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/ Hamiltonian
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Bulk top . invariant Edge top . invar.

Bulk- edge correspondence fin the spectral gap
regime) amounts to the statement that

|sgnoAnAosgT
where n is equivalence when computing indices

.



TODAY
-

① ID CHIRAL EXAMPLE
,

② FREDHOLM BASICS
.

③ ZD IQHE and 722 EXAMPLES .
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ID chain w/ two
t - t - t - species of sites

Hamiltonian is chiral iff it only has off-diagonal
terms in the t - (chirality ) basis .

⇒ H - ( so {
*

I a size .
-sp . .

+ sites - sites

S need not be self - adjoint . Eg . :S = shift operator

{ H , IT } - O ,
IT 2=+1

.t-ftoa.hn
.
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SIMPLEST EXAMPLE : CHIRAL ID
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(cont
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TCH) symmetric about O .
⇒ Ef i - O

.

nsgn

Spectral gap for H ⇐ of CHI
. ←a-

⇒ SGNCHIEHIHI
" makes sense #E

""
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""""

,
.ir.
...:*.

Bulk index N : - Etr ( IT sgnat ) [ A ,sgnCHI] )

where A projects onto RHS of space .

( " ohh
,
40,4, ,4z , . . . )
T C . - n

, 0,0 , 14,42 ,

'

. . . )
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=

= tr ( U * In , oh where sgnctttfu Uo*)
i. e.

,
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After some basic calculation
,

N : - Etr ( IT sgnCH ) [ A , Ignat )) ) = . . .
=

= tr ( U # In , oh where sgnctttfu Uo*)
i. e.

,
U is the polar part in the polar decamp .

of S : VE SISI - l .

S invertible ⇒ U is unitary.
A - M -

-M is a proj . fttivnrdoenffhpa! #mon
⇒ N=trCU*[ANTI - trcuonnu - A ) pros:

= . . . = index Chun tht ) C- 7L /AtE1-Tf
FED out

← FREDHOLM INDEF

=: index ACU ) ) ANI 's AUNT At .
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⑦ dim her A* a

③ range CAI is closed ⇐ F Eso : HA 411341611
H Ye Cher Alt .

( outside the kernel inverse bold
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FREDHOLMTHEORYOpero.tor A is FREDHOLM iff :
① dim her A ex qhiraran.int:9?a .

⑦ dim her A* a

③ range CAI is closed ⇐ F Ezo : HA 411391611
H Ye Cher Alt .

( outside the kernel inverse bold
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then we def
index A ÷ dim her A - dim her A *

C- 7L



FREIHEITHELY

Operator A is FREDHOLM iff :
① dim her A akerCAttEcohercAi@dihrkerAxtayffifranseCAIceosed.V
③ range CAI is closed ⇐ F Ezo : HA 4113811611

H Ye Cher Alt .

( outside the kernel inverse bold
. )

then we def
index A ÷ dim her A - dim her A*

C- 7L
( degree of non- inoertibilify )

Facts : ① index stable under Cpt . perturbations .
⑦ index stable under norm- small perturbations .
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FREDHOLMTHEIEXAMPLEST.DKis Fredholm w/ index O
.

② O is not Fredholm on X -dim . Hilbert sp .

③ Right shift is Fredholm on :

PCN ) w/ index = - I
ezokl w/ index = o

.

"

④ E'
is not Fredholm on PCN) though

it has finite kernel 4 and is self-adjoint .
'

4)n Entre ( new )

⑤ NUNN for chiral ID bulk system is
Fredholm because : ⑨ H is local :HHxyH see't"

""

⑧ It has gap .



BachtoCHIRALlD_
For half - no geometry , we truncate Hatt

.

I

Yi, THERE'RE
'

"

Cang B.c . )

edge
since IT, 3=0 , F- = :[go {

*

] and I is the

truncation of S . By locality of H
,
S is also

local land invertible, so Fredholm) .
A n

t.se
S = § ⑦ I + opt . ⇒ § also Fredholm

.



CHIRALDEDGEINVARIANtsisfredholn.es
Def . N^= index (5) EH .



CHIRAL ID BEC
-

N Eindexclyntht ) indexes )=N^
UESISI

-'
= : polaris)

"
5ENSN-ihte.AE)

fact : indexCA) -- index CVV # - V*V ) where V:=polarCAI .
⇒ indexCA) -- indexcpolarcAll .

So BEC reduces to the question
---

lindexchlpolarslll-indexcpoearca.IR.
Do truncation and flattening commute

on the index ?



Answer : Yes ! By homotopy : SE tstutlpoearcsl

Spectral gap and locality et s guarantee
AISA is Fredholm tf teco

, B

tr index ( Mst ) ) is const. by cont . of
index

.

N = index ( Alsos )
^

N = index CNS , s )

⇒ INIT .

V
-



ZD BULK SYSTEMS w/ or w/o TRI
-

H is zapped @ O energy ( VLOG) , Ef 'to
,

P i-X.ao.CH) Fermi projection
Fermionic ground state .

Note : p still - synch ) ) → P related to flattening .

Let U is expliarglxitixz) ) ( Laughlin's flux insertion.
Then PUP + Pt is Fredholm Cby gap of H

t
HPXYKECET

"'T " )
.



lQHEBULk_
for the IQHE , the top. Invar

. is the Hall

conductivity : ← Berry curvature
integral

w Eet
"

trepan ,Min.PH )
,

( Ni , Az prog
'

. onto right tupper half space ) ;
trace class bcs

.
P is local .

[
Bellissard et al

After some work
, Ne . .

. - index CPU Pt Pt )

⇒ NEIL .
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TIMEREVERS.AT

Operator ④ IN→ Jl st . : ① anti -unitary , anti - linear :
(⑦4, 41--1947 ,

② ⑦2=-14 # Fermions

③ [ OH , X ) - O .

H TRI iff ftp.HI-o .

I
[④, P) so by functional calculus

.

By anti - Cl- linearity , U= -⑦U*④ ,
as ↳ eiarglxitixa?

Pots P → P = - ⑦ Pot

So /T#t⑦PUP¥④ for TRI H
.



Fact : ① index CAB) = index CA) + indexed) .

(log rule )
② index CAA ) = - indexCA) .

So for TRI It
,

N - iudexcpvp-PH-iudoxl-OCPUA.ptPt ) )
= index-⑤It iudexccpvptptyto ) tiudexcot )
- -

=D to

as Ot bijective

= - indexcpuptpt ) = - ✓⇒ IN- .

For Fredholm operators A which obey
T=JA-⑤A*④ (⑦-ODD FREDHOLM OP . )

IndexCA) so so define instead :

indexedAt dim her A mod 2 C-Kz
.



T

④ - odd Fredholm theory ?

-1



TRI
'
- - I 213 BULK SYSTEMS
-

Since N= indoxcpuptpt ) -0 always,

define Nz index CPUPTPI ) E7Lz
.

This is the FU - KANE -MELE Pfaffian
index for TRI vector bundles when a

translation invariance
.



2DEDGEPICTUREF.fr,
Tae

-

111111111111

In the IQHE
,

invariant is edge Hall conductivity .

it = Ifrc g'Cit ) III. velocity in 1- direction

where J is a smooth version of Xcx
,
o,

:

Tee.
supply

' ) within bulk gap⇒ g'CHI
' '

projects
"
onto

edge slates .



Thin
.

Ckellendonk -Richter - Schulz-Balles)
-

The index ( A , expteitigutlllhtdf ) C- 7L
.

-

As before , Itt , 3=0 for TRI , so [ gut ) , 3=0 .
d

⇒N- index ( A
, exploiting heat )=O

.

Instead
, for TRI edge systems take

Ff : - indexdhexptetigctthh.at ) .



2DBEC.ecTRI or not )

( Can add subscript 2 everywhere )

NEpt I indexed ,E"
'
'Satta

, +at )=Jr

imdexca-etiPMPA.int) (Kitaere )

- By homotopy , PAP - Azpdz , truncation of P .

- P - gun in spec . gap regime .

-
it a MAN

£
'

jndexcqfhtihzgUHMq.at) indexfqfhtikwhHMMA.int)
Yes

, by At i-thzgCHINz-ct-HAzgCMHAzldztelo.is .



MAIN INGREDIENT FOR THE ZD HOMOTOPIES
-

Fact : explain'Ql=H for Q projection.

Emma : If A
'
- A decays into the bulk ,

explain - tf decays into the bulk
.

( decay into the bulk means :

H Bxyll decays in Xe
, ya .
)


