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Incommensurate 2D Materials

§ Periodic structures studied via Bloch theory.
§ Incommensurate stacking breaks periodicity.
§ One approach is via configuration space (real space) techniques.
§ Here we focus on momentum space techniques (k.p).

[Geim, 2013]

sheet 2
sheet 1

Incommensurate bilayer
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Mechanical Relaxation

§ When two layers are closely aligned, they form large-scale moiré
patterns.

§ This leads to slowly varying long-range atomistic relaxation.

Unrelaxed Relaxed
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§ Real space tight-binding models are effective at understanding a wide
variety of systems.

§ Momentum space (k.p) bring important physical insight and frequently
are less expensive.

§ We introduce a framework to rigorously build momentum space models
by direct transformation of real space models.

§ We show observables like density of states (DoS) are identical under
transformation from real space to momentum space.

§ We apply this technique to generate a momentum space model for
mechanically relaxed incommensurate bilayer systems.
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Real Space, Monolayer

§ In a tight-binding framework, there are a finite number of degrees of
freedom, or orbitals A, per unit cell.

§ For Bravais lattice R :“ tAn : n P Z2u (A is a 2ˆ 2 matrix), we have
degree of freedom space Ω :“ RˆA.

§ Hamiltonian is exponentially localized in
hopping and periodic.

§ rHψsRα “
ř

RαPΩ HRα,R 1α1ψR 1α1 .

§ HRα,R 1α1 “ hαα1pR ´ R 1q.
§ |hαα1pRq| À e´γ|R|.
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Momentum Space, Monolayer

§ We Bloch transform real space to momentum space. Γ˚ is the
reciprocal lattice unit cell.

§ rGψsαpqq “ |Γ˚|´1{2 ř
RPR ψRαe´iq¨R .

§ Hψ “ h ˚ ψ, so rGHψspqq “ |Γ˚|1{2rGhspqqrGψspqq.
§ The transformed H is given by GHG˚ “ Gh.
§ σcontpHq “

Ť

qPΓ˚ σpoint
`

rGhspqq
˘

.
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Density of States, Monolayer

§ Heuristically, density of states of a system is a normalized trace,
DpE q “ sTrδpE ´ Hq.

§ Instead of using the delta function, we use arbitrary polynomial
function g , typically a thin Chebyshev polynomial approximation to a
Gaussian. By periodicity we have

ˆ
gpE qDpE qdE “ |A|´1

ÿ

αPA
e˚0αgpHqe0α.

§ e0α P `
1pΩq is the standard basis vector centered at 0α P Ω.
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Transformation, Monolayer

§ We can transform observables, here density of states used as an
example, to momentum space directly.

§ We use that G˚G “ I is the identity over `2pΩq.
§ e˚0αgpHqe0α “ pGe0αq

˚gpGHG˚qpGe0αq “ ´́Γ˚ e˚αgpGhpqqqeαdq.
§ Hence

´
gpE qDpE qdE “ |A|´1 ř

αPA ´́Γ˚ e˚αgpGhpqqqeαdq.
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Incommensurate Bilayer

§ For bilayer, we have Ωj “ Rj ˆAj .
§ Ω “ Ω1 Y Ω2.
§ H : `1pΩq Ñ `1pΩq.
§ HRα,R 1α1 “ hαα1pR ´ R 1q.
§ hαα1 : R2 Ñ C, |hαα1pxq| À e´γ1|x |.

sheet 2
sheet 1

Incommensurate bilayer
§ Let R˚

1 and R˚
2 denote reciprocal lattices.

§ We assume both the lattices and reciprocal lattices are
incommensurate, i.e.

R1 YR2 ` v “ R1 YR2 iff v “
ˆ

0
0

˙

R˚
1 YR˚

2 ` v “ R˚
1 YR˚

2 iff v “
ˆ

0
0

˙

.
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Configuration

§ Here we discuss configuration for
the purpose of understanding
mechanical relaxation.

§ We let Γj :“ Aj r0, 1q2 be sheet
j ’s unit cell, where Aj are the
2ˆ 2 lattice matrices.

§ All lattice sites can be
parameterized by configuration
(b), or over compact Γ1 and Γ2.

§ Example: R P R1 parameterized
by b “ R ´ R 1 P Γ2, R 1 P R2 .

b

Sheet 1
Sheet 2
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Mechanical Relaxation

§ Using a linear elastic model, we can find functions

u1 P CperpΓ2;R2q u2 P CperpΓ1;R2q.

such that Rj Ñ Rj ` ujpRjq. We periodically extend u1 and u2.
§ For Rα P Ωk and R 1α1 P Ωj , we have

rHusRα,R 1α1 “ hαα1pR ` ukpRq ´ R 1 ´ ujpR 1qq.
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Bilayer Bloch Transform

§ Define the Bloch transform for each sheet:

rpGjψj sαpqq “ |Γ˚j |´1{2
ÿ

RjPRj

ψRjαe´iRj ¨q.

§ For ψ “ pψ1, ψ2q P `
1pΩq,

G1ψ “ ppG1ψ1, 0q, G2ψ “ p0, pG2ψ2q.

§ Define the bilayer Bloch transform as

Gψ :“ G1ψ ` G2ψ “ ppG1ψ1, pG2ψ2q.
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§ Let Pj be the projection onto sheet j .
§ Let Hij “ PiHPj . Note that

ř

ij Hij “ H.

Proposition

We have for ψ P `1pΩq that

G1H11ψpqq “ c1G1hpqqG1ψpqq,
G2H22ψpqq “ c2G2hpqqG2ψpqq,

G1H12ψpqq “
ÿ

KPR˚1

c0ĥ12pq ` K qG2ψpq ` K q,

G2H21ψpqq “
ÿ

KPR˚2

c0ĥ21pq ` K qG1ψpq ` K q,

where cj “ |Γ˚j |1{2, c0 “ c1 ¨ c2.
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Scattering

§ Let TK be the translation by K P R˚
j . Recall GHG˚ defined over

b2
j“1CperpΓ˚j ;CAj q.

GHG˚ “
ˆ

c1Gh11 0
0 c2Gh22

˙

`
ÿ

KPR˚1

HK2TK `
ÿ

KPR˚2

HK1TK .

§ HKj ’s are the hopping terms:

HK1pqq “
ˆ

0 0
c0ĥ21pq ` K q 0

˙

, HK2pqq “
ˆ

0 c0ĥ12pq ` K q
0 0

˙

.
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Momentum Space Hamiltonian

§ Define the momentum Hamiltonian centered at wavenumber q P Γ˚j :

rpHpqqsKα,K 1α1 “ c0ĥαα1pq ` K ` K 1q, for interlayer,
rpHpqqsKα,Kα1 “ cjGjhαα1pq ` K q, for intralayer.

§ We then have the following theorem based on the ergodicity property:

Theorem

For incommensurate system, we have
ˆ

gpE qDpE qdE “ ν˚
2
ÿ

j“1

ÿ

αPAj

ˆ
Γ˚j

e˚αg
`

pHpqq
˘

eαdq.

where ν˚ is the normalization constant.
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Hamiltonian cut-off

§ Here we wish to find a reduced matrix approximation.
§ We define maximum interlayer coupling η (for graphene, let E0 “ 0):

η “ }pH12}op,

U0 :“ tq1 P R2 : η´1}E0I ´ Gkhpq1q}op ă β ă 1u,
Ur :“ U0 ` Br p0q.

2⌘
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§ pHpqq has diagonal blocks of the form Gjhpq ` K q.
§ Under the assumption θ :“ }A´T2 ´ A´T1 }op ! 1, diagonal blocks vary
slowly.

§ This gives us mapping λ (q-dependent) from R2 to subsets of Ω˚.
§ Restrict pHpqq to small number of reciprocal lattice sites.

�(U1/2)
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Graphene Band Structure

[The electronic properties of graphene, Neto, Geim, et al, Rev. Mod. Phys]
[Correlated insulator behaviour at half-filling in magic-angle graphene superlattices,Cao,

Jarillo-Herroro, et al, Nature] 1.085˝ degree twist, magic angle

Figure: tBLG, plotting e˚
αδpE ´ pHpqqqeα.
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Relaxed System

§ We wish to find GHuG˚ to get relaxed system.
§ If we ignore relaxation effects on intralayer, then it is easy.
§ huαα1pxq “ hαα1px ` u1pxq ´ u2p´xqq for sheet 2Ñ 1 real space
interlayer coupling.

§ c0ĥuαα1pξq for momentum space interlayer coupling.
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Intralayer terms

§ Intralayer terms can be modeled to first order as
rHusRα,R 1α1 “ hαα1pujpRq ´ ujpR 1q ` pR ´ R 1qq.

§ This form won’t Bloch transform however, so we find an appropriate
approximate system:

rHusRα,R 1α1 « rH̃usRα,R 1α1

rH̃usRα,R 1α1 :“ hαα1pR ´ R 1q`
∇hαα1pR ´ R 1q ¨ ∇ujpRq

loomoon

breaks periodicity

ΛjpR ´ R 1q.

§ Λ1 “ I ´ A2A´1
1 and Λ2 “ I ´ A1A´1

2 .
§ Here intralayer terms produce scattering.
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Scattering from Relaxation

§ Let P1 “ 2 and P2 “ 1.
§ We can take a Fourier expansion of ujpbq, K P RPj :

ûK
j “ |Γ˚Pj |

´1{2
ˆ

Γ˚Pj

ujpbqeiK ¨b,

´i ûK
j b K “ |Γ˚Pj |

´1{2
ˆ

Γ˚Pj

∇ujpbqeiK ¨b.

§ rH̃usRα,R 1α1 “ hαα1pR ´R 1q´
ř

KPR˚Pj
ie´iK ¨RpûK

j bK q : s jαα1pR ´R 1q.

§ s jαα1pR ´ R 1q :“ ∇hαα1pR ´ R 1q b ΛjpR ´ R 1q.
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Approximate Momentum Space Relaxed Hamiltonian

§ Mechanical relaxation opens the
gaps.

§ This approximate Hamiltonian
has corresponding momentum
space Hamiltonian pHu defined
below.

rpHupqqsKα,K 1α1 “ c0ĥuαα1pq ` K ` K 1q, for interlayer,
rpHupqqsKα,K 1α1 “ cjGjhαα1pq ` K qδKK 1

´ icj ûK`K 1
j b pK ` K 1q : Gjsαα1pq ` K ` K 1q, for intralayer.
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Conclusion

§ Real space systems are easier to model and are versatile, while
momentum space give more physical information and are often
computationally faster.

§ We introduce a methodology for transforming real space systems into
momentum space and show observables such as density of states are
preserved.

§ We apply this approximately to mechanically relaxed bilayers.
§ This can be extended to more complex systems such as multilayers and
observables such as conductivity.
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