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Hartree—Fock Theory for Coulomb Systems

The Hilbert space for nonrelativistic quantum mechanical
electrons is as follows.
e The 1-electron Hilbert space is h := L2(R® x {1, l}).

e The N-electron Hilbert space is
O = o™ = span{fy A-- Afy | € b, (f|F) = 6},

where i A Afy = (N)T12Y (1Yo ---ofyisa
Slater determinant.
e The electron Fock space is §¢[h] = Do HM).

e With fermion creation and annhilation ops obeying CAR, we
have fy A--- A fy = c*(fy) - - - c*(fy)Q2 and hence

) :span{C*(f1)-"C*(fN)Q‘ fi,....fy € b} and

3 :span{c*(f1)~~-c*(fN)Q‘ NeZt, fi,....fy € b},
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Hartree—Fock Theory for Coulomb Systems

e Dynamics of Coulomb system of K nucleiand N ¢ N
electrons is generated by Hamiltonian

Hn(Z,R) = ﬁ:1 hn(Z,R) + > 1<men<n V(Xm, Xn)

K Z
hn(Z;B) = —An_zk:1 P(Tk/?kl’ V(va) = ‘le‘-

o Its 2" quantization is H = H(Z, R) = @}, Hn(Z, B) with

H=h+ }V,
h =31 (fl A(Z, R) fn) CiCrm,
V=2 % emn=1{fk ® ol V(fm @ f)) € CxCmChn

where ¢; := ¢*(fx) and {f}32, C b is ONB of suff. regular
orbitals.
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Hartree—Fock Theory for Coulomb Systems

e The ground state energy Eg(N) of the Coulomb system is
defined as

Ews(N) = inf { (wnlHow) | 6w € 5™, Jlowl = 1},
e the total gr. state energy Ey(1t) := infy>o{ Egs(N) — uN} is
Eu(p) = inf {(W|H,W) |V eF, W] =1},

where H, ;== H — uN and N = )7 ; cicx is the number op.

e For Coulomb systems, stability of matter holds, i.e.,
Eos(11) + > 1<kerck ZkZi| Bk — Rl ™1 > 1K,

for suff. small i [Dyson + Lenard 67], [Lieb + Thirring 75].
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Hartree—Fock Theory for Coulomb Systems

e The Hartree—Fock (HF) energy is
Eir(N) 1= inf {&ur(f) | £ = (... fw) € B, (flfm) = Bhom }
(¢l Hn ¢)

N

N
= (fl hfe) + % D (e Al V(e A )

k=1 k,m=1
G =i A--o Ay and = Sy () (Fl.

e Using 1-RDM ~¢(x, y) := Zn 1 fn(X)fa(y) and 1-particle
density pf(x) = v(x, x), we have

5HF( v) =Telhy] + 3Dv(pr) — 3Xv(%),
v(p) =% [ pr(X) pr(y) V(x,y) dx dy,
(p) =% [ Ie(x,¥)2 V(x,y) dxdy.
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Hartree—Fock Theory for Coulomb Systems

e For Coulomb systems:
Ear(vr) = T(vr) + Ulpr) + 5D(pr) — 3X(71)

T() == Tl(=A)N], Ulp) == — i, [ 2205

a Y)I? d
D(p) = JJ ARG X i= [ PR
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Hartree—Fock Theory for Coulomb Systems

e Large neutral Coulomb systems [Lieb + Simon 77],
[Hughes 86], [Siedentop + Weikard 87-89], [Ivrii + Sigal 93],
[Solovej + Spitzer 03, 10], [Fefferman + Seco 90-95]:
fZ=N>1,Z2=2z,z=(z,...,2)fixed, R=(Ry,..., Rk)
not too close, then 35 > 0 s.th.

Ene(Z) = Etr(Z) + §3 -1 2228 + CpsZ5/% + 0(25/377).

o If fHF) is (approx.) minim., yur = Yo » PHE = pym» then
cZ® < T(f"), U(pur), D(pur) < CZ773,
cZ%3 < X(yur) < CZ%3, X(yur) ~ %CDSZS/S-

e 15 > 0 s.th. [B. 92, 93]:
0 < Eur(Z) — Ex(Z) < CZ%/3°.
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Hartree—Fock Theory for Coulomb Systems

o If N < Z+1 then HF-minimizer () = (¢4,..., pp) exists
and fulfills HF self-consistent equations [Lieb + Simon 77]:

hHF[g(HF)]SO(HF) = € SDEHF)’

i

where
(huelf] @) [X. 7] = (he)[X,7]

([ DI gy [HED G S

Xy
e If K =1 (atom) then lonization Conjecture holds true, i.e.,

3Cso1 < 00 s.th., for N > Z + Cs,, there is no minimizer of Exg
[Solovej 03].
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Hartree—Fock Theory for Coulomb Systems

e No unfilled shells thm. holds [B.+ Lieb + Loss + Solovej 94]:
e1<...<ey < eny1 = inf [U(hHF[E(HF)]) \ {61 sy eN}]

e Kohn-Sham approximation results from replacing exchange
term X(~¢) in Eur(~¢) by LDA or refinements thereof, e.g. GGA
(see [Anantharaman + Cances 09]).

e Existence of excited states [stationary points of Eyr other

than ()] under HVZ-type condition [Lions 87], [Friesecke 03],
[Lewin 11, 18].
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Hartree—Fock Theory for Coulomb Systems

e Relativistic analogue of HF egs. are Dirac—Fock (DF) egs.
* Exist. of sol'ns of DF egs. in [Esteban + Séré 99],
[Paturel 00], [Barbaroux + Farkas + Helffer+ Siedentop 05],
[Barbaroux + Esteban + Séré 05], [Huber + Siedentop 07].
* DF egs. do not result from energy minimization because
energy functional is unbounded below. Need to involve
positrons and renormalize energy functional [BDF model].
* Lack of relative boundedness causes instability for Z > 87
(with « = 1/137). [Chaix + Iracaine (+ Lions) 89], [B.+
Barbaroux + Helffer + Siedentop 99].
* Exist. of minimizers for BDF model in [Hainzl + Lewin +
Séré 05, 09].
e Overview article by [Esteban + Lewin + Séré 08].
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Lieb’s Variational Principle

e Total ground state energy is given by

Exs(ir) = int {Trs[pH,] | p = W) (w], w e 5, w] =1}

int {&, (25", 72 | p € DM},
where £ (7,()1), (2 )) = Try [h,ﬂ},”] + Trz[V’y(z] and
oM = {pe L1(F)|0<p<1, Tr[p] =1, peven},
(fml ¥§ ) = Trglp i cal
(fm @ ol 7$P (fc © £)) = Trglp G 6 €n Cm]

are density matrices, 1-RDM, and 2-RDM, resp.
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Lieb’s Variational Principle

e Similarly,
Ew(N) = inf {&6(+{V,~)| p e DIMM} |
oMM = {peDM| pN=Np=N-p}
e Note that

0<~+M <1 and T[] = Trg[pN].
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Lieb’s Variational Principle

o Ifdg=c"(g1) - c*(gn), (gklgm) = dk.m, is @ Slater
determinant and p = |®g)(®g4| then

2
A =N lgngnl = (V)2
A @ =N 1gm A gn)(Gm A gnl = (1 - Ex)(75")2,

are (multiples of) orthonormal projections.
e Hence

Enr(N) = inf {&ur(7) |7 € L£(h), v =" =2 Tih] = N},
&ur(y) =Tri[M] + 3Dv(p,) — 3Xv(7).

e [Lieb 81] proved (see also [B. 92]):
Eur(N) = inf{&ur(7) |y € £1(h), 0 <y <1, Tr[y] = N} .
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Generalized Reduced Density Matrices

e For p € DM define its 1-gRDM ') € £1[52]
(GITOF) =Trz[p (c"(f) + c(f2)) (c*(g1) + ¢(g2))] ,

where F = (fi,jk), G = (91,jg2) €h®>andj: h — his an
antiunitary involution.
o Note that 0 < IV < 1 and that
r( — (%51) p )
p x OV
ap 1 _170 J
where (g| o, (jf)) = Trz[pc(f) c(g)] is the pairing operator
a, € L2(h), which obeys o, = —jaj.
e Wecallany I' = (- 15,;) € B[h?] withy € L', a* = —jaoj and

a* 1=
0<T<1ai-gpdm. If p € 9 then its 1-gRDM is a 1-gpdm.
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Quasifree Density Matrices

e pc DM is called quasifree, p € QDM, if
G Canp = D (1) (CrnCr@)e - (Crek—1)Cni2h) )

TEPok

for all k € N and all choices (i, ... (o € {c*(f), c(f)|f € b},
where P, C Sy are the pairings of 2k elements and
(A), = Trg[pA].
e If k =2and p e QDM then
Teslp Gy €} Gn Gl = (G G/ Cn Cm),
= (Ck Cm)p(C Cn)p — (Ck Cn)p(C; Cm)p + (Ck C7)p(CnCm)p

= (7/(71))m,k(7,g1))nf - (7£1))n,k(7/g1))m,£ + (O‘P)ﬁ,k(ap)n,m

»
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Quasifree Density Matrices

e B.+ Lieb + Solovej 94 showed that if I is a 1-gpdm then there
exists a unique quasifree state n € QO such that FS) =T.

e This implies that, for every p € ©01 there is a unique
quasifree state q[p] € QDM such that rth — I'$,1). The

alel —
idempotent map q = g% : DM — QDM is called quasifree

reduction.

e Among all quasifree density matrices the quasifree reduction
glp] is the closest to p € D91 in the sense that

Slp,q(p)] = nei&fm{s[p, '},

Slp,n] :=Trz{p(loglp] - log[n]) } ,
[Gottlieb + Mauser 07].
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Bogoliubov—Hartree—Fock Theory

e Bogoliubov—Hartree—Fock (BHF) energy (u fixed):
Egur = inf {Trg[pl[‘lu] ‘ p e Q@gﬁ}
= inf{é’BHF(l’g)) ‘ pE Q@m}
= inf {&pnr() | [ is a 1-gpdm},

Eeur(Ty,a]) == Tri[M]+ 5Dv(py) — 3Xv(7) + 3Xv(a),

bt (3 1)

o Ifdy=c*(g1) --c*(gn)Q, G(g) =1, is a Slater determinant

and p = |®q)(®gl, then , = 0 and p € QDM. Hence

Eys < Epnr < Enr.

Volker Bach (TU Braunschweig, @IPAM, UCLA) HF Theory and its Generalizations



Bogoliubov—Hartree—Fock Theory

e For positive temperatures, 3 =1/T < oo, there is an
analogue for the free energy [B.+ Lieb + Solovej 94],

—4 log [Trg{ exp[—B]Hu]}]
< inf {&pur(T) — §S(r) | is a 1-gpdm},
where S(I'[y, a]) = Tr[y log(v) + (1 — ) log(1 — )] is the
corresponding entropy.
o If V(x,y)>0is repulsive then
Xv(a /|o<xy|2 V(x,y)dxdy > 0

and
EBHF - EHF-

e If V has an attractive part, V < 0 in a region of positive
measure, and syr = IyBuF, asgr] iS @ minimizing 1-gpdm then
agyr # 0 for some (but not all) models.
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Bogoliubov—Hartree—Fock Theory

e In case that agyr # 0 the particle number symmetry is
broken: [H, N] = 0 but [ppur, N] # 0.

e If V <0, a spin degree of freedom accommodates
o* = —jaj and allows to eliminate a, namely

v=492(39) and a=Vi-e(%})
[B.+ Frohlich + Jonsson 09], [Lenzman + Lewin 10].

¢ In analogy to Lieb’s variational principle, the variation in the
BHF energy over all quasifree density matrices can be
restricted to the pure ones [Derezinski + Napiorkowski +
Solovej 13], [B.+ Breteaux + Kndrr + Menge 14]:

Epur = inf{(Q]U*]HMUm ‘ Ue Bogg}.
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e S CUI[F]isasymmetry of H, if [U,H,] =0forall U e S.
e The restricted BHF energy Egur(S) is defined by
Esnr(S) = inf {Trg[p]HM] ‘ peQOM, VU ES: Up= pu} :

e If Egyr(S) > Epur then symmetry S is broken.

¢ No unfilled shell theorem does not hold for Egyr(S), in gen.
o Particle Number I: If V' = {€/9N} ,cr and V > 0 then particle
number symmetry A is never broken.

e Particle Number II: If N = {€/*N} e and V < 0 is attractive
then particle number symmetry A" may be broken. This then
leads to BCS theory.
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Rotation and Translation Symmetry

e Rotations: Consider, e.g., a Lithium atom (K = 1, R = 0) with
Z = N = 3. Then the rotation symmetry R is broken. If,
however, N = 235 (2¢ + 1) fills up the angular momentum
channels up to L and Z >> N, then the rotation symmetry R is
not broken [Griesemer + Hantsch 12].

e Translation Invar. on Torus: Let h = L2(A x {f,]}) with Torus
A = (R/LZ)3. Then Uz = exp[—ia- ] with & € A modulo L and
T := {Us|a € A} defines the group of translations on the Torus.
The model with h = —A is called Fermi gas. Let

EBHF = L”—>moo {L_S Egur}, esur(T) = Lli—>moo {L_S Esur(T)} -

* [Overhauser 60, 62, 68] showed that egur < epur(7T).

* [Gontier + Hainzl + Lewin 19] showed that egur(7) — €pnr
is exponentially small in the coupling constant.
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Translation and Spin Symmetry, BCS Model

e Translation & Spin Invar. on Torus: The BCS model is defined
as Epcs := Epur(7T x SU(2)), i.e., the energy is varied over
1-gpdm of the form I'[y, a] with

V(K K) = Sk Ak @ (§9), alk,K) = dpak) @ (% ])
leading to energy functional (5 = o)

acs(T) = 3 (k) ~ ) 3(K) + S VI3
keN*

= 5 [VOORGE o + 5 [ VE)laGol? ox.

This model has been analyzed by Hainzl and Seiringer et al
(Braunlich, Frank, Freiji, Hamza, Naboko, Seiringer, Solovej),
see review [Hainzl + Seiringer 16].
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Hubbard Model

e Hubbard Model: Let h = L2(A x {f,|}) with discrete Torus
A:=(Z/L7)% and even L. Let h:= t ® 1,
tX,y = - Z|e|:1 (5x+e7y and VX,y = (5X7y & (12 & 12) Then

Hgp =h—3N+3V = Z hxy Cxo Cyo + QZ Mx,p M,y -

X,y.o X
e H, has symmetries A (particle number), 7 (translations),
SU(2) (global spin rotations).

e For g > 0, potential V > 0 is repulsive and particle number
N is not broken, Egyr = Egpp(N).

o Epua = Egur(NV x T x SU(2)) is the paramagnetic BHF
energy. Its minimizer ypa, = 1[h < pu(p, g9)] ® 12 is filled Fermi
sea, gr. state for g = 0. Egur = Epara, for p := N/|A| < pg < 1
and 0 < g < go(po)
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Hubbard Model

e Atlow filling 0 < p < pg < 1 and strong coupling

gz gO(pO) > 1 the minimizer Vferro = 1[h < ﬁ(pvg)] ® PT (Of
HFz-functional) is the ferromagnetic BHF ground state [B.+ Lieb
+ Travaglia 06] and

Egur < Eferro == Eur(N X T) < Epana -

e At half-filling p = 1 and any g > 0 the BHF minimizer ~,¢ has
antiferromagnetic order, i.e., 36 € R3, |&| = 1:

Tr[fyaf(1x ® 5)] = Ag(—1)*e,
for all x € A [B.+ Lieb + Solovej 94].

— Thank you for your attention! —
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