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The many-body problem
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Setting and occupation number representation

N
Want to solve the eigenvalue problem HNW = EW with W € A L%(R3) and
i=1
o 1
HN = _ZA: i -
Z gtk Z Iri =l
i=1 1<i<j<N

Galerkin approximation (¢;)1<;<; orthonormal family of L2(R3)

N
o basis functions of A L2(R3): Slater determinants ¢;, A --- A ¢;, = det(o;, (r;))

i=1
\U(rlﬁ...,l’/\/): Z C,'l___,-No,-l/\~-/\r.‘>,-N(r1,4..,rN).
1<ip < <iy<L
@ possibly nonzero coefficients C; ., hard to parametrize
Occupation number representation: reparametrize the Slater determinant wrt occupied states

V= Z “UMMNL(D(M ..... )
(p1ye-es pnp)€{0,1}L

with @, ) = ¢i A+ A @iy is the Slater determinant of occupied states (ie. pj = 1iffj = iy).
@ example: L =5, ¢1 A ¢3 A\ ¢4 = P10110) and Wip110 = Cisa

@ remark: since Wy is a function of N variables, lU“l_v_},L =0if >k #N
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Setting and occupation number representation

N
Want to solve the eigenvalue problem HNW = EW with W € A L%(R3) and
i=1

N

’HN:Z—%A;-FV(I’,')-F Z | !

=l 1<i<j<n 1T 7]
Galerkin approximation (¢;)1<i<; orthonormal family of L2(R3)
N
o basis functions of A L2(R3): Slater determinants ¢;, A --- A ¢;, = det(¢;, (r;))
i=1
\If(rl,...,rN): Z Ci1~~~iN¢i1/\"'Ad)iN(rl""7rN)'
1<ip<---<iy<L

@ possibly (k,) nonzero coefficients Cj, . hard to parametrize

iy
Occupation number representation: reparametrize the Slater determinant wrt occupied states

V= Z Wi P,y
(p1ye-es np)ef{0,1}L

with @, ) = @iy A+ A iy, is the Slater determinant of occupied states (i.e. y1; = 1iff j = ix).
@ example: L =5, ¢1 A ¢3 A\ ¢4 = P10110) and Wip110 = Ciszg
@ remark: since Wy is a function of N variables, W, o =0 if > ke #N
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Setting and occupation number representation

N
Want to solve the eigenvalue problem HNW = EW with W € A L%(R3) and
i=1

N

’HN:Z—%A;-FV(I’,')-F Z ‘;

=l 1<i<j<n 1T 7]
Galerkin approximation (¢;)1<i<; orthonormal family of L2(R3)

N
o basis functions of A L2(R3): Slater determinants ¢;, A --- A ¢;, = det(¢;, (r;))
i=1

Y(r,...,m) = Z Ciyiy®in N AN big (1,5 rn)-

1<ip<---<iy<L

@ possibly (k,) nonzero coefficients Cj, . hard to parametrize

iy
Occupation number representation: reparametrize the Slater determinant wrt occupied states

V= Z Wi Pl g
(155 m)€{0, 13

with @, ) = @i A Ay s the Slater determinant of occupied states (i.e. pu; = 1iff j = i).
@ example: L =5, ¢1 A ¢p3 A s = ¢(10110) and Wig110 = Ciza
@ remark: since Wy is a function of N variables, Wy =0 if > uk #N
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Many-body Hamiltonian

Advantage

Easier to handle W € R2" by tensor methods (here: matrix product states)

e . . Lol
The many-body Hamiltonian in the occupation number representation: H € R? %2

@ H is symmetric
2L
v(;u'laylw'")u'Lyl/L) S {0’1} ) HZIIILLL = HﬂllﬁLL

@ H is particle-number preserving

L L
V(p, v,y pr,ve) € {0,117 HY T #£0 = e =Y v
k=1 k=1

@ H comes from a two-body Hamiltonian

(i )1<k<t and (vk)i1<k<y differ by more than 2 pairs = Hfﬂl’,'_j’h =0

IPAM 2022
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e . . Lol
The many-body Hamiltonian in the occupation number representation: H € R? %2

@ H is symmetric
2L
v(;u'laylw'")u'Lyl/L) S {0’1} ) HZIIILLL = HﬂllﬁLL

o H is particle-number preserving

L L
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Many-body Hamiltonian

Advantage

Easier to handle W € R2" by tensor methods (here: matrix product states)

e . . Lol
The many-body Hamiltonian in the occupation number representation: H € R? %2

@ H is symmetric
2L
v(;u'laylw'")u'Lyl/L) S {0’1} ) HZIIILLL = HﬁllﬁLL

o H is particle-number preserving

L L
V(i va, s pn,ve) € {0,170 HEE UL £ 0= e = vk
=1 =1

@ H comes from a two-body Hamiltonian

(pk)1<k<t and (vk)1<k<( differ by more than 2 pairs = H;}7 /L =0.
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Second quantization

. . Lol . . .
Matrix representation Hzll'_','_ZLL € R2"%2" of the second quantized Hamiltonian

0 electron sector 1 electron sector cee L electron sector
0 electron sector Ho 0 cee 0
1 electron sector 0 Hy . 0
HY-vL
B1ee-BL
L electron sector 0 cee cee H;
Example: L =2 pa V1200 01 10 11
00 Ho 0 0 0
vivy _ 01 0 (H1) (H1) 0
Hik2 10 0 (H1) (Hi);p O
11 0 0 0 H,

Second quantization
L 1 L
H= Z h,-ja;raj - 5 Z \/,jkja a ajag,

ij=1 ik, =1

with al.T and aj are creation and annihilation operators, (h,-j) € RLXL are one-electron integrals,

4 .
Viiki € RL" two-electron integrals.
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Second quantization

. . Lol . I
Matrix representation H,"}l . € R2 %2 of the second quantized Hamiltonian

0 electron sector 1 electron sector L electron sector

0 electron sector Ho 0 0
1 electron sector 0 H, 0
HYLvL
B1ee L

L electron sector 0 Hp

Example: L =2 pa V1200 01 10 11

00 Ho 0 0 0

01

Hvive — 01 0 (H1) (H1)E 0

M1 2 10 0 (Hl)§(%) (H1 ?& 0

11 0 0 0 H>

H= g hij ,aj—i-f g \/,Ik,a a ajak,
ij=1 i.j,k,1=1

with a;r and a; are creation and annihilation operators, (h;) €

REXL are one-electron integrals,
4 .
Viii € RE" two-electron integrals.
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Matrix product operators
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Matrix product state

For W € RzL, (Wyq,...,W,) is an MPS representation of W if

V(pa,.p) €40, 13 Way = Wi ]Wapo] - Wifpg],  where Wifuy] € R%—1%7%

(k)k=o0,...,. are called MPS ranks ((ro = r. = 1)).

V1 V2 Vs Va
vy Wy W3 Wy
Hy Hj
Hy Hy
M1 M2 M3 Ha T T
I35 M2 M3 Ha

(a) Graphical representation of an MPS
(b) Graphical representation of an MPO

Matrix product operator

For H € R2"x2", (H1,...,H.) is an MPO representation of H if

Y (p1, 1, e, vn) € {0,135 HEE s lE = Hafug, vi]Halpz, va] -+ - Hi [, v,

with Hy [, vi] € RR—1%Re (R )—o .| are called MPO ranks ((Ry = R, = 1)).
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Matrix product state

For W € R2L, (W1,...,¥,) is an MPS representation of W if

Vg, pn) € {0,135 Wy = Wil Wolpo] - Wi lu],  where Wy[uy] € R 1%

(k)k=o0,...,. are called MPS ranks ((ro = r. = 1)).

V1 V2 Vs Va
vy Wy W3 Wy
Hy Hj
Hy Hy
M1 M2 M3 Ha T T
I35 M2 M3 Ha

(a) Graphical representation of an MPS
(b) Graphical representation of an MPO

Matrix product operator

For H € ]R2L><2L, (H1,...,HL) is an MPO representation of H if
v(u‘lv Vlyoouy WL, VL) € {03 1}2L7 HZ}IZLL = Hl[/‘/l, 1/1]H2[l,l,2, VQ] U HL[/'LLv VL]a

with Hy[ug, vi] € RR—1XRe (R )4—o. . 1 are called MPO ranks ((Ro = Ry = 1)).
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Why the MPO?

Computation of (¢, HV)
@ MPO H of MPO rank R: HZIIZLL = Hl[;,bl, V1]H2[,LL2,V2] s HL[NL,VL]
o MPS & W of MPS rank r

Wy o = Vi[n]Walve] - Vifv],  ®up . = Prpa]Pofua] - - @[]

Expectation value

(@, HY) = > Do e HE W,
py.p €401 vy €{0,1} L

\111 ‘112 ‘1/3 ‘114

| | | | vy Vo V3 Wy
V1 v2 v3 21

H2 l ng H2 H3
Hy T T Hy — Hy Hy

H1 H2 M3 Ha

| | | | 31 Dq @3 Dy
Py Py [ Dy

Computational cost: O(Rr?)
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Algebraic properties of MPOs

Algebraic properties of MPQO: consider H, He R2 %2 with respective MPO

H 0 E = Hilpa, vilHa[p2, vo] -+ - Hi[pe, vi],  and F'ZI{.Z'.ZLL = Hilp1, vi]Ho[po, vo] - - - Hi[pr, vi)-

o multiplication by a scalar: free
o addition of two MPOs: F=H +H

Vi —~ Ha[p2, v2] 0
1oV , _
Fui i = (Hl[m’m] Hl[m"ul]) ( 0 Ho 12, o]

B (HL—I[HL—le’/L—l] - 0 ) (HL[#L:W])
0 Hialpe—1,vi-1]) \Hclpe, vi]

MPO rank of F = MPO rank of H 4+ MPO rank of H.

e multiplication of two MPOs: G = H % H

Hy Hy
Hz] ]Hs
H, Hy
MPO rank of G = MPO rank of H x MPO rank of H T T
123} K2 K3 Ha

IPAM 2022
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Algebraic properties of MPOs

Algebraic properties of MPQO: consider H, He R2 %2 with respective MPO

H 0 E = Hilpa, vilHa[p2, vo] -+ - Hi[pe, vi],  and F'le'.'f.'fh = Hilp1, vi]Ho[po, vo] - - - Hi[pr, vi)-

o multiplication by a scalar: free
o addition of two MPOs: F=H + H

. —~ Ha[pz, 2] 0
vievp s _
FLod = <H1[P«17V1] Hl[l‘«l,”l]) ( 0 P, 1]
(HL—I[NLfleLfl] ~ 0 ) (’jL[uL,VL])
0 Hi_alpe—1,vi—1]) \Helpe, vi]

» MPO rank of F = MPO rank of H + MPO rank of H.

o multiplication of two MPOs: G = H % H

v3 2

MPO rank of G = MPO rank of H x MPO rank of H
J5% M3 Ha
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Algebraic properties of MPOs

Algebraic properties of MPQO: consider H, He R2 %2 with respective MPO

H 0 E = Hilpa, vilHa[p2, vo] -+ - Hi[pe, vi],  and F'le'.'f.'fh = Hilp1, vi]Ho[po, vo] - - - Hi[pr, vi)-

o multiplication by a scalar: free
o addition of two MPOs: F=H + H

. o~ Ha[p2, v2] 0
Fiaih = (Ml ] H y)( : -
L Wps, 1] Hifp, vi] 0 Folyiz, o]
(HL—I[NLfleLfl] ~ 0 ) (’jL[uL,VL])
0 Hi1lpi—1,vi—1]) \Helpe, vid
» MPO rank of F = MPO rank of H + MPO rank of H.
o multiplication of two MPOs: G = H % H
121 1) V3 vy

| | | |
~ Hzl le .
H, Hy
Hs I JH3
Hy Q Q Hy
» MPO rank of G = MPO rank of H x MPO rank of H | | | |
M1 H2 M3 Ha
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Construction of the MPO of the Hamiltonian

Second quantized Hamiltonian

L L
1
H= Z h,-ja;raj + 5 Z Mjk,afa}a,ak,
ij=1 igik,l=1
MPO of creation and annihilation operators
e a;, a}' have MPO rank 1
T

@ a;a; and ajaja/ak have MPO rank 1

@ by summation H has MPO rank O(L*)

Theorem (BACHMAYR, GOTTE, PFEFFER (2021)!)

There is an explicit MPO representation of H with MPO ranks bounded by O(L?).

Want to reduce the naive O(L*) to O(L?) (or even better)

LChan, Garnet Kin-Lic, et al., JCP 145.1 (2016): 014102.
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Construction of the MPO of the Hamiltonian

Second quantized Hamiltonian

L L
1
H= Z h,-ja;raj + 5 Z Mjk!aja}alakv
ij=1 ijikyl=1
MPO of creation and annihilation operators
e a;, aJT have MPO rank 1
t

@ aja; and a:.ra;.ra/ak have MPO rank 1

@ by summation H has MPO rank O(L*)
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Construction of the MPO of the Hamiltonian

Second quantized Hamiltonian

H_Zhu ,31"‘* Z V,jk/aa ajay,
ij=1 isjk,1=1

MPO of creation and annihilation operators
e a;, aJT have MPO rank 1
° a}Laj and a?a}ra/ak have MPO rank 1

@ by summation H has MPO rank O(L*)

Theorem (BACHMAYR, GOTTE, PFEFFER (2021)%)

There is an explicit MPO representation of H with MPO ranks bounded by O(L?).

Want to reduce the naive O(L*) to O(L?) (or even better)

LChan, Garnet Kin-Lic, et al., JCP 145.1 (2016): 014102.
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Construction of the MPO of the Hamiltonian

Second quantized Hamiltonian

H= Z h,J laj + = Z Vykla a ajag,

ij=1 ij,k,=1
MPO of creation and annihilation operators
e a;, aJ.r have MPO rank 1
° aTa and aT Ta/ak have MPO rank 1
@ by summation H has MPO rank O(L*)

Theorem (BACHMAYR, GOTTE, PFEFFER (2021)!)

There is an explicit MPO representation of H with MPO ranks bounded by O(L?).

Want to reduce the naive O(L*) to O(L?) (or even better)

LChan, Garnet Kin-Lic, et al., JCP 145.1 (2016): 014102.
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Compression of the MPO
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Hierarchical SVD!2

Apply successive SVD to H € R2"x2",

H T = H S (reshape of H to 4 x 22(L=1)
= (U) " (Z1) (M) s i, (SVD)
= (U) 0" (Z1) o (V) R iy, (reshape of V;)
= (U)R (1) 5 ()52 (22) 5 (V2) s (SVD of V)
= (L) (Z1) 0 (U2) 522 () (Va) ol (reshape of V3)

And so on and so forth
vi...vp nivi aq
Hpo (Ul)al (21)01

H1 [/11 1/1]

Compression of an MPO

Truncate the singular values ¥, to a threshold ¢

ISchoIIwoeck, Annals of physics, 2011.
20seledets, SIAM J. Sci. Comput., 2011.
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Hierarchical SVD!2

Apply successive SVD to H € R2"x2",

H T = H S (reshape of H to 4 x 22(L=1)
= (V)" (21) e (V) i (SVD)
= (L) (Za) o ()l (reshape of V1)
= () () () (225 () (SVD of )
- (Ul)ilul (Zl)i (Uz)gmuz (Zz)j (V )Z;’:ﬁ»mw (reshape of V3)

And so on and so forth
vi...vp nivi aq
Hpn (Ul)al (21)01

H1 [/11 1/1]

Compression of an MPO

Truncate the singular values ¥, to a threshold ¢

ISchoIIwoeck, Annals of physics, 2011.
20seledets, SIAM J. Sci. Comput., 2011.
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Hierarchical SVD!2

Apply successive SVD to H € R2"x2",

H 0 = HID (reshape of H to 4 x 22(L=1)
= ()" (Z1) (M) i (SVD)
= (L )mm (ZI)Z( Bhes i (reshape of V1)
() () (U2 (22) () (SVD of i)
- (U )#11/1 (ZI)L ( )augvz( )2(\/2)::5;.5..M1/L (reshape of V,)

And so on and so forth

vi...V, niv @
H w0 (Ul)ai ' (Zl)oi
H1 [/111/1]

Compression of an MPO

Truncate the singular values ¥, to a threshold ¢

ISchoIIwoeck, Annals of physics, 2011.
20seledets, SIAM J. Sci. Comput., 2011.
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Hierarchical SVD!2

Apply successive SVD to H € R2"x2",

HO = H L, (reshape of H to 4 x 22(L=1)
= (U )MVl (Zl)z( )szz L (SVD)
= (U )Hlyl (21)3( Bhes i (reshape of V4)
_ (U )H1V1 (zl)z( )aum (22)Z(VZ)53V3 i (SVD of V1)
- ( )#11/1 (ZI)Z( )au?yz (Z ) (V2) e (reshape of V3)

H4vg.. b VL

And so on and so forth

Hul.,.l/L (Ul);llul (Zl)nl

H1---HL ag ai

H1 [/11 1/1]

Compression of an MPO

Truncate the singular values ¥, to a threshold ¢

ISchoIIwoeck, Annals of physics, 2011.
20seledets, SIAM J. Sci. Comput., 2011.
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Hierarchical SVD!2

Apply successive SVD to H € R2"x2",

HL WL = Hido (reshape of H to 4 x 22(L=1)
= (U )mw( 1)3( )szz L (SvD)
= (U )“1”1 (ZI)Z(V E;VQ:Z KLV (reshape of Vl)
= ()" (Z0) 2 (W) 522 (%) 5 (Vo) (SVD of V1)
= (U )“lyl (21)3(U2)Dtu2'!2 (): ) (V2)§:Lj4y-3--HLVL (reshape of V)

And so on and so forth

HYLvL (Ul);llul (Zl)nl

K1 pL a

H1 [/11 1/1]

Compression of an MPO

Truncate the singular values ¥, to a threshold &

ISchoIIwoeck, Annals of physics, 2011.

20seledets, SIAM J. Sci. Comput., 2011.
12/20
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Hierarchical SVD!2

Apply successive SVD to H € R2"x2",

HL WL = Hido (reshape of H to 4 x 22(L=1)
= (U )mw( 1)3( )szz L (SvD)
= (U )“1”1 (ZI)Z(V E;VQ:Z KLV (reshape of Vl)
= ()" (Z0) 2 (W) 522 (%) 5 (Vo) (SVD of V1)
= (U )“lyl (21)3(U2)Dtu2'!2 (): ) (V2)§:Lj4y-3--HLVL (reshape of V)

And so on and so forth

(Ul);llul (Zl)nl

ay

H1 [/11 1/1]

Compression of an MPO

Truncate the singular values ¥, to a threshold &

vy
Him

ISchoIIwoeck, Annals of physics, 2011.

20seledets, SIAM J. Sci. Comput., 2011.
12/20
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Hierarchical SVD!2

Apply successive SVD to H € R2 2"

HA 0 = WL L, (reshape of H to 4 x 22(L=1)
= ()" (21)a (M) s i (SVD)
(Ul)myl (zl)Z(V sl wivL (reshape of V1)

= ()2 (Z0) 2 (U2) 572" () 5 (Va) o i (SVD of V1)
() ) )3 () D) (eshape of V2)

And so on and so forth
vi..vp Hivy @y \ Q1 o ap « " v oy @
H = (U)o (B oy (U2) 7 (32) e (Ui ) g 2 (B o (Vi) )

Hi[pir4] Ho[p2vs] e Hi_1[pr—1vi-1] Hy[prve]-

Compression of an MPO

Truncate the singular values ¥, to a threshold &

ISchollwoeck, Annals of physics, 2011.

20seledets, SIAM J. Sci. Comput., 2011.
IPAM 2022 12
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Compression of an MPO

Basic properties to preserve
vy 1.

Q@ symmetry: . B
V(Mh Vi,. -5 KL, VL) € {07 1}2 5 H,ull..-.‘.u,L = Hul.”uL

@ particle number conservation:
L L
V(HL Vlyeooy ULy l/L) (S {O~ 1}2L, Hijllll/h # 0= ZMk = Z Vi
k=1 k=1

© two-body interactions:
L
Jur, ) € {0, 1}2L, H;;ll'_:'_],/,LL #0= Z | — | < 4

V(p1, v,
L—1
Careless MPO compression Careless MPO compression
10 MPO compression preserving degeneracy

MPO compression preserving degeneracy
o

107

10710
° ° °

(a) Norm of H — HT b) Norm of H — AH

Keep degenerate singular values when truncating

Sparse compression of MPO IPAM 2022
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Compression of an MPO

Basic properties to preserve

Q@ symmetry: 2L L
V(M17V17 MLvVL) € {0 1} H UL - Hlllll il/LL

@ particle number conservation:

L L
V(I‘LI:VI""UU'L7VL) € {071}2L7 Hzlll;LLL #0:>Z)u/k :Zyk
© two-body interactions: k=1 k=1

(i1, 01,y i) € {0,112, HILS ',ZLL%Oézwfw\S‘l

Careless MPO compression Careless MPO compression
10 MPO compression preserving degeneracy 10° MPO compression preserving degeneracy
o
o

107 107
107 1070

° ° ° o ° o o ° ° o

¢ 107 10°° 107

Norm of H — HT Norm of HR — AIH

Keep degenerate singular values when truncating
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Compression of an MPO

Basic properties to preserve

try:
Q@ symmetry 21 VeV M1 HL
V(pa, vty - pesve) € {0,145, HEil = Hy )

@ particle number conservation:

L L
V(IJ‘17V17"'7)LLL7VL) € {071}2L7 Hzlll;LLL #0:>Z)u/k :Zyk
@ two-body interactions: k=1 k=1

L
Y, v, s v) € {0,120, L £ 0= e — v < 4

L—1
Careless MPO compression Careless MPO compression
0 MPO compression preserving degeneracy 10° MPO compression preserving degeneracy

107

10710

Norm of H — HT Norm of HR — AIH

Keep degenerate singular values when truncating
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Compression of an MPO

Basic properties to preserve

Q@ symmetry:
Y(pa, v, e, ve) € {0,1328, H T = HEL L)
@ particle number conservation:

L L
v(lu‘ly Vlyeonos ULy VL) € {07 1}2L7 Hzlll;LLL 7é 0= Z)u/k = Z Vi
k=1 k=1

© two-body interactions:

L
Y, v, s v) € {0,120, L £ 0= e — v < 4

L—1
Careless MPO compression Careless MPO compression
10 MPO compression preserving degeneracy 10° MPO compression preserving degeneracy
o
o

107 107
107 1070

° ° ° o ° o o ° ° o

¢ 107 10°° 107

(a) Normof H — HT (b) Norm of HN — AH

Keep degenerate singular values when truncating
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Compression of an MPO

Basic properties to preserve

Q@ symmetry:
Y(pa, v, e, ve) € {0,1328, H T = HEL L)
@ particle number conservation:

L L
v(lu‘ly Vlyeonos ULy VL) € {07 1}2L7 Hzlll;LLL 7é 0= Z:u/k = Z Vi
k=1 k=1

© two-body interactions:

L
V(s e, v) € {0,120, A £ 0= > e — v < 4

L—1
Careless MPO compression Careless MPO compression
10 MPO compression preserving degeneracy 10° MPO compression preserving degeneracy
o
o

107 107
107 1070

° ° ° o ° o o ° ° o

¢ 107 10°° 107

(a) Normof H — HT (b) Norm of HN — AH

Keep degenerate singular values when truncating
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Conservation of Hermitian symmetry

H v LY k L—k
Singular values X related to the reshape Hj, <51l HE7E € R4 X477,

@ symmetry
ViV _ M1 B Hk+1Vk41--HLVL __ paVk+1Hk+1---VLEL
Hm-um =M= Hull’l---#kw - HV1#1-~-VkMk
stability by permuting all the pairs of indices

L v, R
oSVDofH/k\l k+1---HLVL

K1V g Vg

P 1 Vkl - HLVL T\ Pk+1Vk+1--BLVL o ke r. 4L—k
H/’U’l---//;(“k - E UJ(UJVJ ) o distinct, U;ER Xrlt\/JTeE; X1
. PV e g Vi
J
Ukt 1 ksl VLR _ ) T Vik+1Hk+1---VLHL
HOGGL e = oj(ujvj )
; V1L Vg Lk

by uniqueness of the SVD: for all j

Pk 1Vk41 e LVL T\ VA1 Hkt1 e VLBL
(U-V.T) - (u-v. ) .
J JYJ

J H1VL .- [ Vg V1] Vg g

heorem

Not breaking the degeneracy of the singular values = preserve the symmetry

M.-S. Dupuy (SU) IPAM 20

N
N
-
=
)
S




Conservation of Hermitian symmetry

H v, TR k L—k
Singular values ¥y related to the reshape Hj*f17kil VL ¢ RATX4TTE,

@ symmetry
O T 1 e A Hk1Vkt1---HLVL _ g qVk+1Hk41---VLIL
HM--#L - HVl-»-VL = H/JflVl-»-l‘-ka - HV1M-~-VkMk
stability by permuting all the pairs of indices
Hhkt1Vk41---HLVL
@ SVD of Hy 0 e

U1 Vg1 - LV Hk+1Vk41---HLVL k. L—k., .
Hj,f”i“lfﬁlkukl i — E UJ(UJVJT) oj distinct,Uj€R4 ><"J,\/jTeR“ X1

" VT g Vg

J

Vg1 Hok 1 VL
Vi1 Hk1 -+ VLI L _} : NATRVIA A tatas

Hulllrlm’/kuk - UJ(UJVJ )

; V1ML Vi

by uniqueness of the SVD: for all j

Hk+1Vk41--HLVL Vi1 Hk+1---VLHL
() (o) .

H1VL-. pk Vg VIR Vk [k

heorem

Not breaking the degeneracy of the singular values = preserve the symmetry
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Preservation of the particle number: a basic example

Example
i \V12 00 01 10 11
00 Ho 0 0 0
vivy 01 0 H; H; 0
Huwz - 10 0 ng;S% §H1§?$ 0
11 0 H>
@ reshape
pyv \H2¥2 00 01 10 11
00 Ho 0 0 (Hh)3%
Hi2ve — 01 0 0 (H1)% 0
e 10 0 (H1)® 0 0
11 (Hl)%g 0 0 H;
°

IPe% Ho (H1)3 0 (H1)3%5
MoV 01 10
SVD of H/um = SVD of (( 1)%8 Ho ® (”1)10 0

o by symmetry of Hi: (H1)3 = (H1)%
= degenerate singular values

= preserve the 0 by keeping degeneracy

Not breaking the degeneracy of the singular values = preserve the particle number conservation

M.-S. Dupuy (SU)
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Preservation of the particle number: a basic example

Example
s \V1Y2 00 01 10 11
00 Ho 0 0 0
01 10
Hvive — 01 0 (H1) (H1) 0
R O 3 A
11 0 0 0 H>
@ reshape
pivr \F272 00 01 10 11
00 Ho 0 0 (H1)3
Hi2v2 — 01 0 0 (H1)% 0
i 10 0 (H1)39 0 0
11 (H1)B 0 0 Ho
)

Lo Ho (H)g1 0 (H)%
ka2 01 10
SVD of H/212 = SVD of (( 10 ; X (

o by symmetry of Hi: (H1)3 = (H1)%

= degenerate singular values
= preserve the 0 by keeping degeneracy

Not breaking the degeneracy of the singular values = preserve the particle number conservation

M.-S. Dupuy (SU)
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Preservation of the particle number: a basic example

Example
s \V1Y2 00 01 10 11
00 Ho 0 0 0
01 10
Hvive — 01 0 (Hl) (Hl) 0
R O 3 A
11 0 0 0 H>
@ reshape
pivr \F272 00 01 10 11
00 Ho 0 0 (H1)3
povs _ 01 0 0 (H1)% 0
i 10 0 (H1)39 0 0
11 (H1)B 0 0 Ho
)
HO (Hl)Ol (Hl 01
SVD of H¥2¥2 = SVD of 01 10
orwizzz =svoor (e ) @ (py

e by symmetry of Hi: (H1)

6 = (H)%

= degenerate singular values
= preserve the 0 by keeping degeneracy
Theorem

Not breaking the degeneracy of the singular values = preserve the particle number conservation
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Preservation of the particle number: a basic example

Example
1o \Y172 00 01 10 11
00 Ho 0 0 0
01 10
HUIIVJZ — 01 0 (Hl) (Hl) 0
10 o (8 b o
11 0 0 0 H,
@ reshape
pivy \H2V2 00 01 10 11
00 Ho 0 0 (H1)%
Hi2v2 — 01 0 0 (H1)% 0
i 10 0 (H1)39 0 0
11 (H1)B 0 0 Ho
)

Ho (H)3 0 (H1)%
Hovy __ 01 10
SVD of H/222 = SVD of ((Hl)%g H X (H) 0

o by symmetry of Hy: (H1)& = (H1)%

= degenerate singular values

= preserve the 0 by keeping degeneracy
Theorem

Not breaking the degeneracy of the singular values = preserve the particle number conservation

M.-S. Dupuy (SU)
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Sparse representation of the MPO
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MPS of an N-particle state’

. L .
Consider W, ., € R?" an N-particle state: W,,,. ,, # 0= Zk:l =N
Construct an MPS representation by successive SVDs

o first SVD
wh2HL Uyo 0 Y10 O V1;0
K1 0 U1 0 Y11 Vl,l ’
> first MPS core: W1[0] = (Uro 0) and W1[1] = (0 Ui;1).

v/ - . ~
@ second SVD: reshape (V4)a2 "t = <V1f0> e R1X27 o (Vi)Rs it e R2r1x2" 77
11

(\’,/1,2

00 U(z)‘o UO 8 Yoo Vilo
(Vl)&i.z.,;q _ 01 2,01 351 VQTI

10 0 Uz 10 0 Yoo v

11 0 0 Uz A o7

> second MPS core

(U 0 0 (0 Un 0
V2[0] = < 0 U210 0> V[l = (0 0 Uz.z)

1Bachmayr, Markus, Michael Gtte, and Max Pfeffer. " Particle Number Conservation and Block Structures in Matrix Product States.” arXiv (2021)
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MPS of an N-particle state!

Consider W, .., € RQL an N-particle state: W, .., #0=> Zi:l e =N
Construct an MPS representation by successive SVDs

e first SVD
wh2HL Uyo 0 Y10 O Vil
K T\ 0 U 0 T Vlfl '

> first MPS core: W1[0] = (Uro 0) and W1[1] = (0 Ui;1).

Vi - -
@ second SVD: reshape (V1)a? "t = <Vlf-0> eRrR1x2 T o (Vi) Ht e R2nx2 72

1,1 o
o
00 U2,o 0 0 Y 0 V2T0
Veyisonn _ 01 0 Uz,01 0 Ty VA
( 1)au2 10 0 U2’10 0 21 Yoo V2'1'1
11 0 0 Uz ' >2

second MPS core
U0 0 0 0 U 0
V2[0] = < 0 U210 0> Vll] = (0 0 Uz.z)

1Bachmayr, Markus, Michael Gtte, and Max Pfeffer. " Particle Number Conservation and Block Structures in Matrix Product States.”

arXiv (2021)
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MPS of an N-particle state!

. L .
Consider W, .., € R?" an N-particle state: W, ., #0=> Zi:l uxk =N
Construct an MPS representation by successive SVDs

e first SVD
wh2HL Uyo 0 Y10 O Vil
K 0 U 0 T Vlfl '

> first MPS core: W1[0] = (Uro 0) and W1[1] = (0 Ui;1).

Vi - -
@ second SVD: reshape (V1)a? "t = <Vlf-0> eRrR1x2 T o (W)R3; Mt e R2nx2 72

1,1

Qap2
00 Us o 0 0 Yoo V2T0
u3...mp 01 0 Uz 01 0 ’ T
(Vl)au2 = ? 321 VQ 1
10 0 U2’10 0 ’ Yoo V-]—
11 0 0 Uz ’ 2,2

> second MPS core

(U 0 0 (0 U O
"’2[01*(0 Uz 1o o) "’2[1]*<0 0 Uz,z)

1Bachmayr, Markus, Michael Gétte, and Max Pfeffer. " Particle Number Conservation and Block Structures in Matrix Product States.” arXiv (2021).

M.-S. Dupuy (SU) Sparse compression of MPO IPAM 2022



Block structure of MPO

Block structure MPS: W, an N particle state, (Vy1,..., V) MPS cores

0 W[llo
W[0]
K0 \Uk[O]l 0 wk[l]l
wilo] = . Wil1] = :

wk[O]N 0 Wk[]alN71

. ol ol . .
Block structure MPO: Hlﬂll.---lﬂLL € R2 %2" particle-number preserving and two-body operator

o MPO of H/2 "L = MPS of H,,u, i00si.ipy

@ H particle-number preserving:

the difference py — v, only takes values -1,0 and 1.
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Block structure of MPO

Block structure MPS: W, an N particle state, (Vy1,..., V) MPS cores

0 W[1o
W [0]
klV]o \|Jk[0]1 0 \Vk[lh
V0] = . V[1] =

wk[O]N 0 wk[]ngl

L L
Block structure MPO: Hle','_',L;LLL € R? *2" particle-number preserving and two-body operator
o MPO of Hlutll‘-'-‘-ZLL = MPS of Hyum00i im0y

@ H particle-number preserving:

L
k

the difference ) — v only takes values -1,0 and 1.
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Block structure MPO

. - TZen oLyl
MPO of particle-number preserving operator: H, """/}, € R~

H,[00] = Diagonal(H[00]_;, Hx[00]_1 1, . .., Hk[00],)

He[11] = Diagonal(H[11]_ 1, Hk[11]_ 111, .- ., Hk[11],_»)
H[01] = UpperDiagonal(Hx[01]_, Hk[01]_ 41, ..., Hk[01], 1)
Hj[10] = LowerDiagonal( Hy [10]_;+1, Hk[10]_ 142, . .., Hk[10],)

H[00] = Diagonal(H,[00] 2, Hx[00]_1, ..., Hc[00]2)
H[11] = Diagonal(Hg[11] 2, Hk[11] 1, ..., Hk[11]o)
H[01] = UpperDiagonal(Hx[01] 2, Hk[01] 1, ..., Hk[01]1)
H[10] = LowerDiagonal(Hy[10]_1, H[10]o, . . . , Hk[10]2)

Hi[ik,Jjk] is a block matrix with at most 5 nonzero blocks.
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Block structure MPO

. - TZen oLyl
MPO of particle-number preserving operator: H, """/}, € R~

H,[00] = Diagonal(H[00]_;, Hx[00]_1 1, . .., Hk[00],)

He[11] = Diagonal(H[11]_ 1, Hk[11]_ 111, .- ., Hk[11],_»)
H[01] = UpperDiagonal(Hx[01]_, Hk[01]_ 41, ..., Hk[01], 1)
Hj[10] = LowerDiagonal( Hy [10]_;+1, Hk[10]_ 142, . .., Hk[10],)

H,[00] = Diagonal(H[00] 2, Hk[00] 1, . .., Hk[00]2)
H[11] = Diagonal(Hg[11] 2, Hk[11] 1, ..., Hk[11]o)
H[01] = UpperDiagonal( Hk[01] 2, Hk[01]_1, ..., Hk[01]1)
H[10] = LowerDiagonal(H[10] 1, Hk[10]o, . . . , Hk[10]2)

Hilik,Jjk] is a block matrix with at most 5 nonzero blocks.
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Block structure MPO

: . . HYL--vL 2L xot
MPO of particle-number preserving operator: H,;";/, € R

H,[00] = Diagonal(H[00]_;, Hx[00]_1 1, . .., Hk[00],)

Hi[11] = Diagonal(Hx[11] 1, Hk[11] 141, - - -, Hk[11]L 2)
H[01] = UpperDiagonal(Hx[01]_, Hk[01]_ 41, ..., Hk[01], 1)
H[10] = LowerDiagonal(Hy[10]_; 1, Hk[10] 142, ..., Hk[10].)

H,[00] = Diagonal(H,[00] 2, Hx[00]_1, ..., Hc[00]2)
H[11] = Diagonal(Hg[11] 2, Hk[11] 1, ..., Hk[11]o)
H[01] = UpperDiagonal( Hk[01] 2, Hk[01]_1, ..., Hk[01]1)
H[10] = LowerDiagonal( Hy[10]_1, Hk[10]o, . . . , Hk[10]2)

Hi ik, k] is a block matrix with at most 5 nonzero blocks.
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Conclusion

Conclusion

o Hermitian preserving and particle number preserving MPO compression
by not breaking the degeneracy in the truncation

o sparse MPO representation of two-body Hamiltonians

e implementation to exploit the sparse structure of the MPO and of the
MPS

Reference

o Badreddine, Beaupere, Cances, MD, Grigori, Sparse and symmetry-preserving compression of
matrix product operators, soon.
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