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HTSC cuprates

❖ <U> ≈ <T>
❖ CompeWng states
❖ Rich phase diagram
❖ Nanoscale inhomogeneiWes
❖ SuperconducWvity
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2D Hubbard Model for Cuprates

H = −t
∑

〈ij〉,σ

c†iσcjσ + U
∑

i

ni↑ni↓

Cuprate structure CuO‐planes 2D Hubbard Model

Basic proper8es:
❖ Moment formaWon

❖ AnWferromagneWc exchange

En
er

gy

U
J = 4t2/U
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Cuprate Superconduc3vity = Mul3‐Scale Problem

Atomic scale Nano‐scale Macro‐scale

~ nm ~ µm❖ Strong local
correlaWons

❖ Moment
formaWon

❖ Macroscopic
quantum
effects

❖ AnWferromagneWc 
correlaWons

❖ Cooper pairs
❖ InhomogeneiWes

Theory:

AtomisWc descripWon
Thermodynamics
ConWnuum descripWon

Complexity ~ 4N N ~ 1023
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Quantum Cluster Theories

Atomic scale Nano‐scale Macro‐scale

~ nm ~ µm❖ Strong local
correlaWons

❖ Moment
formaWon

❖ Macroscopic
quantum
effects

❖ AnWferromagneWc 
correlaWons

Coherently embed cluster into effecWve medium

Explicitly treat 
correlaWons within 
a localized cluster

Treat macroscopic 
scales within 
mean‐field

Quantum cluster theories: 
Maier, Jarrell, Pruschke & Heeler, RMP ‘05
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Dynamic cluster approxima3on:
Coarse‐graining the reciprocal space Heeler et al., PRB ’98
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Split laice into clusters/sublaices

Dynamic cluster approxima3on:
Coarse‐graining the reciprocal space Heeler et al., PRB ’98
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Self‐energy finite between nn sites 
on different sublaices
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Split laice into clusters/sublaices

Dynamic cluster approxima3on:
Coarse‐graining the reciprocal space Heeler et al., PRB ’98
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➞ In reciprocal space:

Self‐energy finite between nn sites 
on different sublaices

A

B C

D

Split laice into clusters/sublaices

Dynamic cluster approxima3on:
Coarse‐graining the reciprocal space

Σ(k, z) ≈ Σ(K, z)

Σ(K, z) = F [Ḡ(K, z)]

coarse‐grained propagator:

calculate Σ on coarse‐grid:

➞ Cluster with periodic BC 
embedded in mean‐field host

K

Ḡ(K, z) =
Nc

N

∑

k̃

G(K + k̃, z)

=
Nc

N

∑

k̃

1
z − εK+k̃ − Σ(K, z)

Heeler et al., PRB ’98
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DCA self‐consistent cluster mapping and cluster solver

kx

ky

K

k
~

K

DCA cluster 
mapping

Quantum cluster
solver

Σ(K, z) = G−1
0 (K, z)−G−1

c (K, z)

Ḡ(K, z) =
Nc

N

∑

k̃

[
z − εK+k̃ − Σ(K, z)

]−1

G0(K, z) =
[
Ḡ−1(K, z) + Σ(K, z)

]−1

G0(R, τ)

Gc(R, τ)

Gc(K, z)
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DCA: Some proper3es

Basic approxima3on:
❖ Treats spaWal correlaWons beyond cluster size in a mean‐field

❖ Completely retains temporal fluctuaWons

❖ Non‐perturbaWve!

Consequences:
❖ Can describe broken symmetry phases

❖ TransiWons are mean‐field (mean‐field exponents etc.)

❖ TransiWon occurs when correlaWon length exceeds cluster size (finite 
size scaling)

❖ SystemaWc improvements by increasing cluster size
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An3ferromagne3sm in half‐filled 2D Hubbard model
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Scaling ansatz:

ξ(T ) ∝ eA/T

→ TN ∼ A

B + ln(Nc)/2
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Overview of DCA calcula3ons for 2D Hubbard model

SuperconducWvity & 
pairing mechanism
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Material specificity

Macridin  et al., PRB 71 ’05
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Wang  et al., preprint ‘08

High‐energy kink/Waterfall

Macridin et al., PRL 76 ‘07

InhomogeneiWes/disorder
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Suppression of d-wave superconductivity in the checkerboard Hubbard model

D. G. S. P. Doluweera1,3, A. Macridin1, T. A. Maier2, M. Jarrell1, Th. Pruschke3

1 University of Cincinnati, Cincinnati, Ohio, 45221, USA
2 Oak Ridge National Laboratory,

Oak Ridge, Tennessee, 37831, USA
3 Institut für Theoretische Physik,

Universität Göttingen, Friedrich-Hund-Platz 1,
37077Göttingen, Germany

(Dated: June 9, 2008)

Using a dynamical cluster quantum Monte Carlo approximation we investigate the d-wave su-
perconducting transition temperature Tc in the doped 2D repulsive Hubbard model with a weak
inhomogeneity. The inhomogeneity is introduced in the hoppings t′ and t in the form of a checker-
board pattern where t is the hopping within a 2 × 2 plaquette and t′ is the hopping between the
plaquettes. We find inhomogeneity suppresses Tc. The characteristic spin excitation energy and the
strength of d-wave pairing interaction decrease with decreasing Tc suggesting a strong correlation
between these quantities.

Introduction. The role of inhomogeneity in High Tem-
perature Superconductors (HTS) is still an unsettled is-
sue. Neutron scattering experiments reveal the pres-
ence of 1D charge and spin microscopic inhomogeneities
(stripes) in under-doped HTS [1, 2, 3, 4] above the super-
conducting transition temperature Tc. Scanning tunnel-
ing microscopic imaging provide evidence for the presence
of two dimensional real space modulations or local den-
sity of states modulations called checkerboard patterns
in Bi-2212 [5, 6, 7, 8] and Na-CCOC [9, 10] supercon-
ducting samples. Inhomogeneities observed in cuprates
led to theoretical scenarios for an inhomogeneity based
pairing mechanism in HTS [11, 12]. Other theoretical
studies[13, 14, 15, 17] argue that inhomogeneities can
enhance pairing and Tc.

The checkerboard model[17] we investigate, is sketched
in the upper panel of Fig. 1. It is homogeneous when
t′ = t and inhomogeneous when t′ != t. Here t(t′) is
the hopping amplitude within (between) the cluster(s).
The low-temperature phase diagram of the checkerboard
Hubbard model (CBHM) in the strongly inhomogeneous
limit (t′ " t), i.e with weakly coupled clusters, was stud-
ied in Refs. [17, 18]. For small t′ " t and for values of
on-site interaction U ≈ 4.58t, the authors find a d-wave
superconducting state in addition to a variety of other
phases. Their results led them to expect a maximum of
Tc at an optimal t′ < t. Other authors [19, 20] find d-
wave superconducting state with a significant Tc for the
homogeneous case (t′ = t) in the 2D Hubbard model.
Therefore, it is interesting to see if the inhomogeneous
CBHM has a higher Tc compared to the homogeneous
model. This is especially important in the weak inhomo-
geneity regime not addressed before, since experimentally
observed inhomogeneities in the cuprates are weak.

In this paper we investigate d-wave superconductiv-
ity in the CBHM near the homogeneous limit, i.e., for
a weakly inhomogeneous system. We use the dynamical

Figure 1: (color on-line) 2 × 2 Plaquette model. Here t is
intra-cluster hopping and t′ is inter-cluster hopping.

cluster approximation (DCA) [24] to calculate Tc as a
function of t′. DCA is a momentum(k) space formula-
tion and suitable to study the problem since our interest
is around the homogeneous limit. We find that a weak
inhomogeneity suppresses Tc . At fixed values of U/W
and U/t with doping δ appropriate for HTS, Tc decreases
for t′ != t. Therefore, we find a maximum Tc in the ho-
mogeneous system. Furthermore calculations with fixed
U/t for t′ < t, show that Tc decreases proportional to the
characteristic spin excitation energy and the strength of
the d-wave pairing interaction, suggesting a strong cor-
relation between them.

Formalism. The DCA maps the lattice problem onto
a periodic cluster embedded in a self consistent host.
Short range correlations up to the linear cluster size Lc

are treated explicitly while longer range correlations are
treated in a dynamical mean-field manner. We use a
Quantum Monte Carlo (QMC) method to solve the clus-
ter problem. We use the Maximum Entropy method to
analytically continue imaginary time QMC data to real
frequencies [26].

The Hamiltonian of our model is

H = −
∑

〈ij〉σ

tij
(

c†iσcjσ + c†jσciσ

)

+ U
∑

i

niσni−σ . (1)

Where c†iσ(ciσ) creates (destroys) an electron at site i

with spin σ and niσ = c†iσciσ. Here 〈ij〉 denotes the

Doluweera et al., PRB 78 ’08
Kemper et al., preprint ’08
Okamoto & Maier, PRL 101 ’08

Pseudogap

Maier  et al., EPJ B 13 ‘00
Huscros et al., PRL 86 ’01
Macridin  et al., PRL 97 ‘06
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Overview of DCA calcula3ons for 2D Hubbard model
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Superconduc3vity in 2D Hubbard Model
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d‐wave pair‐field suscepWbility

                                   diverges in

large clusters

Pd =
∫ β

0
dτ〈∆d(τ)∆†

d(0)〉
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Pairing matrix formalism

❖ Bethe‐Salpeter equaWon for pair‐field suscepWbility

❖ Instead of calculaWng P, calculate eigenvalues and eigenvectors of 

❖ P diverges when leading eigenvalue λα becomes one

❖ Symmetry of superconducWng state is given by K=(K,ωn) 
dependence of ϕα(K)

P = χpp
0 + Γppχpp

0 P

= χpp
0 [1− Γppχpp

0 ]−1

− T

Nc

∑

K

Γpp(K, K ′)χpp
0 (K ′)Φα(K ′) = λαΦα(K)
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Leading eigenvalue and eigenvector
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❖ AF correlaWons dominate
❖ Leading parWcle‐parWcle 
eigenvalue corresponds to 
d‐wave singlet

U/t d2/d1

4 0.064

6 0.128

8 0.157

TAM et al., PRL ‘06

di =
∑

k

gi(k)Φd(k, πT )

g1(k) = cos kx − cos ky

g2(k) = cos 2kx − cos 2ky

d‐wave harmonics:
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❖ Analyze parWcle‐parWcle vertex

❖ Spin suscepWblity representaWon of the
pairing interacWon

❖ RelaWve importance of spin fluctuaWons 
and RVB mechanism

Pairing mechanism
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Maier et al., PRL ’06, PRB ’06, Physica C ‘07
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Vd(k, k′, ω, ω′) ≈ 3
2
Ū2χ(k − k′, ω − ω′)

Vd ≈ 3
2
Ū2χ(k − k′, ω − ω′)

− J̄(cos kx − cos ky)(cos k′
x − cos k′

y)

I(k,Ω) =
2
π

∫ Ω
0

φ2(k,ω′)
ω′ dω′

φ1(k, 0)
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Nanoscale inhomogenei3es in cuprates

a Underdoped

b As grown

20 meV 64 meV

Stripes in neutron scaeering:
  Tranquada et al. ’95, 
  Mook et al., ’00, ...

Random SC gap
modulaWons in STM 
(BSCCO):
  Lang et al. ‘02

Charge ordered 
“checkerboard” state 
(Na doped cuprates):
  Hanaguri et al. ‘04

Random gap
modulaWons above Tc 
(BSCCO):
  Gomes et al. ‘07
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Hirsch‐Fye quantum Monte Carlo (HF‐QMC) solver

ParWWon funcWon & Metropolis Monte Carlo Z =

∫
e
−E[x]/kBT

dx

Acceptance criterion for M‐MC move: min{1, e
E[xk]−E[xk+1]}

ParWWon funcWon & HF‐QMC: Z ∼ Tr{si,l}
∏

σ

det[Gc,σ({si,l})−1]

Acceptance: min{1,
∏

σ

det[Gc,σ({si,l}k)/det[Gc,σ({si,l}k+1)}

Update of Green’s funcWon aser acceptance:

Gc,σ({si,l}k+1) = Gc,σ({si,l}k) + ak × bk



01/30/09  IPAM ‐ UCLA

Scaling of HF‐QMC algor3hm

Gk+1 = Gk + αk(Gk(:, pk)− epk)Gk(pk, :)
= Gk + akbt

k

= G0 + a0bt
0 + a1bt

1 + · · · + akbt
k

R =
det(Gk)

det(Gk+1)
= 1 + γk(1−Gk(pk, pk)) .

Green’s funcWon update at step k aser 
acceptance of spin flip at posiWon pk:

size

TransiWon probability from state k to state k+1:

→ CompuWng R requires O(Nt
2) operaWons

(rank 1 update)

Nt ×Nt; Nt = Nc ×Nl ∼ 4000
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Accelera3on through delayed (Ed) updates

colk = col0 +
k−1∑

i=0

aibi(pi)

rowk = row0 +
k−1∑

i=0

ai(pi)bi .

dk+1(p) = Gk+1(p, p) = dk(p) + ak(p)bk(p), for p = 1 : Nt.

Gk+1 = G0 + [a0|a1| · · · |ak] [b0|b1| · · · |bk]t . (rank k update)

Delay mulWple rank 1 updates to perform more efficient rank k update

At step k, regenerate row 
pk and column pk of Gk

Obtain diagonal 
entries of Gk from

→ CompuWng R requires O(kNt) operaWons (as opposed to O(Nt
2))

Green’s funcWon update 
aser k steps

→ Comlexity for k updates remains O(kNt
2), but rank‐1 update 

is replaced by rank‐k update (+ bookkeeping)
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Performance improvement for delayed updates

0 20 40 60 80 100
0

2000

4000

6000

delay

tim
e 

to
 s

ol
ut

io
n 

[s
ec

]

mixed precision

double precision

Nl = 150Nc = 16 Nt = 2400



01/30/09  IPAM ‐ UCLA

Disorder and inhomogenei3es

❖ Hubbard model with diagonal disorder

H = −t
∑

〈ij〉,σ

c†iσcjσ +
∑

i

Uini↑ni↓ +
∑

i,σ

Viniσ

DCA cluster 
mapping

QMC cluster
solver

random walkers

...

.

..

disorder
configuraWons

required
communicaWon

Gc(Xi − Xj , z) =
1

Nc

Nd∑

ν=1

Gν
c (Xi, Xj , z)

Disorder‐average 
cluster Green’s funcWon:

Ui ∈ {U + ∆U, U −∆U}
Vi ∈ {V, 0}
Nc = 16→ Nd = 216
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Effect of random disorder in U 

Tc(dU)

256 disorder configurations
122 Markov chains
31K cores on Cray XT4

→ Random disorder reduces 
     transiWon temperature

 Effect on the pairing interacWon?
 SpaWal variaWon of pairing strength?
 RelaWon to chemistry? → Pi(Ui = U + ∆U) = x

Pi(Ui = U ±∆U) = 1/2

Nc = 16, <n> = 0.9, U=4t
Ui = U ±∆U

P ({Ui}) =
Nc∏

i=1

Pi(Ui)
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❖ Hubbard model with diagonal disorder

❖ For small impurity concentraWons x, consider only configuraWons with 
zero or one impurity Vi=V

Limit of small impurity concentra3on

Kemper, Doluweera, Maier, Jarrell, Hirschfeld, Cheng, preprint ‘08

Gc
ij = xNcG

c
1,ij + (1− xNc)Gc

0,ij

16‐site cluster with one impurity Clean 16‐site cluster

H = −t
∑

〈ij〉,σ

c†iσcjσ + U
∑

i

ni↑ni↓ +
∑

i,σ

Viniσ
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Effect of single impurity

0 1 2 3 4 5 6
Impurity Concentration %

0

0.02

T
c  

[t
]

V = t
V = 4t
V = 20t
AG result

❖ Robustness of superconducWvity against weak disorder due to correlaWons
(consistent with Garg, Randeria, Trivedi, Nature Physics ’08)

Kemper, Doluweera, Maier, Jarrell, 
Hirschfeld, Cheng, preprint ‘08

❖ IniWal rise of Tc with impurity 
potenWal 
> Due to enhancement of anWferromagneWc 
spin correlaWons

❖ Decrease of Tc for strong 
scaeering
> Due to scaeering from impurity‐induced 
magneWc moments and ordinary pair‐
breaking
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Mechanism
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3%, V = t/4
3%, V = t
3%, V = 2t
3%, V = 8t
6%, V = 20t

❖ Increase in Tc due to 
enhancement of AF spin 
correlaWons

Cluster spin suscepWbility

Induced magneWc moment

❖ Decrease of Tc for strong scaeering 
due to moment formaWon

❖ Induced moment for strong 
scaeering: m2 ~ 1/4

> Valence bond solid??
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Physics dominated by Coulomb energy, kineWc energy is frustrated
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Fig. 5. Comparison of the low energy part of the d-spectrum
with the exact results (vertical lines), given by equation (14).

renormalized parameters t̂ and J∗ are given by t̂ = t
√
2d,

J∗ = J2d. These exact results can be compared directly
to the resonances, found in the DMFT calculations for the
t−J-model [19]. Since the model used in our calculations
is fundamentally different from the t−J-model and also
from the one-band Hubbard model, the relevance of this
physically intuitive picture to it and especially the proper
choice of the parameters for an effective t−J-model to
describe the low energy properties is not clear a priori.
The approach chosen here is to fix the hopping to t2/∆,
which reproduces the free bandwidth. In our case we de-
termine an effective exchange interaction J∗ from the en-
ergy shift ∆E = J∗md of the bands. Note that this is just
the energy shift of the spin-up and spin-down bands of
a corresponding t−J-model, treated on a mean-field level
[7,19,21]. Another possibility to obtain the exchange inte-
gral J is to use the result of a Schrieffer-Wolf transforma-
tion of the 3-band Hubbard model, see e.g. [9]. However
this transformation holds only for large values of Ud and
∆, so that we do not expect this procedure to give a mean-
ingful result for our parameter values.

Fixing the parameters in equation (14) as discussed
above, we can indeed directly compare our results with
the discrete spectrum (14). Figure 5 shows some examples
for the fit of the low energy part of the d-spectrum Aσd (ω)
by the discrete spectrum (14) at fixed doping δ = 0.015
and sublattice magnetization md = 0.60 for various pa-
rameters Ud = 2∆. Note, that the energy scales of up-
and down-spin in Figure 5 are already shifted by ±∆E/2
respectively, so that the resonances of majority- and
minority-spin bands coincide. We find quite good agree-
ment with the distance of the peak positions. The broad-
ening is expected to result from finite temperature, sub-
lattice magnetization and doping effects [19]. This means
that the t−J-model with proper choice of the parameters
t and J seems to reproduce the low energy one-particle
dynamics of the three-band Hubbard model in d = ∞
correctly, even in the antiferromagnetic state. In addition,
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Fig. 6. d-spectral function for the majority (full curves) and
minority spin (dashed curves) for Ud = 2∆ = 7t

∗ and β =
50/t∗ at δ = −0.08 (a) and δ = 0.13 (b).

the basic physical picture for the multipeak structures
observed for low temperatures appears to be the same as
in the simple one-band models.
In order to gain more insight in the effect of doping on

these multipeak structure we investigated the spectrum at
larger doping far away from the MI-transition. Figure 6
shows the results for the d-part of the spectrum for the
same system parameters and sublattice magnetization as
in Figures 4c and 4d at β = 50/t∗ but at larger doping
δ = −0.08 (a) and δ = 0.13 (b).
In the electron (Fig. 6a) as well as in the hole doped

regime (Fig. 6b) only the resonances next to the chemi-
cal potential survive. Due to the larger doping there are
more electrons/holes in the system whose paths can inter-
sect and restore the antiferromagnetic background. There-
fore the electrons/holes become more mobile and the res-
onances at higher energies are washed out.
In finite dimensions the string picture for one hole in

the antiferromagnetic background no longer holds and is
correct only up to order 1/d2 [20] due to the possibility of
paths which intersect and touch themselves [22]. Second,
fluctuations become more important which can restore the
antiferromagnetic background. Thus in low dimensions we
expect that the multipeak structure at finite doping will
disappear.

4 Summary

In this paper we presented results for the magnetic proper-
ties of the three-band Hubbard model in the limit of high
spatial dimensions. These were obtained in the framework
of the Dynamical Mean Field Theory, which enabled us
to calculate the one particle spectrum as well as two par-
ticle correlation functions, namely the magnetic suscep-
tibility. From this we evaluated the δ−T -phase diagram,
which shows strong suppression of the antiferromagnetic
state upon doping. In contrast to one-band models the
ordered state is found to be more sensitive upon doping
in the case of hole doping in comparison to electron dop-
ing. This asymmetric behaviour is qualitatively in good
agreement with experiments. The spectral function for

> Confining potential
> D=∞: Bound states

TAM et al., Eur. Phys. J. B, ‘99

DCA & Stripes?
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Stripes: A way to relieve kine3c energy frustra3on

System phase separates into hole rich and hole poor regions
Gor’kov, Sokol ’87; Zaanen, Gunnarson ’89; Emory, Kivelson, Lin ’90; 
Emery, Kivelson ’93; White, Scalapino  ’98, Zaanen, Nature ’00
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DCA & Stripes?

❖ DCA cluster has periodic boundary condiWons
> Stripes are easily frustrated
> 20‐site 5 x 4 cluster should accommodate exactly one stripe without frustraWng it

> But half‐filled unstriped cluster frustrates AF correlaWons ‐ (π,π) is not cluster K‐point

> Average over boundary condiWons?



01/30/09  IPAM ‐ UCLA

DCA & Stripes?

❖ DCA cluster is translaWonally invariant
> Every site in the cluster couples to the mean‐field
> Holes can move in the cluster via mean‐field without frustraWng AF bonds
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DCA/QMC sign problem

Beeer than finite size QMC!
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❖ Present approach (DMFT,CDMFT, DCA, ...)
> Calculate self‐energy and irreducible verWces in cluster

> Use cluster self‐energy and verWces in 
laice Green’s funcWons

> Assumes that self‐energy and verWces are local or 
weakly momentum dependent

Avoiding the sign‐problem with parquet

Gc = [G−1
c,0 − Σc]−1 χc = [χ−1

c,0 − Γc]−1

G = [G−1
0 − Σc]−1 χ = [χ−1

0 − Γc]−1

Cluster:

Laice:
Σc , Γc
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Avoiding the sign problem ... 

❖ New mulW‐scale many‐body approach
> Calculate fully irreducible vertex       on small cluster 
using QMC

> Use parquet equaWons to calculate                  on 
larger cluster

> No sign problem → scales algebraically
>       more local than 
> Short‐ranged correlaWons on small cluster treated 
explicitly with QMC

> Intermediate‐ranged correlaWons on larger cluster 
treated with parquet

> Long‐ranged correlaWons treated in mean‐field

Λc

Σc , Γc

= + +

Λc

Λc

Σc , Γc

Λc Σc , Γc

SciDAC‐2: Jarrell, Tomko, Bai, 
Savrasov, Scaleear, Maier, D’Azevedo

(see also K. Held: Dynamical vertex approximaWon, PRB ’07,
                 Rubtsov et al.: dual Fermions arXiv:0810.3819v2)

Γc
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Summary

Op3miza3ons of Dynamic Cluster quantum Monte Carlo

❖ Ten‐fold speedup through delayed (Ed) updates and mixed precision 

DCA simula3ons of homogeneous 2D Hubbard model

❖ SuperconducWvity, anWferromagneWsm,pseudogap behavior

❖ Insights into the pairing mechanism ‐ RVB vs. spin fluctuaWons

DCA simula3ons of disordered Hubbard model

❖ Disorder reduces transiWon temperature

❖ Robustness of superconducWvity against weak disorder due to correlaWons

Mul3‐scale many‐body approach
❖ Treat correlaWons on different length‐scales with different accuracy


