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The free Dirac Hamiltonian

H=Hy=—-ia-V+3, a1, ap, a3, B € Mgxa(C) (c=m=h=1)

i=(o ) a=(o ) =123

(0 1 (0 —i (1 0
=1 0) > 27\ o) > 70 1
Two of the main properties of H are :

Hy=—A+1, o(Hg) = (—00,—1]U[L,+00)

Remark. acts on functions 9 : R3 — C*



Eigenvalues below / in the middle of the essential
spectrum

Spectrum of a self-adjoint operator A(—A+ V, Ho+V):
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In the first case, A\; = min X’);) . \» = min max ( Xa)2<) Cetc ...
x#0 | |x]] [Ix]]
A
In the second case, A; = min max (Ax;, x) ’
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Abstract min-max theorem (with Jean Dolbeault
and Eric Séré, 2000)

Let H be a Hilbert space and A : D(A) C H — H a self-adjoint operator.
Let F be a core for A, that is, a subset of D(A), dense in D(A) for the
D(A)-topology. Let H,, H_ be two orthogonal Hilbert subspaces of H
such that H = H,®H_. Define Fy := P.F.
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Abstract min-max theorem (with Jean Dolbeault
and Eric Séré, 2000)

Let H be a Hilbert space and A : D(A) C H — H a self-adjoint operator.

Let F be a core for A, that is, a subset of D(A), dense in D(A) for the
D(A)-topology. Let H,, H_ be two orthogonal Hilbert subspaces of H
such that H = H,®H_. Define Fy := P.F.

. X_ ,Ax_
(i) a— :=sup, cr \(0) W < +oo.
A
et o - wp ;) . k>l
v su(})iiga\c/e:zf Fi xe(veF_)\{0} HXHH
If (i) aq>a_,

then ¢ is the k-th eigenvalue of A in the interval (a_, b), where
b =inf (0ess(A) N (a—, +00)).

NOTE : See also related results by Griesemer and Siedentop, and very
recent ones by L. Schimmer, J. P. Solovej, and S. Tokus (2019).



Application to Dirac operators |
(Talman's decomposition)

¥R — C*, w:(go) = ((p) + <O>, o, xR — C?
X 0 X

Assume also that the potential V' satisfies

im V(x) =0, ——

|x|—+o0 ‘X|

<V<0, (0<v<1)

Then, for all kK > 1,

M(Ho + V) = SUbspacelgf oo c2) %s#\p?{o} wi?g) 0.0)
dimY=k X

XECHO(R3,C?)



Application to Dirac operators Il (Talman's
decomposition)

In particular, the first eigenvalue of Hg + V in the gap (—1,1) is given
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Application to Dirac operators Il (Talman's
decomposition)

In particular, the first eigenvalue of Hg + V in the gap (—1,1) is given
by

" (¥, (Ho + V)¥)
= qup ot V)
Ne)= wi(;‘?) (1, 9)

XECHO (R3,C2?)

is the unique number X such that

2 ‘U'C<P|2 2
= - 1+V .
/\/]R3|go\ dx /]1@3(1*V+)‘+( + )|<p|>dx

AND

M (Ho+V) = inf (o) with o Vel oy 2 \dx =
(Ho+V) = inf M) with [ (08 (Va1-(@) of ) =o.
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Consequence | : towards easy to implement
algorithms

We want to find the minimum of all A(¢) over all possible ¢ in :

) 2
/ (M+(V+1_>\(¢))|¢|2)dx:o, for all ¢.
s N A(

p)+1-V
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Consequence | : towards easy to implement
algorithms

We want to find the minimum of all A(¢) over all possible ¢ in :

_lo VP _ 2\ .
/R3(/\(<p)+1_\/+(v+1 A(@)) el )dxfo, for all .

Let A()\) be the operator defined via the quadratic form which acts on
2-spinors :

(0. A0) = [ (22 4 (V1= 0ol ) ox

and consider its first eigenvalue, pg(\).

Since A()) is monotone decreasing with respect to A, there exists a
unique A such that u1(A) = 0.

THEOREM : The unique root of p1(A) =0 is the first eigenvalue of
Ho + V in the gap (—1,1).
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Discretisation

Consider an n-dimensional space of functions from R3 to C? and
generated by 1, @2, ..., 0,

Let A,(X) the n x n matrix whose elements are given by

i (0-Vgi,0-Vyj)
Ald()\) = V41— i) ) d
V0= [ (AT v N ) ) o
Let uf(\) the smallest eigenvalue of A,(\)

Then, the unique zero of the map A +— uf(A\), AJ, is an approximation
of the first eigenvalue of Hg + V in the gap (—1,1).
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Each curve C; corresponds to the set { (A, ui(A) } where p;(\) is the i-th
eigenvalue of the matrix A,(\) or the operator A(\).



|ldea of how the algorithm works

Each curve C; corresponds to the set { (A, ui(A) } where p;(\) is the i-th
eigenvalue of the matrix A,(\) or the operator A(\).

The value A; such that u;(A;) =0 is the i-th eigenvalue of Hop + V in
the spectral “gap” (—1,1).



Some computations

We have used this algorithm to make

— atomic computations (basically a 1d problem) for H, He™, Cr?*
and Th8T

Basis formed by Hermite polynomials or B-splines

— Diatomic molecular computations (2-d problem in cylindrical
coordinates), for H,” and Thy"®"

B-splines

10/24



Some figures | (Dolbeault-E.-Séré-Vanbreugel, 2000)

Fundamental state of Th®* corresponding to Z = 90, one atom

J. Dolbeault, M.J. Esteban, E. Séré, M. Vanbreugel. Phys. Rev. Letters
(2000)

11/24



Some figures Il (Dolbeault-E.-Séré, 2003)

Fundamental state of Th;79+ corresponding to Z = 90, two atoms

J. Dolbeault, M.J. Esteban, E. Séré. Int. J. Quant. Chem. (2003) 12j2s



The limitations of this approach and solutions

— In which basis sets can we implement our numerical computations ?

— What are the domains of these operators ?

13/24



Self-adjoint extensions of the minimal operator
Dy := Hg + V defined on C*(R®\ {0}, C?)

-SiV=—v/|x|, 0<v<+/3/2, the minimal operator is essentially
self-adjoint, and D = H*(R3,C*) (Rellich, 1953)
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Dy := Hg + V defined on C*(R3\ {0}, C?)

-SiV=—v/|x|, 0<v<+/3/2, the minimal operator is essentially
self-adjoint, and D = H*(R3,C*) (Rellich, 1953)

— For v/3/2 < v < 1, Nenciu (see also Klaus and Wiist ; 1973-1979) gave
a definition of a self-adjoint extension with domain
HY(R3,C*) ¢ D c HY?(R3,C*).

- For v/3/2 < v < 1, E.-Loss (2008) found another definition of the
self-adjoint extension with domain

D= {yj = (i) € Hyq x L2(R3,C?) : DYy € L2(R3,(C4)} :

where H 1 is the closure of C2°(R3\ {0}, C?) for the norm q,lg/2, with

g - X 2
()= [ {ZTEN g [ @ vio - Bt ax.
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Subcritical case 0 < v <1 (Lewin - E. - Séré 2017)

THEOREM : Assume that V/(x) > —%‘, O<v<l, sup(V)<?2
and let

Vi={p € PR, CONHL(RA\{0},C?) : (2-V) 2 0V € LR, C) }.
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Subcritical case 0 < v <1 (Lewin - E. - Séré 2017)

THEOREM : Assume that V/(x) > —%‘, O<v<l, sup(V)<?2
and let

Vi={p € PR, CONHL(RA\{0},C?) : (2-V) 2 0V € LR, C) }.

Then C°(R3\ {0}, C?) is dense in V for the norm

lelly = 12— V)20 - Vol + Iz -
In addition, we have the continuous embedding V ¢ H'/?(R3,C?).

Then the distinguished self-adjoint extension of the minimal operator Dy
is also the unique extension with domain included in

{w = (i) € [A(R3,CY) : pe v}.

More precisely, the domain of this extension is
D= {1/) - (i) € [3(R%,C%) : peV, Dy e LQ(R3,<C4)}.
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Critical case v =1 (Lewin - E. - Séré 2017)

In the Coulomb case V(x) = —|x|~! we introduce

_ 23 2y . o Vx|p 2(m3 2

Then we assume that V/(x) > —|x|~! and that sup(V) < 1 and we
introduce the space

B . 1 x| 1/2 2m3 2
N S

(V(x) + |X1|)1/2 @ LZ(R3,<C2)}. (2)
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Critical case v =1 (Il)

THEOREM :  We assume that
1

x|

V(x) > and sup(V) < 1.

Then the space C°(R*\ {0}, C?) is dense in Wc and in W for their
respective norms. Also, we have the continuous embeddings

W C We C H¥(R3,C?)

for every 0 < s < 1/2.
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THEOREM :  We assume that
1

x|

V(x) > and sup(V) < 1.

Then the space C°(R*\ {0}, C?) is dense in Wc and in W for their
respective norms. Also, we have the continuous embeddings

W C We C H¥(R3,C?)
for every 0 < s < 1/2.

Moreover, the minimal operator Dy has a unique self-adjoint extension
with domain D satisfying D C {1/1 = (i) € L?(R3,CH : g€ W} and

we have
D= {w = (i) €L?(R3,C* : peW, Dy € L2(R3,(C4)}.
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Consequences for the min-maxes
(MJE - M. Lewin - E. Séré 2017)

MAIN THEOREM : Assume that 0 < v <1 and

V(x) > —ﬁ . sup(V) < 1+ /112
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Consequences for the min-maxes
(MJE - M. Lewin - E. Séré 2017)

MAIN THEOREM : Assume that 0 < v <1 and

V(x) > —ﬁ . sup(V) < 1+ /112

Take any space F such that C>(R3\ {0},C*) C F C HY/?(R3,C*).

Then, the number A\, defined via the min-max of the abstract theorem,
for the Talman decomposition, is independent of the subspace F.

Corollary.- We are extremely free when computing eigenvalues by
discretizing the min-max formula! And this for all 0 <v < 1!

Morozov and Miiller (2015) : min-max in H*/2, v < 1 (spectral
decomposition for the free Dirac operator), v < 2/(2 4+ %) (Talman
decomposition).

Schimmer-Solovej-Tolkus (2018) : min-max in C*°, v < 1, for Talman
decomposition, alternative min-max.
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The (extended) molecular case :
(MJE - M. Lewin - E. Séré, 2 articles, 2021)

M
1) The molecular case : Ho — 3, | 7%~

more general one Hp — 1% ﬁ where p is any finite (sometimes

is a particular case of the

nonnegative) Borel measure.
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The (extended) molecular case :
(MJE - M. Lewin - E. Séré, 2 articles, 2021)

M . .
1) The molecular case : Ho — 3\, %~ is a particular case of the
more general one Hy — ﬁ where p is any finite (sometimes

nonnegative) Borel measure.

2) We characterise the domains and show the validity of the min-max
characterization of the eigenvalues :

(i) existence of a “distinguished” self-adjoint extension for Hp — pu x ﬁ if
1 is a non-negative finite Borel measure that has no atom of mass larger
than or equal to 1.

(i) All the eigenvalues of Hg — |71‘ in the gap (=1, 1) are given by the
min-maxes defined by the abstract min-max procedure presented before.
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Comments on the eigenvalues

For all positive Borel measures 1, we can define the min-maxes \x as in
the abstract theorem. And it is easy to see that a_ = —1.

So, only if Ay > —1, all the A\x, k > 1 will be the eigenvalues of
Ho — o % L in the spectral gap (—1,1).

Ix|
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For all positive Borel measures 1, we can define the min-maxes \x as in
the abstract theorem. And it is easy to see that a_ = —1.

So, only if Ay > —1, all the A\x, k > 1 will be the eigenvalues of

Ho — o % L in the spectral gap (—1,1).

Ix|

For general measures 1 as above, if t > 0 is small enough,

1
A(Ho — tpu* W) > —1 (stability)
X

and there exists t,, > 0 such that as t 1 ¢t,

1
Sl S |

/\1(H0 —tux
Ix]
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This naturally leads us to determine the critical mass 14 for which we
have A\1(Dg — p* |x|71) > —1 for all u(R3) < 1.
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QUESTION : When do we have that A;(Ho — pu% 1) > —17

This naturally leads us to determine the critical mass 14 for which we
have A\1(Do — p* |x|71) > —1 for all u(R3) < 1.

THM.- 11 is the best constant in the Hardy-type inequality

|U : v¢|2 l/f < 1) 2 d
L ez H(RY NG ] ) 171 o ()

for every ¢ € C°(R3,C?) and every finite non-negative measure
> 0.

Using an inequality of Tix,

2 <1

9y ———— <
09 7T/2+2/7T_V1_

Conjecture 1.- The optimal v; = 1.
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Open questions and conjectures ||

If "M . v, is small enough, we have proved that
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Open questions and conjectures ||

If "M . v, is small enough, we have proved that

M y Z/\//
i — LN _ Lum=1"m
ng'gjvm)\l (HO Z Ix — m|> M <H0 x|

m=1

(Conjecture 2) Forall M > 2, Ry,.... Ry € R® and 0, > 0's. t. anﬂzl Om <1,

£t (oS

When M = 2 the conjecture is supported numerically : [McConnell, 2013]
and [Artemyev-Surzhykov-Indelicato-Plunien-Stéhlker, 2010].
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Open questions and conjectures ||

If "M . v, is small enough, we have proved that

M Py ZM
ng'gjvm)\l (HO Z Ix — m|> M <HO x|

m=1

(Conjecture 2) Forall M > 2, Ry,.... Ry € R® and 0, > 0's. t. anﬂzl 0n <1

£t (oS

When M = 2 the conjecture is supported numerically : [McConnell, 2013]
and [Artemyev-Surzhykov-Indelicato-Plunien-Stéhlker, 2010].

In the nonrelativistic case, the result is known to be true. In this case \;
is defined by a minimization problem, which yields the result without
much effort by using some concavity argument. Lieb, Simon and
Hoffman-Ostenhof have generalized this to the multi-electron case.
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Open questions and conjectures Il|

(Conj 2bis)
For any non-negative Borel measure p such that u(R3) <1,

(o) o (3 22) - e
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Open questions and conjectures Il|

(Conj 2bis)
For any non-negative Borel measure u such that p(R3) < 1,

(o) o (3 22) - e

The above conjecture holds true is a u is a radially symmetric
measure, because by Newton’s theorem, we have the pointwise bound

(“*Ill) () < H®)

x|

and because A;(Ho — V) is monotone in V.
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Open questions and conjectures Il|

(Conj 2bis)
For any non-negative Borel measure u such that p(R3) < 1,

(0 1) 2 (o0 H2) - Ty

The above conjecture holds true is a u is a radially symmetric
measure, because by Newton’s theorem, we have the pointwise bound

(“*Ill)(x)é uE)

x|

and because A;(Ho — V) is monotone in V.

This is the only known case where we have a definite answer for
the conjecture.
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