applications:

Comparisons of two histograms

Earth mover’s distance: Two different ways of piling up a certain
amount of dirt over the region D

Gaspard Monge 1781, in the context of transportation theory
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Matrix Optimal Transport

For pA € Mm, pB € N, let Ty (p?, pB) c RT*"

the set of coupling matrices R € RT*": R1 = pA, RT1 = p&
Note: pA(pB)" € I'e(p*, pB)

MOT: T¢(p?, pB) = min{Tr CTR, R € T'o(pA, pB)} for C € R™*"
Linear Programming (LP) problem, slow to be solved for big m, n
For m= nand C = [¢;] € R*" distance matrix:

C symmetric, ¢;=0,0< ¢y < ck +Cxfori#j

Tc(p?, p?B) is a distance on MM,

Fort>0C =|[c}

Wasserstein t-distance: (Tgo(p?,pB))"/* for t > 1
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Tensor Optimal Transport |

pj € Mn,j € [d], C € @2 R are given
Fa(P1s-- - Pa) = (U € @R U Xk Sjerap iy Tn, = Pr k € [d]}

Note @ ,p; € Tei(P1; - - - » Pa)

TC(p17' : 'apd) = mln{<C,Z/{>7Z/[ € rC/(p1’ .- '7pd)}
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Tensor Optimal Transport Il

Assume d =2/, n1; = n;, i € [[]

C distance tensor: bisymmetric ¢;, .

sl tselor = Gl oty

Matrix D(C) = [Ai....iv.(erniony] € RYXN, is @ distance matrix
I

Lt o) 1,0ips) = Citeoiorr N = TTj=q 1

Example: D(C) - uniform: off-diagonal entries are t > 0

Thm: Te(py, - .., P2r) metric on ([Tj_y M) x (IT}=; Mr,)

Use the matrix case with D(C) and extra conditions
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Tensor Optimal Transport Il

Assume n; = n,i € [2]] and D(C) a distance matrix
Te(py, - .., P2s) distance between ordered sets
(P1,---P1)s (Prs1:-- -, P2r) € (Mp)

Need conditions for this metric to be metric on sets
P, P AP, - P2}

1. dist((p1, ..., P1), (P/+1, - - -, P21)) =
MiN{Tc(Ps(1)s - - - » Po(rys Pis1, - - - P21) }

o € ¥-all permutations of [/]
2. Symmetrize D(C) on [/],[2/] \ {[/]} and declare

dist((p1,---,P1), (P1,---,Ps)) = 0 to obtain noncontinuous distance
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Entropic relaxation of TOT |

Linear programming problems are efficiently solved by interior methods
by adding a strict convex term to minimize the linear function

For Matrix Optimal Transport was done by Marco Cuturi 2013

For x € My, H(x) = — Y"1, x;log x; striclty concave function

0 < H(x) < log n, equality holds for uniform probability vector

For & € R} probability tensor: U, ¢ ,1) = 1:

HU) = = S, ..y Uiy 109 Ui ...is € [0, 524 10g 1]

f(U) = .Uy — THU), x>0

d .
AU) < (C.U) < K@) + =209
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Entropic relaxation of TOT Il

n_

exp(T) = [exp(t;....;,)] € @, RY =R}
min{(C,U) — LHU), U € Ta(P1, ... Pa)} = (C.Ux) — LH(U)
For A > 1 U, a good approximation to optimal solution for TOT

Theorem I: U, is unique diagonally equivalent tensor to exp(—AC)

Cuturi 2013 for matrices
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Diagonal scaling of tensors |

T =[t;,..i,] € R is diagonally scaled to a tensor in T'g(p1, - .., Pq):

T =T(x):= [exp(Xj, 1+ + Xi.d)bi.i] € Ta(P1,---,Pd)

for some x; € R", j € [d]

For matrices T' = D; TD» Dy, D> diagonal with positive diagonal entries
Existence theorem: Diagonal scaling of 7 € R? exists iff
Fa(pi,---,Pg) contains a tensor with the same zero pattern as 7

(It is enough to consider the case p1,...,pqg > 0)

Sinkhorn 1964 positive matrices and uniform distribution- doub. stoch.
Menon 1968 for matrices, Bapat 1982, Raghavan 1984 for pos. ten.
Bapat-Raghavan, Franklin-Lorentz 1989, Friedland 2011

Shmuel Friedland UiClassical and Quantum Optimal Transport pro




Diagonal scaling of tensors Il

Franklin-Lorentz: T'g/(p1,...,Pa, T) = {Uj,..i; =0if t; i, =0}

Ui,
iU TP Pa) < o0

.....

9U) == Zije[nj] Uy,....i; 109

ifftd € Ta(P1,- ... Pa, T)- Then min{g(U),U € Te/(P1,....Pa, T)}

achieved at unique U(T) diagonally scallable to T
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Sinkhorn scaling algorithm

Assume 0 < pA e My, 0<pfen,
For Re R ": set Ry =R
Roki1 = Dok Rok, Doy = diag(ds ok, - - -, dm2k)

ok = ;i€ [m = Rogy11lp=p>0

ST angen e
Rok = Rok—1Dok—_1, Dog_1 = diag(di ok—1,- -, dnok—1)

djok—1 = m,je [n= R} 41m=9q>0

Theorem II: Ry, k € N converges geometrically to U € I'¢/(p, q)

|Rx — U|| < Ktk k € N for some K > 0,t € (0,1)

Sinkhorn proved for m = n,pA = p& = (1/n)1,
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Minimization of convex functions

Lemma: f € C2(R") with positive definite Hessian H(f) everywhere

Then (1) limyy 0 f(X) = oo iff f has a unique critical point
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Another convex function related to scaling |

Xi=(Xijy. o Xn i) ERM X =(Xq,...,Xg) € RN =RM x ... x R
h(X) = > jetn jeta) fiveia eXp(Z,‘-j:1 Xij), T =0

h convex and constant on an affine space:

(1) S04 Xjj = @y iy 1 iy > O forall (i, i)

Example: (2) x; = t1p, i € [d], Y%, t; = 0 (or constant)

Claim: If T > 0 ker H(h)(x) is (2)
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Another convex function related to scaling |l

T(X) = [exp(X Ly X)) H(X) = (T(X), @1 15)

Forp e R™ L(p) = {x € R", "1 pjx; = 0}

For 7 > 0,p; € NG, i € [d] his strictly convex on L := []7_; L(p;) = RV
limx | — 00 xeL N(X) = oo, equivalently, h has a critical point in L

Advantage over Franklin-Lorentz: Minimizing over much smaller space
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Partial minimization algorithm

RNV =RM x ... x RNe, x = (x;,%/) € RN, V¢ = (Vy,0,..., Vxy0)
¢ CZ(RN)’ H(#)(x) > 0, Iim||x|\—>c>o P(X) = o0
partial minimization: min{¢(x;, x/),x; € RN} = ¢(x;(x/), /)

Ixlls := (R4 1xl%) %, s € [1, o], Fix s € [1,2]
PMThm: Algorithm below converges geomet. to min ¢ & min point:

Start with any x(© ¢ RN
If max{||Vx,(x")]|s,/ € [d]} = 0 x) min point, exit
At xD set k(1) = arg max{||Vx,(x)|s, € [d]}, x) = (x),,y)

(1+1 I+1) /
X1 = (", yO)), i = X (yi) = X))
Note: Vy,,_,, (x) =0 for / > 1
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Sinkhorn algorithm is partial minimization algorithm

T >0,RV =L =L(p1) x--- x L(pg)

Claim: For x = (X, XK): X,(x¥) = 24 = (21,. .., 2p,) € L(p))

is essentially given by Sinkhorn scaling:

Shmuel Friedland
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Part II: Matrix Quantum Optimal Transport

Hp D Hp+ D Qp hermitian, positive semidefinite, density matrices
For pA € Qm, pB € Qn: T(p*,pB) = {R € Qun, Trg R = pA, Try R = pB}
R = [rip)qlsi-J € [m],p,q € [n], Trg R = [YX-p_4 (i p)(jip)]

A pBeT(pA o)
MQOT: TE(p*, pB) = min{Tr CR, R € ['(p*, pB)} for C € Hpmp
0 < C = Iy then TE(p*, pP)
is the minimum expected value of the observable C given pA, pP
TE(p*, pB) is semidefinite problem that can be computed

with precision € > 0 in polynomial time in data and log(1/¢)
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Connection between OT and QOT

Forx = (Xy,...,Xp) ", X € R™", diag(x) = diag(xq, ..., Xn) € R™", and
diag(X) € R™"is a diagonal matrix with diagonal entries of X

For p € Qp: diag(p) = diag(p) € Qn, p € My is decoherence of p

Fo(p?, pB) isomorphic to diag(T (diag(pA), diag(p?)):

[rj] corresponds to diag(r11, ..., fmn)

Te(p?, pP) > TE(diag(p?). diag(p?)) if

diag(C) = diag(Ct1, - - -, Cmn)

Classical OT greater than QOT
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Semi-distances and weak distances

sd: X x X — [0, c0) is semi-distance if

(a) sd(x, y) =sd(y, x) (symmetric)

(b) sd(x, y) > 0 and equality holds iff x = y (positivity)

sd is a metric if it satisfies the triangle inequality:

sd(x, y) <sd(x, z)+sd(y, 2)

semi-distance is a weak distance if 3 metric d on X satisfying

(1) sd(x, y) =d(x,y)

THM: For a given weak sd on X 3! maximizing metric D satisfying (1):

D(X, y) = lIMn_s o0 iNfxg—xxu—y SN 18d(Xi_1, X;)
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Special metrics on Hermitian matrices

Denote by U(n) c C"™" the group of unitary matrices
d(p?, pP) = max{(|U(p" — pB)U*)11|U € U(n)} metric on Hy

Can be generalized
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2-Wasserstein metric induced by QOT

THM 1: T(p?, pB) induces semi-distance on Q, if and only if C is

positive semidefinite and vanishes on symmetric matrices Hg

{0 # C = 0,ker C = Hg then /T(pA, pB) is a weak distance
inducing 2-Wasserstein metric W3(p?, p?)

THM 2: Assume that C9 is projection on skew symmeric matrices H4:

(a) 1/TSQ(pA, pB) is a metric on pure states (rank p = 1)
(b) 1/ TSo(p*, pB) is @ metric on Qp (qubits)

(©) (TS, (A, pB)) ! is not a metric for t € [1,2
cQ
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Open Problem

Let S:Hp® Hp — Hn® Hy SWAP operator x @y -y x (X — XT)

C? = }(I - S) projection on H,

Open Problem: Is 1/Tgc,(,o"‘,p‘-”’) is a metric on Q,?

Numerical simulations for n = 3, 4 yes!
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The dual problem

Tg(pA, pB) = sup{Tr (JApA +0BpB),F=C—-o?®1, 1B =0}
Tr FR = 0for R e I'(p*, pB) < R minimizing and F maximizing resp.
If pA, pB positive definite, maximizing F exists

THM: Tga(p?, pB) > 3d(p*, pB)?

For qubits (n = 2) equality holds

Outline of the proof:

(@) Ta(p?, pP) = Toa(UpAU*, UpPU*)

(b) Tga(p?, pP) > Tca(diag(p?), diag(p®))

(c) lower bounds using the dual version for diagonal density matrices
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QOT for tensors (multipartite states)

Hn, - Ng-dimensional Hilbert space

S+(®/‘-’:1Hnj)— self adjoint positive semidefinite operators
For p# €Qp,jeld={1,...,d},d >3

R e S (20 Hp), Trk R € S1.(Hn,)

F(p™,...,p%) = {R € B(@L Hn), Trx R = p*, k € [d]}
T8(pA1,.. L, pA) =min{TrCR,R c T (p™, ..., p"")}

is a continuous convex function on Qp, x -+ x Qp,

Computation of QOT is an Semidefinite Problem (SDP)
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Equidimensional case

m = --- = ng = n, S ,-symmetric tensors (bosons)
C@ projection on the othogonal complement of symmetric tensors

Claim: T‘CQQ(p"‘1 ..., p%) > 0 equality hods iff p* = .. = p&

Shmuel Friedland
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Relation to permanents

,OA/ = 2?21 )\,'JX,'JX?:/- fOFj S [d]
G(Y1,---.Ya) =[¥7Yj] € Hg-Grammian of yy,...,yg € C"
Tr CQ(®7:1 pA/) =1- % Zh,...,ide[n] (Hje[d] /\,]71) perm G(X,’171 RN ,X,'d7d)

T(pM, ..., pM) <

1= g 2wt (Tjcia Xi) perm G(Xi, 1, -+ Xig.q)
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