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Introduction and Preliminaries [NGIONTCRBIS

Khintchine’s LIL

m The law of the iterated logarithm for Brownian motion describes the oscillations

of Brownian motion B, near t = 0 and as t — oo.

m Khintchine’s LIL for a Brownian motion B;:

lim sup

B,
—oo  /2tloglogt B

m The time inversion of a Brownian motion X, = ¢B, is a Brownian motion.

1 almost surely.
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Introduction and Preliminaries [EBYEISHORIBIN

Bloch Functions

® An analytic function g on ID is called a Bloch function if

Iglls = sup.ep(1 = [2*)lg' (2)] < oo.

m This defines a semi-norm.
m The Bloch functions form a complex Banach space B with the norm |g(0)| + ||gl|5-

m A connection between Bloch functions and univalent functions:

m For any conformal map f : D — C, logf” is a Bloch function and || logf’||s < 6.
m Conversely if ||g||s < 1 then g = logf’ for some conformal map f.
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Introduction and Preliminaries [EBYEISHORIBIN

Makarov’s LIL

m Khintchine’s LIL for a Brownian motion B;:

lim sup

B,
—oo  /2tloglogt
m Makarov’s LIL: If g € B then, for almost every ¢ € JD,

|8(r¢)|
L logloglog

1—

=1 almost surely.

lim sup
r—1 log

— < llgl.

s

m T. Lyons’ synthetic proof of Makarov’s LIL.

III- -
1 Massachusets Institute of Technology

Nam-Gyu Kang (M.LT.) Makarov’s LIL for SLE Workshop at IPAM, 2007 5/24



Introduction and Prelim S Makarov’s LIL

Hausdorff Measure

m L-functions and Measure Functions

m A real valued function ¢ on an interval (0, ro) is called an L-function if ¢ is defined
by a finite algebraic combination of exponential functions and logarithmic functions.
B A measure function is a positive, increasing and continuous function.

m Hausdorff Measure
m For a measure function ¢, define

AL(E) =inf{ Y (1) : EC| B, 1), 1 < 6}

= Then the limit A, (E) = lims_o A2 (E) exists in [0, o], and A, (E) is called the
-Hausdorff measure of E.
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Introduction and Preliminaries [EBYEISHORIBIN

Harmonic Measure and Hausdorff Measure

m Setting

m ¢ : an L-measure function satisfying lim,_. p(r)/r = oco.
m f : a conformal mapping from D onto a s.c. €.
® w : the harmonic measure for some point wog € .

2N\
Bw<A, = limilnfw > 0 for a.e. ( € ID.

P (1=
2\ £7
mw LA, s timint VOO gpae ¢ e op.
=1 e (1 =)
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Introduction and Preliminaries [EBYEISHORIBIN

Makarov’s LIL

Theorem (Makarov)

m dimsuppw = 1.

m For pc(r) = reCV/ioe plogloglog (€ ), Ay is the proper measure for the size

of supp w.
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Introduction and Preliminaries [EBYEISHORIBIN

Jones’ Theorem

Theorem (Jones)

If llglls < 1 and if there exists 3 and M < oo such that for all zo € D,

sup (1= [zP)lg' ()| = B,
{z:p(z,20) <M}
then there exists ¢ = ¢(8,M) > 0 such that almost every € 9D,
Re g(r¢)
r—1 \/log ﬁ logloglog i

>c.
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Introduction and Preliminaries [EBYEISHORIBIN

Schramm-Loewner Evolution

: @
— zZ) =2z
8i(0) = VB, %

m SLE, backward flow f;, = g_, :

m SLE, map g,(z): 0,g:(z) =

ofi(z) = Jﬁ, fol2) =z

® f;(z) has the same distribution as z — g; ' (z + \/kB;) — \/kB,.
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Main Results

m Conjecture: Let D = [—1/2,1/2] x (0, 1). For a fixed time ¢ and a sufficiently

small € > 0, on the event E = {inf,cp Imf;(z) > €},

) Relogf! (x + iy) 1

lim sup =c(k) = —————,

y—0 1/logilogloglog% VE/8+\/2/k
for almost all x € [—1/2, 1/2], almost surely.

m Theorem: An upper bound.

m For givenx € [—1/2,1/2]\ {0},
/ =\ [2 1 2 1 1
E[Relogfr, (x 4 iy)|” = EC(H) log; + o(log ;),

where T, = T,(z) := inf{¢ > 0 : Imf;(z) > ¢"}.
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Corollary

Suppose w is a harmonic measure restricted to {f;(x) : x € [-1/2,1/2]}.
For a sufficiently small € > 0, almost surely, on the event E,

m Theorem:
1

RB+ /2K

w < Ay, fore > c(k)

m Conjecture:

w L A, fore < c(k)

1
VRV
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Duplantier’s Duality

m From the dimension estimate for the trace and outer boundary of the hull,
B. Duplantier conjectured that SLE, (k' = 16/k) should describe the boundary
of the hull of SLE,, when k > 4.

1
 VR/8+ 2]k

m Note that ¢(x') = ¢(k)

Figure: The boundary of the hull of SLE¢ describes SLEg 5.
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E|Relogf7 (x + iy)|*

1 1 1 1
E|Relogfh (x + iy)|* = =c(k)*log — + o(log - ), c(k) = ———.
| Relogfr, (x + iy)[* = (k) g5 ( gy) (%) NN

1 1
E[log 7, (x + iy)]* = c(r)* log 5T o(log ;)-
m It0 calculus on logf/ (z) and log(f;(z) + v/kB:):

2 dB, 4

dlogfz’(z)z\/m+\/mfl(z)_i_\/gBt—4+ndlog(f,(z)+\/EB,).

To dB; 2 To
2| [ sl ==l o
To dB; 2 1

el ) sl

1 To
E[Eloglmf,()o} Elg

1
y
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E|Relogf7 (x + iy)|*

1 1 1
m E|Relogf (x +iy)|* = ic(m)zlog — +o(log -), c(k)
y y

1
VB4 V2R

dB
m dlog|f/(z)| = V2¢(k)Re ——————r + -
elf/6)] = Vet Re =P
dB,
mdM, =Re —————.
" AR + VB
1 W?
Mr )y = =~ — du.
m d{Mr,), 21+W3du

m 7, =Tu(z) :=inf{t > 0: Imfi(z) > e"}.
L] fTu (Z) + \/EBTu =X, + iYu7 W, = Xu/yu-

m dW, = —2W.du + \/k/2+/1 + W2dB,.

1 W? K 1 V2K W,
S gy = du— dlog(1+W? “_ 4B,
" T we T i gy eet “)+2(/{+4),/71+ng
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Distribution of Re log f7, (x + iy)

= (S. Rohde, O. Schramm) y?E[(1 + X5)"|f7, ., (2)"] = (1 +x7 /¥y

mz=x+iy€ Hwithy < 1.
m Foreachb € R,p :=2b+ kb(1 —b)/2,q := 4b + kb(1 — 2b)/2.

m Elff ()P < o),
- (K)PHfTo ‘ >,\] < Cerfe( ”\O/g@ p=rK/4+2+4/k.
m (K)f isa.s. h-Holder (k # 4)if h < h(k) = 1 — i - Hi + %.

(Choose p = —(2+ i) F(ut+ 1)/ + % for Chebyshev.)
m (L. Binder) f(1/h(x)) = O for the multifractal spectrum f of SLE,.
m (D. Beliaev) The average integral means spectrum for the SLE.

m (J. Lind) Holder regularity for the SLE trace.
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EEEE———————
Distribution of Re log f7, (x + iy)

m (S. Rohde, O. Schramm) y”E [(1 + X(z))b[f;o(z) ()] = (14+x*/y?)byt

mz=x+iy € Hwithy < 1.
] Foreachb €ER,p:=2b+kb(1 —b)/2,q:=4b+ kb(1 —2b)/2.

log(A
 log( y>),ﬂili/4+2+4/f€.
log A

- 2[R

1 1
m P, = P{log\f}o(x—&—iynﬂ > a\/logylogloglogy].

n

’>/\]<C rfe(

1 log Ay, log(n1l
 Forlog - = 1(r > 1), 222 _ o /ioglulogr) (1-+ 0(y/ 218y
Yn \/@ rn

m P, < C(nlog r)_%az, and Borel-Cantelli.
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Distribution of Re log f7, (x + iy)

m (S. Rohde, O. Schramm) y”E[(1 +X(2))b[f}0(z) ()] = (14 x2/y*)y.
mz=x+iyc Hwithy < 1.
m Foreachb € R, p :=2b+ xb(1 — b)/2,q := 4b + kb(1 — 2b) /2.

=
m Elfy (0 <oy ).

1 1
m P, =P|log|f7, (x +iy,)| > a\/loglogloglog].
Yn Yn

1
m Forlog — = r*(r > 1), choose p = pay/log(nlog r)r~"/* for Chebyshev.
n

m P < C(nlog r)*%o‘z, and Borel-Cantelli.
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Further Discussion 2-point correlation function for pre-Schwarzian

The Linear Dependence Correlation coefficients

m S, =loglf/(x+iA™™)[(A>1), S, =X+ + X,
m X, ~CRey ¢ ()
n nft,(zn) .
G i (2) y
w L=Lz):= + _7
t t(Z) fz/(Z) 4+H( t( )+ \/EBf Z)
/
" / yf dB;.
F + \/‘W () + f B,)?
m The complex martingale L,(z) at # = oo has exponential decay of correlations:
L. (z5) 1 o du(z1,22)
BLoo(21)Loo(22)] = cosh™2 /22
Bl = o e varey 2
where coshdy(z1,22) = 1 + |212M;2?| 1+ ‘Zéyjzzl .

III- -
1 Massachusets Institute of Technology

Nam-Gyu Kang (M.LT.) Makarov’s LIL for SLE ‘Workshop at IPAM, 2007 19/24



Further Discussion 2-point correlation function for pre-Schwarzian

The Linear Dependence Correlation coefficients

Wi (z)
" Lig = me/oa +\FB)dBS'
¥y (z)
m N(z /(fg +fB dBS

m Cov(Neo(2), Noo / h (2 (w) d|.
(fi(z) + VEB)*(fi(w) + V/KB:)?

m A chordal version of Goluzin’s identities:

400\ 1@ —filw) _d S W)

dt 07 Ow z—w dt (fi(z) = fi(w))*

_909 2 _ 2f (2)f (w)

9z 0w (fi(2) + U)(fiw) + Us)  (fi(2) + Un)*(fi(w) + Ur)*
C1d yff ()ff (w) L

m Cov(Na(2), Noo () E[/O s ] = e
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Mixing Coefficients

m Philosophically, LIL holds for any process for which

m the Borel-Cantelli lemma,
m CLT with a reasonably good remainder, and
® a certain maximal inequality are valid.

m Several strongly mixing coefficients were

m introduced to measure the dependence between the o-fields and
m were used in the context of limit theorems for dependent random variables.

m For a certain class of weakly dependent random variables, their partial sums can

be approximated by Brownian motion with probability one.
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Further Discussion 2-point correlation function for pre-Schwarzian

Mixing Coefficients

m For any two o-fields A and B C F, define

a(A,B):= sup [P(ANB)—PA)P(B);

A€EA,BEB
E[fg] — EfIE[g]|
p(A,B) = sup e el
reL? (A, gel? (B) ||sz||g||z

m Suppose {X,}° is a sequence of random variables. For —oco < m < n < oo,

n—=—0oo

define the o-field F, := o(X;,m < k < n). Define
an) = sup alF o F5): pln) i= sup pl(F o, F).
JEZ JEZL
m {X,}5° _ . is said to be strongly mixing (or a-mixing) if a(n) — 0 asn — oo,

p-mixing if p(n) — 0 asn — oo.
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Further Discussion 2-point correlation function for pre-Schwarzian

Mixing Conditions and LIL

Theorem (Yoshihara)
Suppose that {X, }°2 | is a (not necessarily strictly stationary) sequence of random variables with
E[X,] = 0 and E[X2] < oo. Let S, = 3_}_, X, 02 = E[S2], and o2,

= E[(Sy — Sn)?]. Suppose that
{Xn}32 | is almost surely uniformly bounded and

2 2
o o5 o5
Il L Jasn— oo 0<11m1nf—<11msup—<oo o2 = ( 2

. im inf o = (04 — 0 2Y(1+0(1)) asn—m — oo.
n n— oo

Moreover, suppose that {X,, }22 | satisfies a strong mixing condition with
a(n) = 0(n™'79),
for some € > 0. Then almost surely

Sn
limsup —————==1

n—oo +/20?loglogo?
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More Computations

yf’
¥ (2)
" / e e

m For two points z = x +iyand w = u + iv € H,

B Cov(Noo(2), Noo (W) = 7%&%1%)2
m Cov(N2.(z), N (w)) = %(#)2

m For z9 = xo + iy, 21 = x1 + iy1, wo = ug + ivg, and wy = u; +ivy € H,

1 V v v V
COV(NOO(ZO)NOO(ZI)7Noo(W0)Noo(Wl)) = Z( Yovo Y1V + YoVi yivo )

(20 —w0)% (z1 = w1)? (20 —w1)? (21 —w0)?/
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