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• I. High-dimensional quantum key distribution using dispersive optics

• Given a limited photon budget, can we improve key rate using high-
dimensional Hilbert space of photons? 
• Can use many d.o.f., hyperentangled states (eg Kwiat group), ..

• Use spectral and temporal correlations to maximize secure key capacity
• Dispersive optics QKD: require only linear optics, including second-order 

dispersive elements, and only two single photon detectors for participants 
Alice and Bob

• II. Quantum Silicon Photonics
• Building quantum information processing 

systems in the silicon on insulator (SOI) platform
• Active control & electronics integration



Columbia Quantum Photonics Group 3

Protocol: 
1. Alice and Bob measure randomly in mutually unbiased bases (MUB)
2. They publicly compare bases for each photon (but not measurement results!)
3. They record results where they measure in the same basis.

Polarization-based QKD with entangled photons
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QKD in fiber networks
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•Polarization:

•d=2 Hilbert space
•Polarization modes aren’t good eigenstates in fiber
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•Time & frequency - good eigenstates for fiber and free space
•Telecom optimized to deal with frequency and time
•High-dimensional Hilbert space 
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•Time:

•Khan, Howell PRA 2006
•Khan, Broadbent, Howell PRL 2007
•Qi, Opt. Lett. 2006

•Bechmann-Pasquinucci et al., PRA 2000
•Marcikic et al., PRL 2004
•Mower et al., arxiv 2011
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Generating temporally entangled states
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Spontaneous parametric down conversion (SPDC):
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Bob: {3...
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Mutually unbiased bases

• Requirements on unitary transformation U:
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FIG. 1: (a) Our QKD protocol. Alice’s SPDC unit
generates two entangled photons; Alice keeps one
and sends the other to Bob. Before measuring the
arrival time of the photon, Alice either applies (Case
1) or does not apply (Case 2) dispersion. In doing
so, she projects Bob’s photon onto this basis, so that
Bob must apply dispersion (Case 1) or not apply
dispersion (Case 2) to recover the temporal corre-
lations of the two photons. (b) Alice and Bob mea-
sure coincidences against a periodic array of time
bins TkA and TkB .
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FIG. 1: (a) Our QKD protocol. Alice’s SPDC unit
generates two entangled photons; Alice keeps one
and sends the other to Bob. Before measuring the
arrival time of the photon, Alice either applies (Case
1) or does not apply (Case 2) dispersion. In doing
so, she projects Bob’s photon onto this basis, so that
Bob must apply dispersion (Case 1) or not apply
dispersion (Case 2) to recover the temporal corre-
lations of the two photons. (b) Alice and Bob mea-
sure coincidences against a periodic array of time
bins TkA and TkB .
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phase matching bandwidth of the SPDC crystal.
| 

AB

i represents the uncertainty in the gener-
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. The dimensionality of
the Hilbert space of | 
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i is given by the
Schmidt number, K ⇡ �

coh

/�
cor

, in the limit of
small pump bandwidth and large SPDC phase-
matching bandwidth [9].

Alice and Bob randomly measure in one of
two MUB, i.e., bases that represent time states
or superpositions of those time states, as out-
lined in Fig. 1b. We require that measurements
by Alice and Bob in the same basis be corre-
lated to establish a secret key, and that Eve
introduces detectable errors in the transmission
from Alice to Bob when measuring in an incor-
rect basis.

We first consider the general conditions on
the MUB in a d-dimensional Hilbert space, and
the transformations Û and Û† between them.
To represent dispersion, Û in the frequency do-
main is a diagonal matrix �, with complex
eigenvalues of unit magnitude. Written in the

time domain, Û = F†�F , where F is the dis-
crete Fourier transform (DFT). The MUB must
then obey the following conditions:

i. If Alice and Bob directly measure the pho-
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Û

B

on his photon, they measure perfectly
correlated results:

| hT
iA

T
jB

| Û
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Here Î
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for only two
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FIG. 1: (a) Our QKD protocol. Alice’s SPDC unit
generates two entangled photons; Alice keeps one
and sends the other to Bob. Before measuring the
arrival time of the photon, Alice either applies (Case
1) or does not apply (Case 2) dispersion. In doing
so, she projects Bob’s photon onto this basis, so that
Bob must apply dispersion (Case 1) or not apply
dispersion (Case 2) to recover the temporal corre-
lations of the two photons. (b) Alice and Bob mea-
sure coincidences against a periodic array of time
bins TkA and TkB .
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lined in Fig. 1b. We require that measurements
by Alice and Bob in the same basis be corre-
lated to establish a secret key, and that Eve
introduces detectable errors in the transmission
from Alice to Bob when measuring in an incor-
rect basis.
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the MUB in a d-dimensional Hilbert space, and
the transformations Û and Û† between them.
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eigenvalues of unit magnitude. Written in the
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Û
A

= F†
✓

1 0
0 i

◆
F = Û†
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Creating the right transformation
Drawbacks:

1.Cost
2.Noise (limits rate and 
transmission length)
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Seek a conjugate basis: grating

•Qi, Opt. Lett. 2006 
•Mower et al., arxiv 2011

Second-order dispersion:
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FIG. 1: (a) Our QKD protocol, in which Alice and
Bob share information by measuring in either the
time or dispersed-time basis.
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) |0i, and â†
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(t
j

) de-
note the creation operators at time t

j

for Alice
and Bob.

We let Alice and Bob measure randomly in
one of two conjugate bases, i.e., bases that rep-
resent time states or superpositions of those
time states, as outlined in Fig. 1a. This has
previously been accomplished using time and
frequency measurements, however this requires
a large number of detectors which can be ex-
pensive and lead to increased noise due to dark
counts. We instead use dispersion for this task.
We call the dispersion operator in time, Û ,
which in the frequency domain is a diagonal ma-
trix �, with complex eigenvalues of unit magni-
tude. Therefore, Û = F†�F , where F is the
Fourier transform. To switch between bases,
Alice (Bob) can choose to apply or not apply
U
A

(U
B

) before measuring their photons’ ar-
rival times. These transformations must then
obey the following conditions:

i. If both Alice and Bob do apply, or do not
apply U

A

and U
B

, respectively, then they
will obtain perfectly correlated measure-
ment results.

| ht
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) (2)
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� t
B

) (3)

ii. If Alice (Bob) applies U
A

(U
B

) but Bob
(Alice) does not apply U

B

(U
A

), then they
will obtain totally uncorrelated measure-
ment results.

| ht
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B
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⌦ Û
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i |2 = 0. (4)

| ht
A

t
B
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Here, Î
A(B) is the identity operator for Alice

(Bob). As a simple example, we consider the
problem of finding Û

A

and Û
B

for only two dis-
crete time states in the Supplemental Informa-
tion

We then consider a d-dimensional Hilbert
space. Here, if the sequence of eigenvalues of Û ,
u = {u0, u1, ..., ud�1} is bi-unimodular so that
|u

j

| = |(F
d

u)
j

| = 1, where F
d

is the discrete

Fourier transform, then Û gives a transforma-
tion between mutually unbiased bases [12]. The
Supplemental Material gives the explicit form
of Û for dimensions d = 3 and 4.

For such a matrix, the phase of the eigenval-
ues u

j

is proportional to j2. In continuous time
and frequency, this corresponds to a second-
order dispersion, which is characterized by the
parameter �2 = @2/@!2(neff!/c), where neff is
the e↵ective index of the mode, ! is the mode
frequency, and c is the speed of light in vac-
uum. Physically, �2 is proportional to the linear
term relating a change in the group velocity to
a change in the frequency [13].

In passing though the dispersive medium, a
short pulse is spread as its frequency compo-
nents move out of phase. If one photon of | 

AB

i
is sent through a dispersive medium, �

cor

is ex-
tended to roughly

�0
cor

=
1p
2
�
tot

L/�
cor

, (6)

where �
tot

= �2A + �2B and �2A (�2B) is the
group-velocity dispersion introduced by Alice
(Bob) [14]. As �

tot

increases, the temporal cor-
relation between Alice’s and Bob’s photons de-
creases. However, the original correlation time
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Coincidences:

Additional questions:
1.Are two bases sufficient?
2.When are the correlations 
sufficiently reduced?
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The effect of dispersion on biphoton correlations
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Û = R(45⇥) (11)

C ⌅ ⌅cor · ⌅coh (12)

⇥ (13)

PC ⇧ 1

2
+

1

2
V · cos[⇧o + ⇧] (14)

�t

⌅coh
(15)

�t = 200 ps ⇤ 6 dB (16)

�T ⇤ 10�4�n (17)

1

2
�{T̂A, T̂B} (18)

1

Jacob Mower1

1
Department of Electrical Engineering, Columbia University, New York, NY 10027 USA

.

IA ⇥ IB

IA ⇥ UB

UA ⇥ IB

UA ⇥ UB

|�⌃ ⌅ |H⌃A |H⌃B + |V ⌃A |V ⌃B
|�⌃ ⌅ |D+⌃A |D+⌃B + |D�⌃A |D�⌃B
|D+⌃ ⌅ |H⌃+ |V ⌃

|D�⌃ ⌅ |H⌃ � |V ⌃

|�⌃case i
1 ⌅ |D+⌃A |H⌃B + |D�⌃A |V ⌃B

|�⌃case ii
1 ⌅ |H⌃A |H⌃B + |V ⌃A |V ⌃B

A⇧H |�⌃case i
2 ⌅A ⇧H |D+⌃A |H⌃B +A ⇧H |D�⌃A |V ⌃B = |H⌃B + |V ⌃B = |D+⌃B

A⇧H |�⌃case ii
2 ⌅A ⇧H |H⌃A |H⌃B +A ⇧H |V ⌃A |V ⌃B = |H⌃B

|D+⌃B ⇤ |H⌃B
|H⌃A ⇤ |D+⌃A
|�⌃ ⌅ |t1⌃A |t1⌃B + |t2⌃A |t2⌃B
|�⌃ ⌅ |t1⌃A |t1⌃B + |t2⌃A |t2⌃B + |t3⌃A |t3⌃B . . .

|D+⌃ |D�⌃ |H⌃ |V ⌃
�
2 ⇤ �

2 (1� 1/d) = �
2 (

d�1
d ) ⇤ t̄/⇥bin�1

t̄/⇥bin

�
2 = RE

⇥
�
2

�
2 < RE

⇥max

PB1(TiA, TjB) = �i,j

PB2(TiA, TjB) = �i,j

Pdiff (TiA, TjB) =
1
d

P (I,I)
i,j = |⇧TiATjB |IA ⇥ IB |�⌃|2

P (U,U)
i,j = |⇧TiATjB |UA ⇥ UB |�⌃|2

Jacob Mower1

1
Department of Electrical Engineering, Columbia University, New York, NY 10027 USA

.

IA ⇥ IB

IA ⇥ UB

UA ⇥ IB

UA ⇥ UB

|�⌃ ⌅ |H⌃A |H⌃B + |V ⌃A |V ⌃B
|�⌃ ⌅ |D+⌃A |D+⌃B + |D�⌃A |D�⌃B
|D+⌃ ⌅ |H⌃+ |V ⌃

|D�⌃ ⌅ |H⌃ � |V ⌃

|�⌃case i
1 ⌅ |D+⌃A |H⌃B + |D�⌃A |V ⌃B

|�⌃case ii
1 ⌅ |H⌃A |H⌃B + |V ⌃A |V ⌃B

A⇧H |�⌃case i
2 ⌅A ⇧H |D+⌃A |H⌃B +A ⇧H |D�⌃A |V ⌃B = |H⌃B + |V ⌃B = |D+⌃B

A⇧H |�⌃case ii
2 ⌅A ⇧H |H⌃A |H⌃B +A ⇧H |V ⌃A |V ⌃B = |H⌃B

|D+⌃B ⇤ |H⌃B
|H⌃A ⇤ |D+⌃A
|�⌃ ⌅ |t1⌃A |t1⌃B + |t2⌃A |t2⌃B
|�⌃ ⌅ |t1⌃A |t1⌃B + |t2⌃A |t2⌃B + |t3⌃A |t3⌃B . . .

|D+⌃ |D�⌃ |H⌃ |V ⌃
�
2 ⇤ �

2 (1� 1/d) = �
2 (

d�1
d ) ⇤ t̄/⇥bin�1

t̄/⇥bin

�
2 = RE

⇥
�
2

�
2 < RE

⇥max

PB1(TiA, TjB) = �i,j

PB2(TiA, TjB) = �i,j

Pdiff (TiA, TjB) =
1
d

P (I,I)
i,j = |⇧TiATjB |IA ⇥ IB |�⌃|2

P (U,U)
i,j = |⇧TiATjB |UA ⇥ UB |�⌃|2

Jacob Mower1

1
Department of Electrical Engineering, Columbia University, New York, NY 10027 USA

.

IA ⇥ IB

IA ⇥ UB

UA ⇥ IB

UA ⇥ UB

|�⌃ ⌅ |H⌃A |H⌃B + |V ⌃A |V ⌃B
|�⌃ ⌅ |D+⌃A |D+⌃B + |D�⌃A |D�⌃B
|D+⌃ ⌅ |H⌃+ |V ⌃

|D�⌃ ⌅ |H⌃ � |V ⌃

|�⌃case i
1 ⌅ |D+⌃A |H⌃B + |D�⌃A |V ⌃B

|�⌃case ii
1 ⌅ |H⌃A |H⌃B + |V ⌃A |V ⌃B

A⇧H |�⌃case i
2 ⌅A ⇧H |D+⌃A |H⌃B +A ⇧H |D�⌃A |V ⌃B = |H⌃B + |V ⌃B = |D+⌃B

A⇧H |�⌃case ii
2 ⌅A ⇧H |H⌃A |H⌃B +A ⇧H |V ⌃A |V ⌃B = |H⌃B

|D+⌃B ⇤ |H⌃B
|H⌃A ⇤ |D+⌃A
|�⌃ ⌅ |t1⌃A |t1⌃B + |t2⌃A |t2⌃B
|�⌃ ⌅ |t1⌃A |t1⌃B + |t2⌃A |t2⌃B + |t3⌃A |t3⌃B . . .

|D+⌃ |D�⌃ |H⌃ |V ⌃
�
2 ⇤ �

2 (1� 1/d) = �
2 (

d�1
d ) ⇤ t̄/⇥bin�1

t̄/⇥bin

�
2 = RE

⇥
�
2

�
2 < RE

⇥max

PB1(TiA, TjB) = �i,j

PB2(TiA, TjB) = �i,j

Pdiff (TiA, TjB) =
1
d

P (I,I)
i,j = |⇧TiATjB |IA ⇥ IB |�⌃|2
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Security for DO-QKD

Secret-key capacity - Information advantage of Alice and Bob over Eve after error 
correction and privacy amplification

Holevo information - bound on Eve’s information given ‘general coherent attack’

Mutual information - Alice and Bob make time-of-arrival measurements

Q

|⌅� ⌅ |t1�A |t1�B + |t2�A |t2�B + |t3�A |t3�B + |t4�A |t4�B . . . (37)

⇧(2) (38)

⌅cor (39)

⌅coh (40)

K ⇤ ⌅coh/⌅cor (41)

TiA (42)

TjB (43)

T� (44)

|⌅�out = ⇤̂ |⌅� (45)

⇤̂† = ⇤̂�1 (46)

⇥t⇥⌃ ⇥ 1 (47)

G(⌃) ⌅ eiC⇥2

(48)

⇤̂ (49)

⇥I = �I(A,B)� ⇧(A,E) (50)

� =

�
⇥AA ⇥AB

⇥BA ⇥BB

⇥
(51)

⇥XY =

�
⌥{T̂X , T̂Y }� ⌥{T̂X , D̂Y }�
⌥{D̂X , T̂Y }� ⌥{D̂X , D̂Y }�

⇥
(52)

⇧(A,E) = S(⇤E)�
1

2

⇤ˆ
p(tA = t)S(⇤E|tA=t)dt+

ˆ
p(sA = s)S(⇤E|sA=s)ds

⌅

(53)

3

Mutual information Holevo informationSecret-key capacity Reconciliation
efficiency

•Holevo Probl. Peredachi Inf. 1973
•2Weedbrook et al., Rev. Mod Phys. 2012

Calculated from the covariance 
matrix2
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Preliminary Analysis of security for DO-QKD
Parameter Value

T� 200 ps
d 20

⇧coh 100 ps
⇧cor 1 ps
J < 1 ps
PD 10�5

⇤ 0.01
⇥2L 10, 000
⇥ 0.8
� 0.2 dB/km

Table 1:

[D̂A, T̂ ] = [D̂B , T̂ ] = i (52)

[⇥̂, T̂ ] = i (53)

tA/⇧coh (54)

tB/⇧coh (55)

⇧bin (56)

⇧bin � ⇧cor (57)

⇧coh � T� (58)

� ⇥ S(⌅) (59)

4

0 50 100 150 200 250 300

100

105

Channel length (km)

Δ
I (

bi
t/s

ec
on

d)
 

 

0 100 200 3000

1

2

3

Channel length (km)
 

 

0 100 200 3000

1

2

3

Channel length (km)

Δ
I (

bi
t/p

ho
to

n)

 

 

0 100 200 3000

1

2

3

Channel length (km)
Δ

I (
bi

t/p
ho

to
n)
 

 

(b
it/

se
co

nd
)

0 50 100 150 200 25010−2

100

102

104

106

108

Channel length (km)

Δ
I (

bi
t/t

im
e)

 

 

 ε = 0.0001
 ε = 0.0005
 ε = 0.0010

ΔI vs excess noise ϵ



Columbia Quantum Photonics Group

Experimental Setup

diode
laser

optical
isolator

SPAD2

PC

PC
PBS

RBG

SPAD1
I. Photon-pair generation

II. Dispersive 
elements

III. Coincidence 
counter

WG-
PPKTP 

normal- 
dispersion FBG

anomalous- 
dispersion FBG

pico
HarpClearSpectrum 

11
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Dispersive elements

normal dispersion:  DCML-C0050+100k-AB080

anomalous dispersion: DCML-C0050-100k-AB080

D

A

12
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Results
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Experiment
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Photonic Integrated Circuit (PIC)

• Optical setup is translated to a PIC in Silicon on Insulator (SOI): contains most 
components for Alice & Bob in phase-stable device

J. Mower (CU) & 
Solomon Assefa (IBM)

Inverse Tapered CouplersMeander-delay

Switches

Directional couplers

Directional couplers
tunable networks

IBM

15
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η η Δt

Friday, June 1, 2012

η η Δt

Friday, June 1, 2012

SPDC|�⌃ ⌅ |H⌃A |H⌃B + |V ⌃A |V ⌃B (1)

� (2)

D̂A = Û†T̂ Û (3)

D̂B = Û T̂ Û† (4)

IA ⇥ UB (5)

IA ⇥ IB (6)

UA ⇥ IB (7)

UA ⇥ UB (8)

|�⌃ ⌅ |D⌃A |D⌃B + |A⌃A |A⌃B (9)

A⇧H |�⌃ ⌅ |H⌃B (10)

A⇧D |�⌃ ⌅ |D⌃A (11)

|L⌃ (12)

|R⌃ (13)

|�⌃case i
1 ⌅ |H⌃A |H⌃B + |V ⌃A |V ⌃B (14)

|�⌃case ii
1 ⌅

⇥⇥D+
�
A
|H⌃B +

⇥⇥D��
A
|V ⌃B (15)

|�⌃case i
2 ⌅A ⇧H |H⌃A |H⌃B +A ⇧H |V ⌃A |V ⌃B = |H⌃B (16)

|�⌃case ii
2 ⌅A ⇧H

⇥⇥D+
�
A
|H⌃B �A ⇧H

⇥⇥D��
A
|V ⌃B = |H⌃B + |V ⌃B (17)

|H⌃A ⇤
⇥⇥D+

�
A

(18)

1

|⇥⇧ ⇤ |H⇧A |H⇧B + |V ⇧A |V ⇧B (1)

� (2)

PC ⇤ 1

2
+

1

2
V · cos[�o + �] (3)

�t (4)

D̂A = Û†T̂ Û (5)

D̂B = Û T̂ Û† (6)

IA ⇥ UB (7)

IA ⇥ IB (8)

UA ⇥ IB (9)

UA ⇥ UB (10)

|⇥⇧ ⇤ |D⇧A |D⇧B + |A⇧A |A⇧B (11)

A⌅H |⇥⇧ ⇤ |H⇧B (12)
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⇥⇥D+
�
A
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⇥⇥D��
A
|V ⇧B (17)

|⇥⇧case i
2 ⇤A ⌅H |H⇧A |H⇧B +A ⌅H |V ⇧A |V ⇧B = |H⇧B (18)
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�t (4)
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1

Testing quantum correlations between PICs

16

Alice’s PIC Bob’s PIC
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2 ⇤A ⌅H |H⇧A |H⇧B +A ⌅H |V ⇧A |V ⇧B = |H⇧B (18)

1

Franson interferometer

1J. D. Franson,  Phys. Rev. A, (1991)
Use in QKD?: 2I. Ali-Khan et al, Phys. Rev. Lett. 98 (2007)



PIC Setup
• Alice and Bob are computer 

controlled

XX
sec. 

check

R
ALICE

Closed-loop Chip-
Fiber Alignment

BOB

J. Mower, Chris Hoder, D. Englund 17



Chip-based quantum key distribution systems

400 ps meander delay
J. Mower, S. Assefa (IBM), D. Englund

J. Mower - S. Assefa (IBM) - D. Englund

3-ring drop filter

switching	
  rate	
  >	
  1GHz

pump

<1 ns

Franson interferometer

SPDC

V≈98%

0"
0.2"
0.4"
0.6"
0.8"
1"

1.2"

296.8" 297" 297.2" 297.4"

Power&

Tr
an

sm
is

si
on

 
Temperature (K)

~30:70 ~30:70

•Franson for checking QKD security? Khan, Broadbent, Howell PRL 2007 18
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Coincidence across two silicon waveguides

19



Reconfigurable photon delay circuit for 
deterministic single photon generation

Free-space proposals: A. L. Migdall et al, PRA 66 (2002); -J. H. Shapiro and F. N.Wong, 
Opt. Lett. 32 (2007); E. Jerey, N. A. Peters, and P. G. Kwiat, New J.  Phys. 6 (2004).

[1] J. Mower and D. Englund, PRA 84 (2011)

Ndelays ! log2HNL

Delay 1: 160 ps

Delay 2: 80 ps

Delay 3: 40 ps

OPSIS fabrication

Circuit for N=23=8 settings

Router

Estimate for Ndelays=5*:

Generalized for generation of range of nonclassical states.

η~0.4, g(2)(0)~0.05
SPDC

s

pump

Actively multiplexed parametric photon (AMPP):

i herald & process

*assuming current 
switches & detectors; 
η~0.8 with better devices

Δt
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Columbia-IBM

Conclusions and outlook

21

I. DO-QKD:
1. Temporal correlations + dispersive optics 
transformation allows high-dimensional QKD protocol 
secure to general coherent attacks
2.Suited for fiber optics
3.Scale key generation rate with WDM
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II. On-chip silicon photonics:
1. Nearly all optics can be integrated on chip
2. Active control & electronics integration
3. Deterministic source of indistinguishable 
single photons at room temperature

III. Future:
1.Complete security analysis of DO-QKD
2.Experimental implementation
3.Error correction & privacy amplification
4.Scale up bit per photon
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