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Spherical harmonics: traces of homogeneous
harmonic poly in R3 on the unit sphere S2

H,: linear space of spherical harmonics of de-
gree n

dmH, =2n+1

fEHy <— A*f=-—-nn+1)f
A*: spherical part of Laplacian in R3

H, is a Hilbert space with scalar product
inherited from L2(S?)
Notation: ||.|| = . ||L2(SQ)
Z(f) ={x €S?: f(x) =0} zero set of f

Nodal domain connected comp-t of S2\ Z(f)

N(f) = #{connected comp-ts of Z(f)}
“topological complexity” of Z(f)



Courant nodal domains theorem:
for all f € Hp, N(f) < (n+1)2

H. Lewy: there exists f € H, s.t. N(f) <3

Q: What is the “typical” behaviour of N(f) 7

n
Gaussian spherical harmonic: f= ) &Y

k=—n

{&,} indep Gaussian r.v., E¢2 = 2n1_|_1

{Y,} orthonormal basis in Hy

f doesn’t depend on the choice of the o0.n.Db.
{Yk} in Hn

the distribution of f is rotation invariant

Q: whether EN(f) > ¢en?? or
EN(f) = o(n?) as n — co?



Bogomolny and Schmit (2002):

elegant percolation-like model
that ignores correlations
but agrees well with numerics

It suggests that EN(f)/n? ~ 0.06 and that the
variance of N(f) grows with n like n2.



THEOREM (Nazarov-S.) There exists a con-
stant a > O such that, for every ¢ > 0, we have

N
IP’{| (f)

n2

— a‘ > e} < C(e)e_c(e)n

where c(e) and C(e) are positive constants de-
pending only on ¢

Our proof gives c¢(e) of (unrealistic) order el°.



The proof of the theorem consists of 3 steps:
I. EN(f) > cn?

II. Exponential concentration of the random
variable N(f)/n? around its median an

ITII. Existence of the Ilimit Iim an, = a
n—0od



I. EN(f) > en?
Main trick: existence of a “barrier’”:

Claim: there exist constants p > 0 and ¢cg > 0O
s.t. for each z € SQ, there exists a “barrier
function” b; € H, with the following proper-

ties: ||bz]| = 1, bz(x) > cov/n, and bzlop (2,p/n) <

—co\/ﬁ.

If z is the Northern Pole of S2, then the zonal

2 1
spherical harmonic Y (¢,0) = 4/ n4+ Py (cos9),
T

1 d™(z? - 1)" ,
P”f(x) = Sn o iS Lege!ndre s polyno-
mial of degree n, gives the barrier. For other

x'S, just rotate the sphere.




Choose > n? disjoint disks of radius 3p/n,
x; the centers

Qj the event

{/@p>Coandsl,, . <-Cof (Co>1)

EN(f) = E#{j: Q; occurs} =Y Elg =Y P(Q))
J J

J; the Gaussian function built over the orthog-

onal complement to by, in A, IEij — %

Then f = &obz; + ;. E£8 = 2n];|—1

Estimating f; from above, we get P(£2;) > x>0

Then EN(f) > cen? - k = c1n?



II. Exponential concentration of the random
variable N(f)/n? around its median an

Recall (def of the median): IP’(%J) < an) < %
P(% > an) < %

Recall: H, is a large dimensional Euclidean
space with Gaussian measure P.

Lemma: For every ¢ > 0, there exists p > 0O
and an exceptional set £ C 'H, of probability
P(&) < C(e)e < such that for all f € Hy \ E
and for all g € Hy, satisfying ||g|| < p, we have
IN(f 4+ 9) — N(f)| < en?.



Recall: Borell-Sudakov-Tsirelson Gaussian iso-
perimetric inequality: Suppose L is a finite
dimensional Euclidean space with a Gaussian
measure P. For any set F C L, denote by
Fy,={ze€L:3yeF st |lz—y| <p}its p-
neighbourhood. Given t € (0,1) consider all
measurable subsets F C L with P(Fy,) < t.
Among these sets F', affine half-spaces have
the largest Gaussian measure.

= P. Levy’'s concentration on 'H,: Let FF C 'Hn,
be any measurable set of spherical harmonics.
Suppose that the set F , satisfies P(F,) < %.

Then P(F) < 2e—°n,
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Our lemma and Levy's concentration vield ex-
ponential concentration of N(f)/n?:

Let F = {f € Hn: N(f) > (an + €)n°}
For f € (F\ )4, we have N(f)/n? > an
= P(F\ &)y, <L = P(F\E&) <2ecpn
— P(F) <P(F\ &) +PE) < Ce)e <,

Similarly, we treat the set where %Qf) <ap—c€
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Idea of the proof of Lemma:

if the function f has no small critical values,
then its nodal portrait is stable under Cl-pertur-
bations

1. Construction of the exceptional set €£.

Fix R > 1 and cover S2 by approximately R—2n?2
spherical disks D; of radii R/n in such a way
that every point is contained in at most 100
disks.

Fix some small o > 0.

A disk D; is stable for a function f € Hpy if

r%nli)n(|f\ + %lVfl) > 4a. Otherwise, the disk D;
J

IS unstable.

Fix a small 6§ > 0. A function f € H, is excep-
tional if the number of the unstable disks for

this function exceeds én2.
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2. Estimate of P(&) uses P. Levy's concentra-
tion.

3. For each component of Z(f) choose the
disk D; it intersects.

3a. Discard the components of Z(f) that have
diameter > R/n

Length Z(f) < Cn, hence the number of such
components is < en? provided R > 1

3b. Discard the components of Z(f) that lie
in unstable disks

Area of each nodal domain is > ¢/n?, hence
unstable disks cannot contain too many com-
ponents
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4. Take a perturbation g € Hy, with |lg|| < p,
p K .

By “local Cauchy’s estimates”, on most of the

stable disks max v .
g (lgl + 2IVyg]) < a

Discard the components of Z(f) that belong

. 1
to stable disks D; where @S;(Gg' + 2|Vg|) > o

5. Recall: the disk D; is stable for f:

Tindlf + 2 IVID > 4a

The perturbation g is Ct-small on 3D;:

1
max =V < «
g (gl + =IVal)

T herefore, perturbing f by g we cannot change
the number of components of Z(f) that “lie
deeply” within Dj.
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ITI. Existence of the Ilimit |Iim an, = a

n—oo

Scaling limit: Gaussian plane waves

Denote our Gaussian spherical harmonic f by
fn. Consider covariance function of f ( = re-
producing kernel in Hy):

Kn(z,y) = Efn(z) fn(y)
= o1 2 VK@) = Ra(cos0(a,0))

P, Legendre’s poly of deg n
0(x,y) spherical dist between x and y.

Classical Hilb's asymptotics:

im Kp(x+ 7,2+ ) = Jo(lu—v|)

n—oo

locally uniformly in v and v.
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The limiting kernel Jy(Ju —v|) is a reproducing
kernel in the limiting Hilbert space H that con-
sists of the Fourier transforms of L2-densities
on the unit circumference:

- AU -
H(u)—/w:le (A dm(}),  h(=X) = h(N)

H inherits the scalar product from L2(S1).

Note: elements of H are plane waves
AH-+H=0

Let F' be a Gaussian function built over H.
Key observation:

fn(33‘|‘%) can be treated as a ‘“‘small perturba-
tion” of F(u)

This ensures convergence of ENn—g”).
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The End
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