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Outline 

•  Math. Framework: Dynamical Galerkin schemes 

•  Wavelet regularization of inviscid PDEs 

•  1D Burgers 

•  2D incompressible Euler 

•  3D incompressible Euler 

•  Conclusion 

•  (A characteristic mapping method for 2D Euler) 
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1. Dynamical Galerkin schemes (1) 
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1. Dynamical Galerkin schemes (2) 



1. Dynamical Galerkin schemes (3) 
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1. Dynamical Galerkin schemes (4) 
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1. Dynamical Galerkin schemes (5) 
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1. Dynamical Galerkin schemes (6) 
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1. Dynamical Galerkin schemes (7) 

Proof: Schauder-Tichonov fixed point theorem and theorems from ref.  
           [9] S. Schwabik. Generalized ODEs. World Scientific, 1992.  



2. Wavelet representation 

 ji(x) = 2j/2 (2jx� i)



1.   Comparison between 
viscous, inviscid and wavelet-regularized  

Galerkin-truncated 1D Burgers 
  
 

2.   Comparison between 
2D Navier-Stokes, 2D Euler 

and wavelet-regularized 2D Euler  
 

3.   Comparison between 
3D Navier-Stokes, 3D Euler 

and wavelet-regularized 3D Euler  
 

2. Applications 



Galerkin-truncated 1D Burgers 

Ray et al., Phys. Rev. E 84, 016301 (2011) / Pereira et al., Phys. Rev. E 87, 033017 (2013) 



Galerkin-truncated / analytic solution 

Ray et al., Phys. Rev. E 84, 016301 (2011) / Pereira et al., Phys. Rev. E 87, 033017 (2013) 
 



Continuous wavelet analysis 

R. Pereira, R. Nguyen van yen, K. Schneider and M. Farge. Phys. Rev. E 87, 033017 (2013) 
 



Wavelet regularization 

Nguyen, Farge, Kolomenskiy, Schneider  
& Kingsbury, Physica D, 237, 2008 

Farge, Schneider & Kevlahan,  
Phys. Fluids, 2(8), 2187, 1999 



Shannon wavelet 

Meyer wavelet 

Real orthogonal wavelets 

 (x) | b (k)|



Lack of translational invariance 



Complex biorthogonal wavelets 

N. Kingsbury, 2001 
Appl. Comp. Harm. Anal, 10, 234 



Regularization using complex wavelets 

Galerkin-truncated 
 inviscid solution 

Complex wavelet filtered                    
inviscid solution     

Exact solution (black lines) 



Galerkin-truncated 
 inviscid solution 

Exact solution (black line) 

Complex wavelet filtered                    
inviscid solution     



Addition of a safety zone  
(for real valued wavelets) 



Safety zone added 
No safety zone added 

Exact solution 

With or without a safety zone 



Regularization using real wavelets 

A safety zone 
has been added 



Global error estimation 



Deterministic (sine wave) initial condition 

ν=0 

ν=0 
CVS 

ν≠0 

ν=0 

ν≠0 

ν=0 
CVS 

Nguyen, Farge, Kolomenskiy, 
Schneider & Kingsbury,  

Physica D, 237, 2008 

k-2 

k0 

Time evolution 
of energy 

Energy 
spectrum 



 	



1.   Comparison between 
viscous, inviscid and wavelet-regularized  

Galerkin-truncated 1D Burgers 
  
 

2.   Comparison between 
2D Navier-Stokes, 2D Euler 

and wavelet-regularized 2D Euler  
 

3.   Comparison between 
3D Navier-Stokes, 3D Euler 

and wavelet-regularized 3D Euler  
 



2D three vortex nonlinear interaction 

Navier-Stokes 
ν>0 

Truncated Euler 
ν=0 
 

CVS regularized 
truncated Euler 

ν=0 
 Nguyen, Farge, Schneider, 2009  

ESAIM Proc. 29, 89 



Galerkin-truncated 2D Euler 
Laplacian of vorticity and streamlines (grey) 

Random initial condition from Ray et al., Phys. Rev. E 84, 016301 (2011) 



Galerkin-truncated 2D Euler 
Laplacian of vorticity and streamlines (grey) 



Galerkin-truncated 2D Euler 
Laplacian of vorticity and streamlines (grey) 

 



Galerkin-truncated 2D Euler 

Laplacian of vorticity 

Cut and zoom 

Cut  

Pereira, Nguyen, Farge, 
Schneider, 2013  

Phys. Rev. E, 87, 033017 



Wavelet filtered / Galerkin-truncated 2D Euler 



Wavelet filtered / Galerkin-truncated 2D Euler 



Wavelet filtered / Galerkin-truncated 2D Euler 



 	



1.   Comparison between 
viscous, inviscid and wavelet-regularized  

Galerkin-truncated 1D Burgers 
  
 

2.   Comparison between 
2D Navier-Stokes, 2D Euler 

and wavelet-regularized 2D Euler  
 

3.   Comparison between 
3D Navier-Stokes, 3D Euler 

and wavelet-regularized 3D Euler  
 



3D decaying Navier-Stokes turbulence  

DNS 
N=2563 

CVS (wavelet filtered) 
Nc=(2%+10%)N 



3D forced Navier-Stokes turbulence 

DNS 
N=2563 

CVS (wavelet filtered) 
Nc=(2%+10%)N 



 3D Euler turbulence 

DNS 
N=2563 

CVS (wavelet filtered) 
Nc=(2%+10%)N 



 CVS of 3D Euler turbulence 

DNS 
N=2563 

CVS 
Nc=(2%+10%)N 
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Conjecture/conclusions 

Wavelet regularizing the truncated  
inviscid 1D Burgers (ν=o) is equivalent to computing 

the continuous viscous 1D Burgers (ν>o) 
while preserving the dissipation due to singularities.  

Wavelet regularizing  
the truncated incompressible 2D Euler (ν=o)  

is equivalent to computing the  
incompressible 2D Navier-Stokes (ν>o).  

Wavelet regularizing  
the truncated incompressible 3D Euler (ν=o)  

might be equivalent to computing the  
incompressible 3D Navier-stokes (ν>o) while 

preserving the dissipation due to possible singularities.  
http://www.i2m.univ-amu.fr/~kschneid 
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A CHARACTERISTIC MAPPING METHOD FOR 2D EULER 

In collaboration with B. Yadav and J.C. Nave, Bull. Amer. Phys. Soc, 61(20), 2016. 

A SEMI LAGRANGIAN METHOD TO SOLVE THE 
2D INCOMPRESSIBLE EULER EQUATIONS 



we can decompose the diffeomorphism into n pieces: 

each piece solves the following problem:  



2D incompressible Euler Equations	



•   Evolve the diffeomorphism using the CM approach	


      (Hermite jet scheme, gradient augmented level set)	


•   Compute the vorticity on the fine grid 	


•   Compute the velocity using FFT à filter on the CM 

grid	



•  The velocity acts on all scales of vorticity	


•  The large scale vorticity contributes to the velocity	



Remapping criterion: 
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A CHARACTERISTIC MAPPING METHOD FOR 2D EULER 

In collaboration with B. Yadav and J.C. Nave, Bull. Amer. Phys. Soc, 61(20), 2016. 

EXAMPLE: KELVIN HELMHOLTZ INSTABILITY 

Numerics: A characteristic mapping method with exponential resolution. 



Summary	



•  Gradient-Augmented Level Set Method (GALSM)	



•  Arbitrary sets using jet schemes	



•  2D incompressible Euler (preprint available soon)	



•  Current/future work: Extension to 3D / generalize the framework  	



 	



B. Yadav, J.C. Nave and K. Schneider, Bull. Amer. Phys. Soc, 61(20), 2016. 


