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Tensor train decomposition

External dimension: ~n “ pn1, . . . , ndq.

Internal dimension: ~r “ pr1, . . . , rd´1q.

Ud
~r ,~n :“

Śd
i“1Rri´1ˆniˆri , where r0 “ rd “ 1.

~u “ pur1s, . . . ,urdsq P Ud
~r ,~n.

τ :
Śd

i“1Rri´1ˆniˆri Ñ Rn1ˆn2¨¨¨ˆnd .

τp~uqpx1, . . . , xdq “ ur1spx1qur2spx2q ¨ ¨ ¨urdspxdq, where
urispxi q “ urisp:, xi , :q.

τp~uq “
ř

k1,...,kd
u
r1s
k1
b u

r2s
k1,k2

b ¨ ¨ ¨ b u
rd´1s
kd´2,kd´1

b u
rds
kd´1

, where

u
ris
k1,k2

:“ urispk1, :, k2q.
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Tensor train decomposition

Gauge greedom (gauge invariance)
~A “ pA1, . . . ,Ad´1q, where Ai P GLpri ,Rq.
θ~Ap~uq “ ~v “

`

vr1s, vr2s, . . . , vrds
˘

.

vr1spx1q “ ur1spx1qA1, vrispxi q “ A´1i´1u
rispxi qAi ,

vrdspxdq “ A´1d´1u
rdspxdq.

M~u “

!

θ~Ap~uq |
~A P

Śd´1
i“1 GLpri ,Rq

)

.

Proposition (Rohwedder and Uschmajew, 2013)

Given ~u P Ud
~r ,~n, the TT-rank of τp~uq is ~r if and only if

τp~uq “ τp~vq, ~v P Ud
~r ,~n ðñ θ~Ap~uq “ ~v for some ~A P

Śd´1
i“1 GLpri ,Rq.
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Tensor train decomposition

min
~uPUd

~r,~n
f p~uq “ 1

2‖T´ τp~uq‖
2
F.

Algorithm 1 Alternating Least Square (ALS) Algorithm for TT Format

Require: Target d-th order tensor T and initial tensor train ~u0.
for ` “ 0, 1, 2, ¨ ¨ ¨ do

for i “ 1, 2, ¨ ¨ ¨ , d do
Perform an ALS microstep (quadratic least square problem):

u
ris
``1 “ arg min

v

1

2

∥∥∥T´ τpur1s``1, . . . ,uri´1s``1 , v,u
ri`1s
` , . . . ,u

rds
` q

∥∥∥2
F

end for
end for
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Tensor train decomposition

Theorem (Rohwedder and Uschmajew, 2013)

Suupose that the TT-rank of T is ~r . Then as long as ~u0 is not in some
measure-zero set, ~u1 computed by ALS satisfies that T “ τp~u1q.

One-sweep convergence.

Bond dimension: maxtr1, r2, ¨ ¨ ¨ , rd´1u.

Consider ~r “ pr , . . . , rq for simplicity.

If the bond dimension of the optimization problem is large enough,
the problem can be solved by ALS trivially and the energy landscape
is good enough (no (stable) spurious local minima).

If the bond dimension of the optimization problem is strictly smaller
than that of the target tensor, there may exist some spurious local
minima.
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Tensor ring decomposition

External dimension: ~n “ pn1, . . . , ndq.

Internal dimension: ~r “ pr1, . . . , rdq.

Ud
~r ,~n :“

d
ą

i“1

Rriˆniˆri`1 , where rd`1 “ r1.

~u “ pur1s, . . . ,urdsq P Ud
~r ,~n.

τ : Ud
~r ,~n Ñ Rn1ˆn2¨¨¨ˆnd .

τp~uqpx1, . . . , xdq “ tr
`

ur1spx1qur2spx2q ¨ ¨ ¨urdspxdq
˘

, where

urispxi q “ urisp:, xi , :q.

τp~uq “
ř

k1,...,kd
u
r1s
k1,k2

b u
r2s
k2,k3

b ¨ ¨ ¨ b u
rds
kd ,kd`1

, where

u
ris
k1,k2

:“ urispk1, :, k2q.
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Tensor ring decomposition

Gauge freedom (gauge invariant)
~A “ pA1, . . . ,Adq, where Ai P GLpri ,Rq.
θ~Ap~uq “ ~v “

`

vr1s, vr2s, . . . , vrds
˘

.

vrispxi q “ Aiu
rispxi qA

´1
i`1.

M~u “

!

θ~Ap~uq |
~A P“

Śd
i“1GLpri ,Rq

)

.
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Tensor ring decomposition

Some difficulties with tensor ring format:

TR-rank is not unique (Ye and Lim, 2018).

It is not clear when it holds that τp~vq “ τp~uq if and only if ~v “ θ~Ap~uq

for some ~A P
Śd

i“1GLpri ,Rq.

Rd
~r ,~n “ τpUd

~r ,~nq is not closed (Landsberg et al., 2012).
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Tensor ring decomposition

min
~uPUd

~r,~n
f p~uq “ 1

2‖T´ τp~uq‖
2
F.

Algorithm 2 Alternating Least Square (ALS) Algorithm for TR Format

Require: Target d-th order tensor T and initial tensor train ~u0.
for ` “ 0, 1, 2, ¨ ¨ ¨ do

for i “ 1, 2, ¨ ¨ ¨ , d do
Perform an ALS microstep (quadratic least square problem):

u
ris
``1 “ arg min

v

1

2

∥∥∥T´ τpur1s``1, . . . ,uri´1s``1 , v,u
ri`1s
` , . . . ,u

rds
` q

∥∥∥2
F

end for
end for
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Tensor ring decomposition

T “ τp~wq “
řr

k1,...,kd“1
w
r1s
k1,k2

bw
r2s
k2,k3

b ¨ ¨ ¨ bw
rds
kd ,k1

P Rd
r ,~n.

min
~uPUd

m,~n

1
2‖T´ τp~uq‖

2
F.

m “ rd´1

dim span
!

w
ris
k1,k2

: 1 ď k1, k2 ď r
)

ď r2.

ni ě r2.

Wd
r ,~n :“

#

~w P Ud
r ,~n | w

ris
k1,k2

psq “ 0, @ 1 ď i ď d , 1 ď k1, k2 ď r , s ě

r2 ` 1

+

.
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Tensor ring decomposition

Theorem (C-Li-Lu, 2020)

There exists Ω1 ĎWd
r ,~n with µpΩ1q “ 0, such that for any ~w PWd

r ,~nzΩ1

and T “ τp~wq, there exists Ω2 Ď Ud
m,~n with µpΩ2q “ 0, such that ALS

converges to the global minimum in d microsteps as long as the initial
point ~u0 is not in Ω2.

One-Loop Convergence.

The method for proving that a set is of zero measure is to establish
the equivalence between the set and the set of roots of a polynomial,
since the measure of the root set of a non-zero polynomial is zero.
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Tensor ring decomposition

Denote ~u “ ~u0 and ~v “ ~v0.

Suppose that we have the desired full-rank properties for ~w and ~u.

Set Xi :“ span
!

w
ris
k1,k2

: k1, k2 “ 1, 2, ¨ ¨ ¨ , r
)

for i “ 1, 2, ¨ ¨ ¨ , d .

Denote Pi as the orthogonal projection onto Xi for i “ 1, 2, ¨ ¨ ¨ , d .

1
2

∥∥T´ τpxr1s,ur2s, . . . ,urdsq∥∥2
F
ě 1

2

∥∥T´ τpP1pxr1sq,ur2s, . . . ,urdsq
∥∥2
F

.

v
r1s
k1,k2

P X1, @ k1, k2 “ 1, 2, . . . ,m.

v
ris
k1,k2

P Xi , @k1, k2 “ 1, 2, . . . ,m, for i “ 1, 2, . . . , d ´ 1.
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Tensor Ring Decomposition: One-Loop Convergence

m2 “ r2pd´1q ě
śd´1

k“1 dimpXkq “ dimpX1 b ¨ ¨ ¨ b Xd´1q.
m
ÿ

k2,¨¨¨ ,kd´1“1

v
r1s
k1,k2

b ¨ ¨ ¨ b v
rd´1s
kd´1,kd

P X1 b ¨ ¨ ¨ b Xd´1, for any

k1, kd “ 1, . . . ,m.

span

$

&

%

m
ÿ

k2,...,kd´1“1

v
r1s
k1,k2

b ¨ ¨ ¨ b v
rd´1s
kd´1,kd

: k1, kd “ 1, . . . ,m

,

.

-

“

X1 b ¨ ¨ ¨ b Xd´1.

T P X1 b ¨ ¨ ¨ b Xd´1 b Rnd .

There exists vrds such that τpvr1s, . . . , vrd´1s, vrdsq “ T.
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Tensor ring decomposition

~r “ r and ~n “ n “ r2 ` 1.

πpa1, ¨ ¨ ¨ , a`q “ pa1 ´ 1qr `´1 ` ¨ ¨ ¨ pa`´1 ´ 1qr ` a`.

T “
řr

k1,...,kd“1

´

Âd
i“1 eπpki`1,ki q

¯

`
Âd

i“1 en P Rd
r`1,n.

min~uPUd
rd´1,n

f p~uq :“ 1
2‖T´ τp~uq‖

2
F

Theorem (C-Li-Lu, 2020)

For d ě 3, ~u0 P Ud
rd´1,n

defined via

~u0 “ pu
r1s,ur2s, ¨ ¨ ¨ ,urdsq with,

u
ris
πpp1,...,pd´1q,πpq1,...,qd´1q

“ δp1q1 ¨ ¨ ¨ δpi´1qi´1δpi`1qi`1 ¨ ¨ ¨ δpd´1qd´1
eπppi ,qi q, and,

u
rds
πpp1,...,pd´1q,πpq1,...,qd´1q

“ δp2q1 ¨ ¨ ¨ δpd´1qd´2
eπpp1,qd´1q

,

is a local minimum of f and f p~u0q “
1
2 .
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Tensor ring decomposition

m
ÿ

k2,...,kd´1“1

u
r1s
πpp1,...,pd´1q,k2

b u
r2s
k2,k3

b ¨ ¨ ¨ b u
rd´2s
kd´2,kd´3

b u
rd´1s
kd´1,πpq1,...,qd´1q

“ eπpp1,q1q b eπpp2,q2q b ¨ ¨ ¨ b eπppd´1,qd´1q
.

Full-rankness.

τp~u0q “
řr

k1,...,kd“1

´

Âd
i“1 eπpki`1,ki q

¯

.

τp~u0q it orthogonal to
Âd

i“1 en.
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Tensor Ring: Decomposition and “Compression”
Spurious Local Minima
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Figure: The stability of the spurious local minimum (C-Li-Lu, 2020)
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The End

Thanks for your attention!
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