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Recursion relations for time-Taylor coefficients and analyticity; the 
Cauchy-Lagrange numerical method
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Vladimir Arnold 1937 - 2010

Eulerian (spatial) and Lagrangian (material) coordinates

Time s = 0

a = (a, b, c)
Lagr. coord.

Time s = t

x = (x, y, z)

Eul. coord.

Volume : V
Volume : V 0

The geometrization of the Lagrangian approach

Kolmogorov/Pontryagin

Lagrangian map :

a 7! x = '(a, t).

Jacobian : J ⌘ det(@xi/@aj) = V

0
/V.

Incompressible flow : J = 1

'

@tv + (v ·r)v = �rp, r · v = 0

Arnold (1966) (Ann. Inst. Fourier): The solutions of the incompressible Euler

equations extremize the kinetic-energy-based action :

A =

1

2

Z T

0

Z

⌦
µ(a)gij('(a, t))'̇

i
(a, t)'̇j

(a, t) (Euclidean case: gij = �ij , µ(a) = d3a),

with the constraints '(a, 0) = a and given '(a, T ).
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From a DG point of view, vorticity is an invariant
When changing from Eulerian to Lagrangian coordinates, a scalar function, say 
a temperature     must just be compose with the Lagrangian map      :

✓ Lagrangian = ✓ Eulerian � '
✓ '

When working with differential forms one must take into account the change in 
elements of length, surface, volume, …, to obtain the pullback (Eulerian to 
Lagrangian) and the pushforward  (Lagrangian to Eulerian) transformations.

Consider the velocity 1-form                       . It satisfies     
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which can be written in more traditional (Euclidean) fluid mechanics notation

The vorticity 2-form ! := dv

[ =
X
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thus satisfies @t! +£v! = 0. The vorticity is Lie-advection invariant!

A first instance is Helmholtz (1858). But actually goes back to Cauchy.
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The Cauchy (1815) invariants equation in DG notation
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|ẋ|2
2 = �dp.

Actually, both the Cauchy invariants equation and his vorticity formula are

instances, related by Hodge duality, of a general result on Lie-advection

invariant exact p-forms.

Apply the exterior derivative d, use dd = 0 and integrate over time from 0 to t:

The Cauchy invariants equation dẋk ^ dx

k
= d(v0kda

k
) = !0.

In traditional fluid mechanics notation it is

�!rL
ẋk ⇥�!rL

xk =

�!
!0.

The Cauchy (1815) invariants equation in DG notationD t�˙xk dxk�� d| ˙x |22= � dp.Actually, both the Cauchy invariants equation and his vorticity formula areinstances, related by Hodge duality, of a general result on Lie-advectioninvariant exact p-forms.Apply the exterior derivative d,u s e dd = 0 and integrate over time from 0 to t:The Cauchy invariants equation d ˙xk ^ dxk= d(v0k dak)= !0 .In traditional fluid mechanics notation it is�!rL˙xk ⇥�!rLxk =�!!0 .



The generalized Cauchy invariants equation

The generalized Cauchy invariants equation



Local helicities in hydrodynamics and MHD
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Local helicities in hydrodynamics and MHD••••



Recursion relations derived from Cauchy’s invariants
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Introduce the displacement: ⇠ := x� a

det (I + rL⇠) = 1 or

Expand (formally) in powers of t: ⇠ =

1X

n=1

tn⇠(n), and determine coe�cients of various powers:
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In the presence of a solid impermeable boundary, these recursion relations for the

time-Taylor coe�cients ⇠(n) must be supplemented by conditions expressing

the invariance of the boundary under the Lagrangian flow.

The recursion relations can be used to obtain bounds on the time-Taylor coe�cients

and prove analyticity in time of the Lagrangian particle trajectories, but also to

derive novel semi-Lagrangian numerical integration schemes.
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The Lagrangian algorithm built on the Cauchy invariants
•

•

In 1928 Courant, Friedrichs and Lewy 
showed that numerical  solutions of 
hyperbolic PDE’s by simple finite 
difference  methods are subject to the 
constraint                         .       
In hydrodynamics, this affects Eulerian  
but not Lagrangian algorithms. The use of 
high-order Lagrangian time-Taylor 
expansions allows us to study, e.g. 
blowup, by semi-Lagrangian high-order 
numerical schemes. 

�t < �x/V

max

Initial Eulerian vorticity

Calculate Lagrangian
time-Taylor coe�cients

at t = tn

Estimate radius
of convergence

and choose time step

Calculate Lagrangian
map tn ! tn+1

Calculate Lagrangian
vorticity at t = tn+1

Transform to Eulerian
vorticity at t = tn+1

Enough
data collected
for extrapo-
lation?

NO

YES
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