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Tensor train decomposition

e External dimension: 7= (n1,...,ng).

@ Internal dimension: = (r,...,rg_1).

= Xff:l Rfi-1xmixTi “where rg = rqg = 1.

o = (ulll . . uld EZTI;H.

o T: XjleRr;,lxn,-xr,- _, RMmxn2exng

o () (x1,...,xq) = ulll(x))ul(xp) - - - uldl(xy), where
ull(xi) = ulll(z, x;, ).
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) = Sy Wl ® Uiy, @ B

ukl]’k2 = u[’](kl, " kg).

[d—-1]
kd—2,kd—1

® u%],p where
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Tensor train decomposition

Gauge greedom (gauge invariance)
= (A1,...,A4-1), where A; € GL(r;,R).
AlU) =v = (v[l],vp], ... ,v[d]).

vl (xi) = A ul () Ay,

e o
>

(]
<

Proposition (Rohwedder and Uschmajew, 2013)
Given & € U2 -, the TT-rank of T(u) is r'if and only if

r,n’

7(U) = 7(V), Ve Ufﬁ <= 0 ;(t) = v for some Ae X:-jz_ll GL(r;, R).
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Tensor train decomposition

- - 112
° ming g f(U) = |T — (@) [|F-

Algorithm 1 Alternating Least Square (ALS) Algorithm for TT Format
Require: Target d-th order tensor T and initial tensor train up.
for {=0,1,2,--- do
fori=1,2,---,d do
Perform an ALS microstep (quadratic least square problem):

i 1 1 i1 i+1 INIE
qu = argvmln §HT_ 7'(u££1,...,qul],v,ul[ZJr ],...,ug ])HF
end for
end for
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Tensor train decomposition

Theorem (Rohwedder and Uschmajew, 2013)

Suupose that the TT-rank of T is r. Then as long as Uy is not in some
measure-zero set, uy computed by ALS satisfies that T = 7(u1).

@ One-sweep convergence.

e Bond dimension: max{ri, r, -+, rq_1}.
e Consider = (r,...,r) for simplicity.

°

If the bond dimension of the optimization problem is large enough,
the problem can be solved by ALS trivially and the energy landscape
is good enough (no (stable) spurious local minima).

@ If the bond dimension of the optimization problem is strictly smaller
than that of the target tensor, there may exist some spurious local
minima.
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Tensor ring decomposition

e External dimension: 7= (ny,...,ng).

e Internal dimension: 7= (ri,...,rq).
d
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Tensor ring decomposition

Gauge freedom (gauge invariant)

= (Al, o Ad) Where A' € GL(I‘,‘,R).
° = (vt RVE

° V”( i) = A:U[’]( ) ey

o My = {eﬁ(a) | Ae= X%, GL(r,-,R)}.

°
3>¢
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Tensor ring decomposition

@ Some difficulties with tensor ring format:

@ TR-rank is not unique (Ye and Lim, 2018).

@ It is not clear when it holds that 7(v) = 7(u) if and only if Vv = 0 z(u)
for some Ae X GL(r;,R).

° Rﬁﬁ = T(UE{ 5) is not closed (Landsberg et al., 2012).

r,n
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Tensor ring decomposition

- - 112
° ming g f(U) = |T — (@) [|F-

Algorithm 2 Alternating Least Square (ALS) Algorithm for TR Format
Require: Target d-th order tensor T and initial tensor train up.
for {=0,1,2,--- do
fori=1,2,---,d do
Perform an ALS microstep (quadratic least square problem):

i 1 1 i1 i+1 INIE
qu = argvmln §HT_ 7'(u££1,...,qul],v,ul[ZJr ],...,ug ])HF
end for
end for
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Tensor ring decomposition

— r 1 2 d
T=7W) =Y awi o owd o eowd cri.

. -~
° mmﬁeﬂj’nﬁ%HT_T(u)HF'

o m=rdt

o dim span {wgl] P 1< ki, ko < r} <r2

@ n; >r2.
—d - _5d i

oW = Welly s |wl, (5)=0,V1<i<d l<knhk<r s>
r’+1
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Tensor ring decomposition

Theorem (C-Li-Lu, 2020)

There exists 1 < W;{ﬁ with (1(Q21) = 0, such that for any w € Wfﬁ\ﬂl

- . —d .
and T = 7(w), there exists Qo S U, 7 with () = 0, such that ALS
converges to the global minimum in d microsteps as long as the initial
point ug is not in Q5.

@ One-Loop Convergence.

@ The method for proving that a set is of zero measure is to establish
the equivalence between the set and the set of roots of a polynomial,
since the measure of the root set of a non-zero polynomial is zero.
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Tensor ring decomposition

@ Denote U = g and V = vj.

@ Suppose that we have the desired full-rank properties for w and u.

@ Set X := span {w,[(il]’k2 tki, ko =1,2,--- ,r} fori=1,2---.d.

@ Denote P; as the orthogonal projection onto X; for i =1,2,--- ,d.

o T —7(xW,ul, . uld)|2 > || T — 7(Pr(xY), ul®, ... ul)||2.

o vl Xy, Yk ke=12,...,m.

OV;[(I'] GXU Vkl7k2:1727"'7m7f0ri:1727"’7d_1'

1,k2
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Tensor Ring Decomposition: One-Loop Convergence

2 = 290D > TT9- 1 dim(Xy) = dim(X; ® - ® Xg_1).

e m- =
° i v ®"'®V[d71] eXi1®---®X for an
k17k2 kd—17kd 1 d—1, y
ko, kg—1=1

kl,kd=1,...,m.

m

span Z v£1]7k2®--~®v£‘:;17]kd tkikg=1,....m} =
kay...skg—1=1

X1® - ®Xg_1.

T€X1®'--®Xd_1 ®R"d.

There exists vl such that 7(vll, ... vld=1] yldl) = T
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Tensor ring decomposition

o m(ar, - ,ap) = (a1 —1)r" P+ (a1 — )r + ap.

_ 112
mingays, | () = 3T —7(@)]2

Theorem (C-Li-Lu, 2020)
Ford > 3, tig € Uﬂ,l , defined via

do = (ult ul? .. uldly with,

[i] _

u7r(p1, Pd—1)sm(q1yesqd—1) 5P1q1 T 6Pi—1'~7i—15Pi+1qi+1 o
[d] _

Ut (p1yeeesPd—1) (G Gd—1) Opaq1 " " Opy 1q4-2 €r(p1,9d-1)

is a local minimum of f and f(iip) = 3.

-0

_ r d d d
T= Zkl,...,kd=1 (®i=1 ew(k,-+1,k;)> + ®i=1 €n € Rr+1,n-

Pd—19d—16m(pi,qi)

\*

and
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Tensor ring decomposition

[d-2]
kd—2,kd—3

[d-1]
kqg—1,7(q1,-,9d—1)

2 Ul Ol @ O UG O

T(P1yeesPd—1)5
ka,...okg—1=1

= €n(p1,q1) @ n(p2,q2) @ & €r(py_1,q4-1)

@ Full-rankness.
— r d
° T(uo) = Zkl,...,kd:]. (®I:1 eﬂ'(ki+17kl')> :

e 7(Up) it orthogonal to ®:€I=1 en.
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Tensor Ring: Decomposition and “Compression”

Spurious Local Minima
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Figure: The stability of the spurious local minimum (C-Li-Lu, 2020)
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The End

Thanks for your attention!
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