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Kohn-Sham density functional theory (DFT)

The total energy for the full interacting many-body system can be
expressed as

N
Euh) = 53 [ IValoPder [ Vil

1 p(x)p(y)
5 Jo Ju S S+ Bl

m orbitals {u;}Y, satisfying

N
m =2 |uf
M Z
B Vpe(r) = — Zq:l ﬁ
m E,.(p) is the exchange-correlation energy

M is the number of atoms, N is the number of electrons, Z; is the atomic number of the g-th

atom, R, is the position of the g-th atom.



Kohn-Sham DFT Models

Kohn-Sham DFT Models

m Constrained optimization problem:

min E(U). (1)
U:(U] R ,UN)E(Hl(R)3)N,fR;5 u,-uj:5,-_,-

m Nonlinear eigenvalue problem:
(=344 Verlp)) ui = N in R?,

.. (2)
U,'UJ' = (5,'1', I, ] = 1,2,-“ ,N,
R3

where

S Exe
op

Verd(p) = Vie(p) + Vu(p) + Vic(p), Vic(p) =



Nonlinear eigenvalue problem

Kohn-Sham DFT Model
(—3A+ Verp)) ui = Ay in R3,

- (3)
v = by, hj=1,2,--- N.
Q



Self-consistent field (SCF) iterations

Give initial input charge density pj,.
Compute the effective potential Vegr(pin)-
Find (\;, u;) € R x H}(R?) satisfying

(_%A + Veff(pin)) up = Auj inR3,

. (4)
U,'Uj = 5,‘j, I,_]:1,2,--',N.
Q
Compute the new output charge density pout.
Convergence check: if not converged, use some density mixing
method to get the new input charge density pj,, goto step 2; else,
stop.



By the SCF iteration, the central computation in solving such nonlinear
eigenvalue problems is the repeated solution of algebraic eigenvalue
problem

Au = \Bu.

m Convergence of the SCF iteration

m Solution of the large scale algebraic eigenvalue problem



Nonlinear eigenvalue problem
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Nonlinear eigenvalue problem

m Convergence of SCF iteration
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The performance of SCF iteration is unpredictable

The theoretical analysis is very challenging

m Solution of large scale eigenvalue problems

Need orthogonalization
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m Inner product matrix

N
(UTV) = ((Uia ‘/j)LQ(R3))i,j:1 e RN
N
(F Uy = ((Fiup) ., € RMN

where

(ur,ug, ..., uy) € (HI(R3))N

U=
V= (v, v u) € (HU(E®)"

/

F = (F1,For..., Fn) € (H RNV = (H (&))"
m Norm for U € (HY(R3))N
Ul = tr((UTU))

m Stiefel manifold

MV ={ue H'®NY . (UTU) = Iy}



m Distance: for U, U e (Hl(]R3))N.

dist(U, U) = ZHUJ i1 (R3)>

m Closed §-neighborhood of U € (H*(R3))N

B(U,8) = {Ue (H'(®*)" : dist(U, U) < 6}



E(U) = E(UP), ¥ Pc ONxN

m Grassmann manifold: the quotient of the Stiefel manifold
gN — MN/ ~ .

U~ W <= I PcOVNst U=WP
Equivalence class [U] = {UP: P € ON*N}
Tangent space on the Grassmann manifold

TuG" ={we WiWwu =0 RV}

m Distance on the Grassmann manifold GN

dist([U],[U]) = min dist(U, UP),

PEONXN

m Closed 6-neighborhood of [U] on GN
B((U.0) = {{U] € 6" U e (W (&))" MY dist([U], 1) < 6}



Gradient and extend gradient

m Hamilton operator H(p) = —3A + Ver(p)
m Gradient on (H!(R3))N

VEW) =H(p)U, Ue (H(R*)Y

Gradient on MM
VE(U) = VE(U) — WWUTVE(V)), Ue MV

Extended gradient on (H!(R3))N
VGE(U) = VE(U)(U"U) — UUTVE(U)), Ue (H(R*)V

Extended gradient operator on (H!(R3))N
AuU = VEWU), Ue (H(R*)N

Hessian on GN
HesscE(U)[V,W] = tr((VIVZE(U)W))
tr((VIW)(UTVE(L))),YV. W € Tiyg"



Extended gradient flow model

m Extended gradient flow model: Find
U(t) € (HY(R?)", such that
dU(t)
——~ = —VEl
dt vG (U(t))u (5)
u(0) = Uy € (H'(R*))",

where

VeE(U) = VE(U)(UTU) — WUTVE(U)), Ue (H(R?))M



Orthogonality preserving and asymptotical behavior

Theorem(Dai, Wang, and Zhou (Multiscale Model. Simul., 2020))
If Uy € MN, thatis, (U]l Uy) = Iy, then the solution of (3)

u(t) e M",

dE(U(1))

= :—H‘VGE(U(t)))HQ <0, 0<t<oo




Asymptotical behavior

Theorem(Dai, Wang, and Zhou (Multiscale Model. Simul., 2020))

If Up € MV, that is, (Ul Up) = Iy, then
lim inf |||V ¢E(U(t))||| = 0
t—00




Asymptotical behavior

Theorem(Dai, Wang, and Zhou (Multiscale Model. Simul., 2020))

Suppose the local minimizer [U*] is the unique critical point of E(U)
in B([U'], 61). If VE(U) is continuous in a neighborhood of the local
minimum U* € M" and the initial value satisfies

E(Up) < (Eo + E(U¥))/2 = E;, where

Ey = min{E([U]) | [U] € B([U],5:)\B([U"], 55)}.
with 0, being a fixed constant satisfying d» € (0, d;], then

lim |||V E(U(D)]]] = 0

lim E(U()) = E(U")

t—00

lim dist([U(t)], [U*]) =0

t—00




Exponential decay

Theorem(Dai, Wang, and Zhou (Multiscale Model. Simul., 2020))

Suppose the local minimizer [U*] is the unique critical point of E(U)
in B([U*],61). If VE(U) is continuous in a neighborhood of the local
minimum [U*], E(Up) < E;, and

HesscE(U)[D, D] > o|D|[2 ¥[U] € B(U, d5), VD € TiyG" (\(Viy,)"
for 85 € (0,6,] and o > 0, then there exists T > 0 such that
Vet < e
1 ~

E(U(t) — E(U") < %e—Qa(t—T)

hold for any t > T
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Extended gradient flow model in finite dimensional space

m Finite dimensional space
13
V/\/g CcH (R )

s My, = {Ue (V)" UTU=In}, Gy = My / ~
m Extended gradient flow model: Find U(t) € (Vi,)",

such that dU( )
t
“dr = —VE(U(t)), (6)
U(O) = U() - (V/\/g)lv,
where

VcE(U) = VE(U)(UTU) — UUTVE(U)), Ue (HY(R3)N



Midpoint scheme

Choose a partition of the interval [0, +00)
0:t0<t1<t2<"'<tn<tn+1<"'
Consider the midpoint scheme: find {U,}, C (V)" such that

Un+1 - Un o o
Ttn - _VGE(UH+1/2)7 n*071727“' (7)

(Ug Uo) = In
where Uy € (Vi,)V, At, = thy1 — t, and

Un+1 + Un

Un+1/2 - 2



Midpoint scheme

Algorithm 1: A midpoint scheme

1 Given € > 0, initial orbitals U, € MNg, calculate the gradient
VE(Up) and let n = 0;

2 while [||VE(U,)||| > ¢ do

3 Choose a suitable At, > 0 and let t,;1 = t, + At,;
4 Solve
Un+1 - Un Un+1 + Un
Zntl T P g f 2L T
At, Ve ( 2
to get Upiq;
5 | Let n = n+ 1, calculate the gradient VgE(U,);




Midpoint scheme: orthogonality preserving

Theorem(Dai, Wang, and Zhou (Multiscale Model. Simul.))

If {U,} is obtained by Algorithm 1 and U, € M%g, then

Un € My,




Midpoint scheme: convergence

Theorem(Dai, Wang, and Zhou (Multiscale Model. Simul.))

Suppose local minimizer [U*] € G is the unique critical point in
B([U*],dc) for some 6. > 0 and VE is Lipschitz continuous in
B([U*],dc). For sequence {U,} obtained by Algorithm 1, if

(U] € B([U*],éc) and sup{At, : n € N} < d7 for dr, then

Tim |||V cE(Up)[| = 0

lim E(U,) = E(U")

n—o0

lim dist([U,], [U]) =0

n—o00




Midpoint scheme: convergence rate

Theorem: convergence rate

Suppose [U*] € Gy is a local minimizer, VE is Lipschitz continuous in B([U*], d)
for some J. > 0, and

HessgE(U)[D, D] > ol||DI|* V[U] € B([U],dc), VD € TiuGn,

for some o > 0. If [Up] is in B([U*],6c) and {U,} is obtained by Algorithm 1,
then, there exist Np > 1 and 61 > 0, s.t.

LT 4+72L2—20'T (n—Np+1)/2
vl < 1+ 7y (L2222
Ul < (1+ 50) (T aes

NV 6E(Uny—1/2)|Il5

(L+3)(4+ 722 4+ 207) 14+ 7213 — 207\ n—No+1
E(Uy) — E(U") < ( )
(Un) — EU) 8c 4+ 71212 + 207

NIVGE(Ung—1,2)|I|?

hold for n > Ny and At, =7 <1




Interpolation based scheme

Choose a partition of the interval [0, +00)
O=th<ti<b< - <t <th <:---

Consider the Interpolation based scheme: find {Up}nen € (V)"
such that

. U, + Ut
ut —U,=—(t— tn)AUAux(t)Q(), t € [ty ths1), (8)

Un+1 - D(t;+1)'

Here UM : R — (Vj,)" is a piecewise smooth auxiliary
mapping which satisfies UM(t,,) = U, for all n.



Intepolation based scheme

Algorithm 2: A framework for interpolation based scheme

1 Given € > 0, initial orbitals U, € MNg, calculate the gradient
VcE(Uy) and let n = 0;

2 while |||VGE(U,)||| > € do
3 Choose a suitable At, > 0 and let t,,1 = t, + At,;
4 | Define UN(t),t € [t toy1) such that UN*(t,) = U,;

5 | Update U, = limt_”jrl U(t) with U(t) satisfying

- U,+ Ut
Ue) — Uy — —(t— tn)AUAux(t)Q<>

Let n = n+ 1, calculate the gradient VgE(U,);




Intepolation based scheme: orthogonality preserving

Theorem(Dai, Zhang, and Zhou (arXiv:2111.02779, 2021))

If {U,}nen, is obtained by Algorithm 2 and U, € M%g, then

{UH}HGNO C M%g




Intepolation based scheme: convergence

Theorem(Dai, Zhang, and Zhou (arXiv:2111.02779,2021))

If the sequence {U,},en produced by Algorithm 2 satisfies
E(Unt1) — E(Un) < —nAL||[V6E(Un)|1?, n € No (9)
with n > 0 being a given parameter. Then, there holds

lim inf |||V 6E(U,)||| = 0.
n—o0

In further, assume that the local minimizer [U*] € Qﬂg is the unique
critical point in B([U*], d.) for some 6. > 0 and [Uy] € B([U],4.),
then

lim E(U,) = E(U"),

n—oo

lim dist([U,], [U"]) = 0.

n—o0




Intepolation based scheme: convergence rate

Theorem(Dai, Zhang, and Zhou (arXiv:2111.02779, 2021))

Suppose [U*] € Q,’\\,’g is a local minimizer, VE is Lipschitz continuous in
B([U*],61) for some 61 > 0, and for all [U] € B([U*],61), there hold

HessgE(U)[D, D] > ol||D|||%,¥ D € TiyGn.,

for some o > 0. If the sequence {U,}nen, produced by Algorithm 2 with initial
guess [Up] € B([U*],61) C gﬁg satisfies

E(Uny1) — E(Uy) < _nAtn|HVGE(Un)|||2v n € Ny (10)

with n > 0 being a given parameter, and there exists a 7 > 0 such that
At, > 7,¥n € Ny. Then there exists constants v € (0,1), C;, C; > 0, such that

E(Un) — E(U7)
dist([Un], [U"])

Civ"dist([Up], [U*])?,
Co(v/v)"dist([Uo], [U7]).

IAINA
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Auxiliary mapping UA™

m Choice 1: UMX(t) = (1 — a,) U, + a,,U(t), a,, € [0, 1],
t € [tn, tnt1).
m special case 1: a, = 0, UN(t) = U,, we have

At - At
Uny1 = (In+ 7«4un) 1(//\/ - 7AU,,) Uy, (11)

which is an approximation of Crank-Nicolson Scheme
At -1 At
Un1 = (In+ 7Aun+1) (I — jAUn) Un- (12)

m special case 2: a, = &, UNX(t) = (U(t) + U,) /2, we have

Un + Un+1

Unt1 = Un + Atd gy ——

(13)

which is exactly the midpoint scheme.



Auxiliary mapping UA™

m Choice 2: UA(t) = U7, )»(1), t € [t, tar1), ¥Ym € No, where

m t_ tn _1
meaj(t) = (1+ 2 Ayt agy) Un m=1,2,...,

n+1/2

n

m Choice 3: Let

and UOH/2 = U,.

UM (t) = U, — mp(t — ta)VGE(U,), t € [ty tas1),
or
UM (1) = 2(1+ mu(t — t,) Ay,) " Up — U, tE [tn, tar1)

where m, can be arbitrary real number.
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A possible time step

Theorem(Dai, Wang, and Zhou (Multiscale Model. Simul., 2020))

For the midpoint scheme, if the initial guess [Up] € B([U'], ) C Qﬁg, then there
exists an upper bound & T such that for At, € [0,5 7], there holds

1
E(Uns1) — E(U,) < —mAt,,\||VGE(Un)|||2, n € Npy. (14)

This theorem tells us that there indeed exists some time step which satisfy our
assumption.




Outline
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Calculation of ground state energy

m Software platform
PHG, RealSPACES
m Hardware platform
LSSC-IV
m Kohn-Sham DFT
E.. = EEPA1 & full potential
m Finite element discretization

m Midpoint scheme
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Figure 1: CHy: Output density(Row 1 Column 1: Oth iteration; Row 1 Column 2:
640th iteration; Row 2 Column 1: 10580th iteration;) and input grid(Row 2
Column 2)
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Methane(CH,):gradient
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Figure 4: CaHs: Output density(Row 1 Column 1: Oth iteration; Row 1 Column
2: 520th iteration; Row 2 Column 1: 15160th iteration;) and input grid(Row 2
Column 2)
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Figure 5: Convergence curves for energy(left) and gradient(right) for CoHo



Benzene(CgHg)
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Figure 6: CgHg: Output density(Row 1 Column 1: Oth iteration; Row 1 Column
2: 300th iteration; Row 2 Column 1: 7460th iteration;) and input grid(Row 2
Column 2)
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Figure 7: Convergence curves for energy(left) and gradient(right) for CgHg



Carbon (C)

Figure 8: Carbon atom: density obtained at the Oth iteration; density obtained at
the 9960th iteration
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Figure 9: Convergence curves for energy (left) and gradient (right) for carbon
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Ongoing and future work

Focusing on the extended gradient flow based model, we will study
m Some other orthogolality preserving schemes
m Some more time step choice and analysis

m More typical applications
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