The Spectral Envelope of Multiplicative Brownian Motion

QLAWS3: Random Matrices and Free Probability
IPAM

Todd Kemp
UC San Diego

May 14, 2018

1/33 "



Giving Credit where Credit is Due

e Biane, P.: Free Brownian motion, free stochastic calculus and random
matrices. Fields Inst. Commun. vol. 12, Amer. Math. Soc., Providence, RI,
1-19 (1997)

e Biane, P.: Segal-Bargmann transform, functional calculus on matrix spaces
and the theory of semi-circular and circular systems. J. Funct. Anal. 144, 1,
232-286 (1997)

e Driver; Hall; K: The large-N limit of the Segal-Bargmann transform on U ;.
J. Funct. Anal. 265, 2585-2644 (2013)

e K: The Large-N Limits of Brownian Motions on GIL . Int. Math. Res. Not.
IMRN, no. 13, 4012-4057 (2016)

e Collins, Dahlqgvist, K: The Spectral Edge of Unitary Brownian Motion.
Probab. Theory Related Fields 170, no. 102, 49-93 (2018)

e Hall, K: The Spectral Envelope of Multiplicative Brownian Motion.
(pre-)Preprint.

2/33 "



-1

e Citations

Prologue

e GUE, Ginibre
e Lie BM
e Lie Structure

Brownian Motion

Brown Measure

Segal-Bargmann

3/33 "



The GUE, Ginibre Ensemble, and Deformations

Our story starts with the Gaussian Unitary Ensemble X 5y and the Ginibre
Ensemble Zy:

dXy = ie—%Tf<A2>Lg_Va_(dA) AZy = e~ ¥ A [N (dA).
CN CN

(Equivalently: Gaussian “.i.d.” entries.)
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The GUE, Ginibre Ensemble, and Deformations

Our story starts with the Gaussian Unitary Ensemble X 5y and the Ginibre
Ensemble Zy:

1 1 x
dXy = —e 2@ N (q4)  dZy = —e 2@ ALN g 4).
CN o CN
(Equivalently: Gaussian “.i.d.” entries.)

The universality framework is about extending various eigenvalue statistics
known to hold for the GUE to one of two different kinds of generalizations:

e Wigner matrices: all i.i.d. entries (subject to symmetry), sufficiently regular.
e Invariant ensembles: sampled from a law of the form

ALy — ie—NTr(V(A)) JA

Cn

where V' : R — R is a (sufficiently nice) potential function.
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If H is a finite-dimensional Hilbert space, the Brownian motion on H

is the process
B(t)= ) B¢
(EB(H)

where 3(H ) is any o.n. basis for H and {Bf} are i.i.d. standard
Brownian motions on R.
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If H is a finite-dimensional Hilbert space, the Brownian motion on H

is the process
BY()= ) Bt

§e€B(H)

where 3(H ) is any o.n. basis for H and {Bf} are i.i.d. standard
Brownian motions on R.

The space of all complex matrices M (C) = gl(N,C) is a Lie
algebra. The space of (skew-)Hermitian matrices u(/V) is a Lie
algebra. Equip both with the inner product inner product

(A, B) = NTr(B*A).

o BIWNO)(1) = Zy is a Ginibre ensemble.

o B'(N)(1) = iXy is a GUE (after losing an 7).
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Lie Structure and Eigenvalues

This suggests a natural third direction to explore the behavior of eigenvalue
statistics: Brownian motion on other families of Lie algebras.
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Note: The GOE and the GSE do not fit into this scheme: real symmetric and
quaternion Hermitian matrices do not form Lie algebras. In my view, this is why
the GUE has nicer properties than the other two. For example:

Conjecture. If g is a Lie algebra, and 7 is a faithful representation, then the
eigenvalues of 7(By) form a determinantal point process for each ¢ > 0.

This talk is not about this question, but rather transporting these ideas from the
Lie algebra to its Lie group. To connect the dots:

Theorem. [Dahlqgyvist, K, 2016 (unpublished)] Let K be a compact semisimple
Lie group, equipped with a bi-invariant metric. Then the eigenvalues of the
Brownian motion Bf( form a determinantal point process for each ¢ > 0.

(Seems funny that we can prove something for Lie groups but it's harder for the
Lie algebras. The proof uses an expansion of the heat kernel in terms of
characters, Poisson resummation, and the Weyl integral formula.)
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And where there’s a Laplacian, there’s a Brownian motion: the

Markov process (B} )i>0 on M with generator %A M, started at
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On any Riemannian manifold M, there’s a Laplace operator A .
And where there’s a Laplacian, there’s a Brownian motion: the

Markov process (B} )i>0 on M with generator %A M, started at
By =x e M.

Let I' be a (matrix) Lie group. Any inner product on Lie(I') = 17T

gives rise to a unique left-invariant Riemannian metric, and
corresponding Laplacian Ar. On I' we canonically start the
Brownian motion (By)¢>p at I € I.

There is a beautiful relationship between the Brownian motion W}

on

the Lie algebra Lie(I") and the Brownian motion By: the rolling map

t
dBt — Bt O th, l.e. Bt =1 R / Bt O th
0

Here o denotes the Stratonovich stochastic integral. This can always

be converted into an It6 integral; but the answer depends on the
structure of the group 1" (and the chosen inner product).
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Fix the reverse normalized Hilbert—Schmidt inner product on
M (C) for all matrix Lie algebras:

(A, B) = NTr(B*A).

Let X; = XN and Y; = Y,V be independent Hermitian Brownian

motions of variance t/IV.
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M (C) for all matrix Lie algebras:
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Fix the reverse normalized Hilbert—Schmidt inner product on

M (C) for all matrix Lie algebras:

(A, BY = NTr(B*A).

Let X; = XN and Y; = Y,V be independent Hermitian Brownian
motions of variance t/IV.

The Brownian motion on u(/N) = Lie(U(V)) is i.X; the Brownian
motion U; on U(V) satisfies

dU; = iUy dX; — $U, dt.

The Brownian motion on gl(/N, C) = Lie(GL(N,C)) = My (C) is

7, = 27Y2{(X; + iY;); the Brownian motion G; on GL(XV, C)

satisfies

dGy = Gy dZ;.
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to the semicircle law ¢; = 5=/ (4t — 22) 1 dx.
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If X; = X} is a Hermitian Brownian motion process, then at each

time t > 0 itis a GUE y with entries of variance t/N. Wigner’s law
then shows that the empirical spectral distribution of X,fv converges
to the semicircle law ¢; = %ﬂ\/(élt — x?). dz. In fact, it converges

as a process.

A process (x¢):>0 (in a W *-probability space with trace 7) is a free
additive Brownian motion if its increments are freely independent

— x; — x4 is free from {x,.: r < s} —and x; — x5 has the
semicircular distribution ¢;_g, for all ¢ > s.
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« Froo BN to the semicircle law ¢; = 5 \/(475 x?) 4 dz. In fact, it converges
e Free X BM as a process.

e Free Unitary BM

°$dgef A process (x¢)¢>0 (in a W *-probability space with trace 7) is a free
® lransiorms -

o Free Mult. BM additive Brownian motion if its increments are freely independent
e GL Spectrum

— x; — x4 is free from {x,.: r < s} —and x; — x5 has the

Brown Measure

semicircular distribution ¢;_¢, for all ¢ > s. It can be constructed on

Segal-Bargmann

the free Fock space over L*(Ry.): 2y = (1j0.4) + I*(Lj0.4)-

In 1991, Voiculescu showed that the Hermitian Brownian motion
(X;V)>0 converges to (x4 )0 in finite-dimensional
non-commutative distributions:

1
NTI‘(P(th,...,th)) %T(P(ZEtl,...,ZEtn)) VP.
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There is now a well-developed theory of free stochastic differential
equations. Initially constructed in the free Fock space setting (by
Kimmerer and Speicher in the early 1990s), it was used by Biane in
1997 to define “free versions” of U; and G.
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There is now a well-developed theory of free stochastic differential

equations. Initially constructed in the free Fock space setting (by

Kimmerer and Speicher in the early 1990s), it was used by Biane in
1997 to define “free versions” of U; and G.

Let x¢+, y: be freely independent free additive Brownian motions, and
% = 27V/24(x4 + iyy). The free unitary Brownian motion is the
process started at ug = 1 defined by

dut — iut d:ct — %

Ut dt.

The free multiplicative Brownian motion is the process started at

go = 1 defined by

dg: = gt dz.
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There is now a well-developed theory of free stochastic differential

equations. Initially constructed in the free Fock space setting (by

Kimmerer and Speicher in the early 1990s), it was used by Biane in

1997 to define “free versions” of U; and G.

Let x¢+, y: be freely independent free additive Brownian motions, and
% = 271/2i(x; + iy;). The free unitary Brownian motion is the

process started at ug = 1 defined by

dut — iut d:ct — %’U,t dt.

The free multiplicative Brownian motion is the process started at

go = 1 defined by

dg: = gt dz.

It is natural to expect that these processes should be the large-/V

limits of the U(N) and GL(V, C) Brownian motions.
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Theorem. [Biane, 1997] For all non-commutative (Laurent)
polynomials P in n variables and times t1,...,%t, > 0,

1
NTI(P(UtJY, o UDY)) = 1(P(uy, - - - u,,)) as.
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Theorem. [Biane, 1997] For all non-commutative (Laurent)
polynomials P in n variables and times t1,...,%t, > 0,

1
NTI(P(UtJY, o UDY)) = 1(P(uy, - - - u,,)) as.

Biane also computed the moments of u;, and its spectral measure
V4. it has a density (smooth on the interior of its support), supported

on a compact arc for t < 4, and fully supported on U for ¢ > 4.
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The measure 14 is not the semicircle law wrapped around the circle.

It is supported on the arc of angles 6 € (—, 7] satisfying

)

1
0] < e(t) = 5 t(4 —t) + cos* (1 —

In particular, when ¢t > 4, supp 14 is the whole circle.

t

2
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The measure 14 is not the semicircle law wrapped around the circle.

It is supported on the arc of angles 6 € (—, 7] satisfying

0] < e(t) = % t(4 —t) 4+ cos™! (1 — %) :

In particular, when ¢t > 4, supp 14 is the whole circle.

Theorem. [Collins, Dahlgvis, K, PTRF 2018] For ¢ < 4, the edge is

“sticky”: the largest angle eigenvalues converges a.s. to (t).
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It is supported on the arc of angles 6 € (—, 7] satisfying

0] < e(t) = % t(4 —t) 4+ cos™! (1 — %) :

In particular, when ¢t > 4, supp 14 is the whole circle.

Theorem. [Collins, Dahlgvis, K, PTRF 2018] For ¢ < 4, the edge is

“sticky”: the largest angle eigenvalues converges a.s. to (t).

Aside from this, little about the local behavior of the eigenvalues is

known. In 2010, Lévy and Maida proved that the linear statistics
(fluctuations) for a single time ¢ > 0 are Gaussian; Cébron and |
extended this to sampling the process at many times.
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The measure 14 is not the semicircle law wrapped around the circle.

It is supported on the arc of angles 6 € (—, 7] satisfying

0] < e(t) = % t(4 —t) 4+ cos™! (1 — %) :

In particular, when ¢t > 4, supp 14 is the whole circle.

Theorem. [Collins, Dahlgvis, K, PTRF 2018] For ¢ < 4, the edge is

“sticky”: the largest angle eigenvalues converges a.s. to (t).

Aside from this, little about the local behavior of the eigenvalues is

known. In 2010, Lévy and Maida proved that the linear statistics
(fluctuations) for a single time ¢ > 0 are Gaussian; Cébron and |
extended this to sampling the process at many times. As to the
fluctuations at the edge, it is natural to expect they should be

Tracy-Widom before ¢ < 4, and Pearcey at the collision time ¢ = 4. |
have been working on this with Liechty; not enough results to report

just yet.
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Biane’s approach to understanding the measure v+ was through its

moment-generating function

) = /U Y (du) = S () 2"

1 —uz
n>1

(the second = holds for |z| < 1; the integral converges for
1/z ¢ supp ).
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Biane’s approach to understanding the measure v+ was through its

moment-generating function

) = /U Y () = 3 ma () 2"

1 —uz
n>1

(the second = holds for |z| < 1; the integral converges for
1/z ¢ supp v4). Then define

Vi (2)
xe(#) = 1+ (z)

The function x; is injective on D, and has a one-sided inverse f;:
fi(xt(z)) = z for z € D (but x; o f; is only the identity on a certain

region in C; more on this later).
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Biane’s approach to understanding the measure v+ was through its
moment-generating function
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e Free X BM

:;egeeun"ary BM (the second = holds for |z| < 1; the integral converges for

e Transforms 1/,2 ¢ supp Vt). Then define

e Free Mult. BM
e G L Spectrum th (,Z)

Brown Measure Xt(Z) o 1 + wt(z) ’

Segal-Bargmann

The function x; is injective on D, and has a one-sided inverse f;:
fi(xi(2)) = z for z € D (but x¢ o f; is only the identity on a certain
region in C; more on this later).

Using the SDE for u; and some clever complex analysis, Biane
showed that

=

_|_

N

=
N
0N
N——"
|
N
Q)
N | e+
(WY

I

'\
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The Large-N Limit of G

In 1997 Biane conjectured a bulk large-/N limit should hold for the Brownian
motion on GL(NV, C), but the ideas of his U/ proof (spectral theorem,
representation theory of U(/V)) did not translate well to the a.s. non-normal

N
process G .
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The Large-N Limit of G

In 1997 Biane conjectured a bulk large-/N limit should hold for the Brownian
motion on GL(NV, C), but the ideas of his U/ proof (spectral theorem,
representation theory of U(/V)) did not translate well to the a.s. non-normal
process G .

Theorem. [K, IMRN 2016] For all non-commutative Laurent polynomials P in
2n variables, and times t1,...,t, > 0,

1 * * * *
NTI. (P(Gijﬁ\lfv(Gljﬁ\lf) 77GIJEY17(G£X) )) _>7_(P(gtlvgtp"'agtn)gtn)) a.sS.
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The Large-N Limit of G

In 1997 Biane conjectured a bulk large-/N limit should hold for the Brownian
motion on GL(NV, C), but the ideas of his U/ proof (spectral theorem,
representation theory of U(/V)) did not translate well to the a.s. non-normal
process G .

Theorem. [K, IMRN 2016] For all non-commutative Laurent polynomials P in
2n variables, and times t1,...,t, > 0,

1 N N N N
NTI‘ (P(Gy, (Go)y o, G J(GE)Y) = 7 (P(94,0 98,5+ 91,,91,)) as.
The proof required several new ingredients: a detailed understanding of the
Laplacian on GL(/V, C), and concentration of measure for trace polynomials.
Putting these together with an iteration scheme from the SDE, together with

requisite covariance estimates, yielded the proof.
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The Large-N Limit of G

In 1997 Biane conjectured a bulk large-/N limit should hold for the Brownian
motion on GL(NV, C), but the ideas of his U/ proof (spectral theorem,
representation theory of U(/V)) did not translate well to the a.s. non-normal
process G .

Theorem. [K, IMRN 2016] For all non-commutative Laurent polynomials P in
2n variables, and times t1,...,t, > 0,

1 N N N N
NTI‘ (P(Gy, (Go)y o, G J(GE)Y) = 7 (P(94,0 98,5+ 91,,91,)) as.
The proof required several new ingredients: a detailed understanding of the
Laplacian on GL(/V, C), and concentration of measure for trace polynomials.
Putting these together with an iteration scheme from the SDE, together with
requisite covariance estimates, yielded the proof.

This is convergence of the (multi-time) *x-distribution, of a non-normal matrix
process. What about the eigenvalues?
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The Eigenvalues of Brownian Motion GL(/N, C)

Because U/ and u; are normal, their *-distributions encode their ESDs, so
the bulk eigenvalue behavior is fully understood.
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Because U/ and u; are normal, their *-distributions encode their ESDs, so
the bulk eigenvalue behavior is fully understood.

The GL(IV, C) Brownian motion G¥ eigenvalues are much more challenging.
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The Eigenvalues of Brownian Motion GL(/N, C)

Because U/ and u; are normal, their *-distributions encode their ESDs, so

the bulk eigenvalue behavior is fully understood.

The GL(IV, C) Brownian motion G¥ eigenvalues are much
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more challenging.
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The Eigenvalues of Brownian Motion GL(/N, C)

Because U/ and u; are normal, their *-distributions encode their ESDs, so
the bulk eigenvalue behavior is fully understood.

The GL(IV, C) Brownian motion G¥ eigenvalues are much more challenging.
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The Eigenvalues of Brownian Motion GL(/N, C)

Because U/ and u; are normal, their *-distributions encode their ESDs, so
the bulk eigenvalue behavior is fully understood.

The GL(IV, C) Brownian motion G¥ eigenvalues are much more challenging.

t =14 16/33
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Brown’s Spectral Measure
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Brown’s Spectral Measure in Tracial von Neumann Algebras

If (A, 7) is a W*-probability space, then any normal operator a € A has a
spectral measure 1, = 7 o E*. If A is a normal matrix, i 4 is its ESD. It is
characterized (nicely) by the *-distribution of a:

/ 252 o (dzdZ) = T(aFa*).
C
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Brown’s Spectral Measure in Tracial von Neumann Algebras

If (A, 7) is a W*-probability space, then any normal operator a € A has a
spectral measure 1, = 7 o E*. If A is a normal matrix, i 4 is its ESD. It is
characterized (nicely) by the *-distribution of a:

/ 252 o (dzdZ) = T(aFa*).
C

If a is not normal, there is no such measure. But there is a substitute: Brown’s
spectral measure. Let L(a) denote the (log) Kadison—Fuglede determinant:

L(a) = /R log t g (dt) = T ( /R logtE|a|(dt))
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Brown’s Spectral Measure in Tracial von Neumann Algebras

If (A, 7) is a W*-probability space, then any normal operator a € A has a
spectral measure 1, = 7 o E*. If A is a normal matrix, i 4 is its ESD. It is
characterized (nicely) by the *-distribution of a:

/ 252 o (dzdZ) = T(aFa*).
C

If a is not normal, there is no such measure. But there is a substitute: Brown’s
spectral measure. Let L(a) denote the (log) Kadison—Fuglede determinant:

L(a) = /R log t g (dt) = T ( /R logtE|a|(dt)) — 7(log |a|)

(the last = holds if a = € A).
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Brown’s Spectral Measure in Tracial von Neumann Algebras

If (A, 7) is a W*-probability space, then any normal operator a € A has a
spectral measure 1, = 7 o E*. If A is a normal matrix, i 4 is its ESD. It is
characterized (nicely) by the *-distribution of a:

/ 252 o (dzdZ) = T(aFa*).
C

If a is not normal, there is no such measure. But there is a substitute: Brown’s
spectral measure. Let L(a) denote the (log) Kadison—Fuglede determinant:

L(a) = / log t g (dt) = T ( / logtE|a|(dt)) — 7(log |a|)
R R
(the last = holds if a=! € A). Then A — L(a — \) is subharmonic on C, and
! ViL(a — \)
a — S a —
H or ¥ A

is a probability measure on C. If A is any matrix, 1 4 is its ESD.
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The Brown measure has some nice properties analogous to the
spectral measure, but not all:

e 7(a¥) = / 2F o (dzdz) and 7(a*F) = / 7° 1o (dzdZ)
C C
but you cannot max and match.
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The Brown measure has some nice properties analogous to the

spectral measure, but not all:

By = [ 2P 2dz) and 7T(a™) = [ zFu,(dzdz
‘“‘”‘/@ pa(dzdz) and (a™) /@ tia(d2d7)

but you cannot max and match.

e r(logla—A) = L(a — )) = /
C
large A, and this characterizes (.

log |z — A| pe(dzdZ) for
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The Brown measure has some nice properties analogous to the
spectral measure, but not all:

e 7(a¥) = / 2F o (dzdz) and 7(a*F) = / 7° 1o (dzdZ)
C C
but you cannot max and match.

e 7(logla—A|)=L(a—M\) = / log |z — A| pe(dzdZ) for
C

large )\, and this characterizes 1. In particular, the *-distribution

of a determines 1, — but with a log discontinuity.
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The Brown measure has some nice properties analogous to the
spectral measure, but not all:

o 7(a") = / 2 1 (dzdz) and 7(a**) = / 7 Lo (dzdZ)
C C
but you cannot max and match.
e 7(logla—A|)=L(a—M\) = / log |z — A| pe(dzdZ) for

C
large )\, and this characterizes 1. In particular, the *-distribution

of a determines 1, — but with a log discontinuity.

e supp ig € Spec(a) (can be a strict subset).
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The Brown measure has some nice properties analogous to the
spectral measure, but not all:

e 7(a¥) = / 2F o (dzdz) and 7(a*F) = / 7° 1o (dzdZ)
C C
but you cannot max and match.

e 7(logla—A|)=L(a—M\) = / log |z — A| pe(dzdZ) for
C

large )\, and this characterizes 1. In particular, the *-distribution

of a determines 1, — but with a log discontinuity.

e supp ig € Spec(a) (can be a strict subset).

Let AV be a sequence of matrices with a as limit in x-distribution.
Since the Brown measure (. 4~ is the empirical spectral distribution

of AV itis natural to expect that ESD(AY) — u,.
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The Brown measure has some nice properties analogous to the
spectral measure, but not all:

e 7(a¥) = / 2F o (dzdz) and 7(a*F) = / 7° 1o (dzdZ)
C C
but you cannot max and match.

e 7(logla—A|)=L(a—M\) = / log |z — A| pe(dzdZ) for
C

large )\, and this characterizes 1. In particular, the *-distribution

of a determines 1, — but with a log discontinuity.

e supp ig € Spec(a) (can be a strict subset).

Let AV be a sequence of matrices with a as limit in x-distribution.
Since the Brown measure (. 4~ is the empirical spectral distribution

of AV itis natural to expect that ESD(AY) — u,. The log
discontinuity often makes this exceedingly difficult to prove.
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Let {a, a, }nen be a uniformly bounded set of operators in some

W *-probability spaces, with a,, — a in *-distribution. We would

hope that p,, — pq. Without some very fine information about the
spectral measure of |a,, — A| near the edge of Spec(a,, ), the best

that can be said in general is the following.
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Let {a, a, }nen be a uniformly bounded set of operators in some

W *-probability spaces, with a,, — a in *-distribution. We would

hope that p,, — pq. Without some very fine information about the
spectral measure of |a,, — A| near the edge of Spec(a,, ), the best

that can be said in general is the following.

Proposition. Suppose that p,, — @ weakly for some probability

measure 1 on C. Then

/ log |z — Al u(dzdz) < / log |z — Al pa(dzdZ)
C C

for all A € C; and equality holds for sufficiently large .
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Let {a, a, }nen be a uniformly bounded set of operators in some

W *-probability spaces, with a,, — a in *-distribution. We would

hope that p,, — pq. Without some very fine information about the
spectral measure of |a,, — A| near the edge of Spec(a,, ), the best

that can be said in general is the following.

Proposition. Suppose that p,, — @ weakly for some probability

measure 1 on C. Then
/ log |z — Al u(dzdz) < / log |z — Al pa(dzdZ)
C C
for all A € C; and equality holds for sufficiently large .
Corollary. Let V,, be the unbounded connected component of

C \ supp tq. Then supp p € C \ V4. (In particular, if supp fiq is
simply-connected, then supp 1 C supp fig-)
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The function L(a — \) = [ logt 11,/ (dt) is essentially impossible
to compute with. But we can use regularity properties of the spectral
resolution to approach it in a different way. Define

L(a) = 5 7(log(a’a + ).

e > 0.
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The function L(a — \) = [ logt 11,/ (dt) is essentially impossible
to compute with. But we can use regularity properties of the spectral

resolution to approach it in a different way. Define
€ 1 k
L(a) = iT(log(a ate), €>0.

The function A — L (a — \) is C*°(C), and is subharmonic.
Define

1 o
ho(N) = 5-ViLe(a = A).
Then h¢ is a smooth probability density on C, and

pra(dN) = lim R, (A) d\

21/33



-1

e Citations

Prologue

Brown Measure via Regularization

Brownian Motion

Brown Measure

® Brown Measure
® Properties

e Convergence

® Regularize

® Spectrum

o LP Inverse

e L P Spectrum
® Support

Segal-Bargmann

The function L(a — \) = [ logt 11,/ (dt) is essentially impossible
to compute with. But we can use regularity properties of the spectral
resolution to approach it in a different way. Define

1
L(a) = 57(10g(a*a +¢€)), €>0.

The function A — L (a — \) is C*°(C), and is subharmonic.
Define

1 o
ho(N) = 5-ViLe(a = A).
Then h¢ is a smooth probability density on C, and

pra(dN) = lim R, (A) d\

It is not difficult to explicitly calculate the density A, for fixed € > 0.
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Lemma. Let A € C, and denote ay, = a — A. Then

1
he(N) = €T

((ayax + ) Haxai + e)_l) .
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Lemma. Let A € C, and denote ay, = a — A. Then

1 _
he(A) = ;w((aja)\ + ) Haras + €)

1).

From here it is easy to see why supp i, € Spec(a). If A € Res(a)

so that aKl e A, we quickly estimate

‘T((af\aA + ) Y arak + e)_l) ]

< H(aj\a)\ + e)_l(aAai + e)_lH
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Lemma. Let A € C, and denote ay, = a — A. Then

fra(N)

1

— ;GT((GJ’;\@\ + e)_l(awf;\ L e)_l) .

From here it is easy to see why supp i, € Spec(a). If A € Res(a)

so that aKl c A,

IAIA

we quickly estimate
T((ajax + ) Haxak + 6)_1) |

‘(aj\@\ + ) Haral + 6)_1H

‘(aicw\ -+ e)_lH H(a>\af\ -+ e)_lH
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Lemma. Let A € C, and denote a), = a — A. Then

fra(N)

1

;w((a’;\a)\ +e) axay +e) 7).

From here it is easy to see why supp i, € Spec(a). If A € Res(a)
so that aKl e A, we quickly estimate

VAN VARVA

(
(
(

akay + €) H(arak + €

T((ajax + ) Haxak + 6)_1) ’

)~

ayay + e)_lH H(a>\af\ -+ e)_lH

azar) || (axe

)|

22/33 "



-1

e Citations

Prologue

The Density /¢ and the Spectrum of a

Brownian Motion

Brown Measure

® Brown Measure
® Properties

e Convergence

® Regularize

® Spectrum

o LP Inverse

e L P Spectrum
® Support

Segal-Bargmann

Lemma. Let A € C, and denote a), = a — A. Then

fra(N)

1

— ;GT((GJ’;\@\ + e)_l(awf;\ L e)_l) .

From here it is easy to see why supp i, € Spec(a). If A € Res(a)
so that aKl e A, we quickly estimate

VAN VAN VAN VAN

T((ajax + ) Haxak + 6)_1) ’

(a3ax) " || [[(axas
(a=N)"H*"

(a%ax 4+ €)' ara} + €

)|

)~

(ayay + e)_lH H(a>\af\ -+ e)_lH
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Lemma. Let A € C, and denote a), = a — A. Then

1 . B . B
he(A) = ;67((09\00\ + ) Haras + €) 1) .

From here it is easy to see why supp i, € Spec(a). If A € Res(a)

so that aKl e A, we quickly estimate

T((ajax +€)  (arar +€)7 )
< |[(aXar + )" (ara} +¢) 7|
<l|(ayax + e)_lH H(a>\af\ -+ e)_lH
< ||(a3axn) | [[(axal) ™|
<[[(a =X)H*

This is locally uniformly bounded in \; so taking € | 0, the factor of €

in h¢ (M) kills the term; we find 11, = 0 in @ neighborhood of .
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Recall that LP(A, 7) is the closure of A in the norm

lally = 7(lal?) = 7((a"a)""?)

(It can be realized as a set of densely-defined unbounded operators,
acting on the same Hilbert space as .A). The non-commutative
LP-norms satisfy the same Holder inequality as the classical ones.
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Recall that LP(A, 7) is the closure of A in the norm

lal|p = 7(]al?) = T((a*a)p/Q) .

(It can be realized as a set of densely-defined unbounded operators,

acting on the same Hilbert space as .A). The non-commutative

LP-norms satisfy the same Holder inequality as the classical ones.

It is perfectly possible for a € A to be invertible in LP (A, T) without
having a bounded inverse. That is: there can exist b € LP(A,7) \ A

with ab = ba = 1 (viewed as an equation in LP(A, 7)).
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Recall that LP(A, 7) is the closure of A in the norm

lal|p = 7(]al?) = T((a*a)p/Q) .

(It can be realized as a set of densely-defined unbounded operators,

acting on the same Hilbert space as .A). The non-commutative

LP-norms satisfy the same Holder inequality as the classical ones.

It is perfectly possible for a € A to be invertible in LP (A, T) without
having a bounded inverse. That is: there can exist b € LP(A,7) \ A

with ab = ba = 1 (viewed as an equation in LP(A, 7)).

The preceding proof (with very little change) shows that hS(A) — 0

at any point A\ where a — \ is invertible in L*(A, 7).
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Recall that LP(A, 7) is the closure of A in the norm

lal|p = 7(]al?) = T((a*a)p/Q) .

(It can be realized as a set of densely-defined unbounded operators,

acting on the same Hilbert space as .A). The non-commutative

LP-norms satisfy the same Holder inequality as the classical ones.

It is perfectly possible for a € A to be invertible in LP (A, T) without
having a bounded inverse. That is: there can exist b € LP(A,7) \ A

with ab = ba = 1 (viewed as an equation in LP(A, 7)).

The preceding proof (with very little change) shows that hS(A) — 0

at any point A\ where a — \ is invertible in L*(A, 7).

Definition. The LP(A, 7) resolvent Res,, (a) is the interior of the

set of A € C for which a — A has an inverse in LP(A, 7). The
LP(A, 1) spectrum Spec,, ,(a) is C \ Res,, - (a).
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From Holder’s inequality, we have the inclusions

Spec,, -(a) € Spec, ,(a) C Spec(a)

for 1 < p < g < o0o. Without including the closure in the definition,
these inclusions can be strict; with the closure, my (wild) conjecture

is that Spec, -(a) = Spec(a) for all .
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From Holder’s inequality, we have the inclusions

Spec,, -(a) € Spec, ,(a) C Spec(a)

for 1 < p < g < o0o. Without including the closure in the definition,
these inclusions can be strict; with the closure, my (wild) conjecture

is that Spec, -(a) = Spec(a) for all .
As noted, suppi, € Specy ,(a).
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From Holder’s inequality, we have the inclusions

Spec,, -(a) € Spec, ,(a) C Spec(a)

for 1 < p < g < o0o. Without including the closure in the definition,
these inclusions can be strict; with the closure, my (wild) conjecture

is that Spec, -(a) = Spec(a) for all .

As noted, suppi, € Specy ,(a). But we can do better. Recall that

108 =t o 7).

If we naively set e = 0 on the right-hand-side, we get (heuristically)

7 ((ajan) H(axay) ™)) =7 ((a3) " (an) *(a}) ™)
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From Holder’s inequality, we have the inclusions

Spec,, -(a) € Spec, ,(a) C Spec(a)

for 1 < p < g < o0o. Without including the closure in the definition,
these inclusions can be strict; with the closure, my (wild) conjecture

is that Spec, -(a) = Spec(a) for all .

As noted, suppi, € Specy ,(a). But we can do better. Recall that

€

Zhe(N) = r((atax + €) Naral + )71

If we naively set e = 0 on the right-hand-side, we get (heuristically)

7 ((ajan) H(axay) ™)) =7 ((a3) " (an) *(a}) ™)

=7 ((

_9
ay

)

* —2
25

) = llay 2.
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From Holder’s inequality, we have the inclusions

Spec,, -(a) € Spec, ,(a) C Spec(a)

for 1 < p < g < o0o. Without including the closure in the definition,
these inclusions can be strict; with the closure, my (wild) conjecture

is that Spec, -(a) = Spec(a) for all .

As noted, suppi, € Specy ,(a). But we can do better. Recall that

108 =t o 7).

If we naively set e = 0 on the right-hand-side, we get (heuristically)

7 ((ajan) H(axay) ™)) =7 ((a3) " (an) *(a}) ™)

=7 ((a}°)*ay?) = |lay?|I3.

Note, this is not equal to ||a; || when a is not normal.
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Proposition. Let a € A, and suppose a? is invertible in L?(A, 7).

Then for all € > 0,
T((a*a + e)_l(aa* + e)_l) < Ha,_QH%.

(The proof is trickier than you might think.)
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Proposition. Let a € A, and suppose a? is invertible in L?(A, 7).

Then for all € > 0,
T((a*a + e)_l(aa* + e)_l) < |\a—2|\§.

(The proof is trickier than you might think.)

Definition. The L3 _ resolvent of a, Res3 . (a), is the interior of the
set of A € C for which (a — \)* is invertible in L*(A, 7). The L3

spectrum of a is Specgﬁ(a) =C\ Resgﬁ(a).
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Definition. The L3 _ resolvent of a, Res3 . (a), is the interior of the
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Proposition. Let a € A, and suppose a? is invertible in L?(A, 7).

Then for all € > 0,
T((a*a + e)_l(aa* + e)_l) < |\a—2|\§.

(The proof is trickier than you might think.)

Definition. The L%’T resolvent of a, Resgﬁ(a), is the interior of the
set of A € C for which (a — \)* is invertible in L*(A, 7). The L3

spectrum of a is Specgﬁ(a) =C\ Resgﬁ(a).

Theorem. supp i, C Specgﬁ(a).

Another wild conjecture: this is actually equality. (That depends on
showing that, if a* is not invertible in L?(A, 7), the above quantity
blows up at rate £2(1/¢). This appears to be what happens in the
case that a is normal, which would imply Specgﬁ(a) = Specy . (a)

= Spec(a) in that case.)
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The Segal-Bargmann (Hall) Transform is a map from functions on
U(N) to holomorphic functions on GL (N, C). It is defined by the

analytic continuation of the action of the heat operator:

BYYf = (e2tvm f)

C
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The Segal-Bargmann (Hall) Transform is a map from functions on
U(N) to holomorphic functions on GL (N, C). It is defined by the

analytic continuation of the action of the heat operator:

BNf— (e%AU<N>f) |

C

Writing out what this integral formula means in probabilistic terms,

here is a nice way to express it: let F' already be a holomorphic
function on GL(V), C), and let f = F|y. Let Us and G be
independent Brownian motions on U(/NV) and GL(N, C). Then

(Bef)(Gt) = E[F(GiUy) |Gyl
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The Segal-Bargmann (Hall) Transform is a map from functions on
U(N) to holomorphic functions on GL (N, C). It is defined by the

analytic continuation of the action of the heat operator:

BNf— (e%AU<N>f) |

C

Writing out what this integral formula means in probabilistic terms,

here is a nice way to express it: let F' already be a holomorphic
function on GL(V), C), and let f = F|y. Let Us and G be
independent Brownian motions on U(/NV) and GL(N, C). Then

(Bef)(Gt) = E[F(GiUy) |Gyl

This extends beyond f that already possess an analytic
continuation; it defines an isometric isomorphism

B : L*(U(N),U;) = HL*(GL(N, C), Gy).
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In 1997, Biane introduced a free version of the Unitary SBT, which
can be described in similar terms: acting on, say, polynomials f in a

single variable, 4, f is defined by

(%f)(gt) = T|f(grue)|gel-

He conjectured that ¥; is the large- N limit of B;ﬁ\’ in an appropriate
sense; this was proven by Driver, Hall, and me in 2013. (It was for

this work that we invented trace polynomial concentration.)
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In 1997, Biane introduced a free version of the Unitary SBT, which
can be described in similar terms: acting on, say, polynomials f in a

single variable, 4, f is defined by

(%f)(gt) = T|f(grue)|gel-

He conjectured that ¥; is the large- N limit of B;ﬁ\’ in an appropriate
sense; this was proven by Driver, Hall, and me in 2013. (It was for

this work that we invented trace polynomial concentration.)

Biane proved directly (and it follows from the large-/V limit) that ¢,

extends to an isometric isomorphism
gti LQ(U, Vt) — JZ/t

where .27 is a certain reproducing-kernel Hilbert space of
holomorphic functions. The norm on .27 is given by

HFH?Z/t — T(’F(gt)fz) = 7(F(g¢)" F(gt)) = HF(gt)H%
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Theorem. (Hall, K, late 2017)

suppig, C X
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Theorem. (Hall, K, late 2017)

suppig, C Xt

Proof. We show that Specs . (g:) = X;. Equivalently, from the
definition of >2;, we show that Res%ﬁ(gt) = x¢(C \ supp 14).
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Theorem. (Hall, K, late 2017)

suppig, C Xt

Proof. We show that Specs . (g:) = X;. Equivalently, from the
definition of >2;, we show that Res%ﬁ(gt) = x¢(C \ supp 14).

By definition, A € Res3 . (g¢) iff (g: — A)? is invertible in L*(7), i.e.

0o > 7 (|(9¢ — N) %7
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Proof. We show that Specs . (g:) = X;. Equivalently, from the
definition of >2;, we show that Res%ﬁ(gt) = x¢(C \ supp 14).

By definition, A € Res3 . (g¢) iff (g: — A)? is invertible in L*(7), i.e.

0o > 7 (I(ge = N72P) = Iz = M) I1%.
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Theorem. (Hall, K, late 2017)

suppig, C Xt

Proof. We show that Specs . (g:) = X;. Equivalently, from the
definition of >2;, we show that Res%ﬁ(gt) = x¢(C \ supp 14).

By definition, A € Res3 . (g¢) iff (g: — A)? is invertible in L*(7), i.e.

0o > 7 (I(ge = N72P) = Iz = M) I1%.

Recall that %; is an isometry from L?(U, 1) onto %%. Can we find a

function o' on U with ¢4, (a))(2) = (z — \) 722
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Theorem. (Hall, K, late 2017)

Proof. We show that Specs . (g:) = X;. Equivalently, from the
definition of >2;, we show that Res%ﬁ(gt) = x¢(C \ supp 14).

suppig, C Xt

By definition, A € Res3 . (g¢) iff (g: — A)? is invertible in L*(7), i.e.

0o > 7 (I(ge = N72P) = Iz = M) I1%.

Recall that %; is an isometry from L?(U, 1) onto %%. Can we find a
function o' on U with ¢4, (a))(2) = (z — \) 722

Using PDE techniques, we can compute that

G

N

1
A Jt

Ji
O

) —u
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Since

1 _
(z=A)?

d

d

%t’

a;

1 fi(\)

1

1

() = =

A fi(N) —w

S 5= uUsing regularity properties of 4; we have

).

(

1

1 fi(N)

Xft(>\) — U

Z— X\
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1oy 1
%'Xft()\)—u'/z—)\'

1 d 1

Since G0 — dA—x using regularity properties of ¢; we have

0 = Gft{;?—) u) |

The question is: for which X is o € L?(U, 14)? l.e.

/ [0 (w)]? v (du) < oo.
U
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LAY
%'Xft()\)—u' =\

1

o (u) = % Gft{;?—) u) |

The question is: for which X is o € L?(U, 14)? l.e.

/ 0 (w)]? vy (du) <

.

The answer is: precisely when f;(\) ¢ supp v4. l.e.

Res%ﬂ' (gt) —

ft_l(C \ supp 1)

= x¢(C \ supp 14).

—., using regularity properties of ¢, we have
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Here is a simulation of eigenvalues of G
with the boundary of >.;, at t = 3 (produced in Mathematica).

for N = 2000, together
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e Explore relations between the LP(7)-spectra, in general. They

are probably all equal to the spectrum for g;.
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What is the density of the Brown measure of g;?
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e Explore relations between the LP(7)-spectra, in general. They

are probably all equal to the spectrum for g;.

e What is the density of the Brown measure of g;?

e Prove that the ESD of G2¥ actually converges to g, - (What we
can now say definitively is that the limit ESD is supported in >.;

fort < 4;fort > 4, we need more arguments to rule out
eigenvalues inside the inner ring.)
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e What is the density of the Brown measure of g;?

e Prove that the ESD of G2¥ actually converges to g, - (What we
can now say definitively is that the limit ESD is supported in >.;

fort < 4;fort > 4, we need more arguments to rule out
eigenvalues inside the inner ring.)

e There is a three parameter family of invariant diffusions on

GL(N, C) that includes U;¥ and G, all of which have large-IN
limits described by free SDEs. How much of all this extends to

the whole family?
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e Explore relations between the LP(7)-spectra, in general. They
are probably all equal to the spectrum for g;.

e What is the density of the Brown measure of g;?

e Prove that the ESD of G2¥ actually converges to g, - (What we
can now say definitively is that the limit ESD is supported in >.;
fort < 4;fort > 4, we need more arguments to rule out
eigenvalues inside the inner ring.)

e There is a three parameter family of invariant diffusions on
GL(N, C) that includes U;¥ and G, all of which have large-IN
limits described by free SDEs. How much of all this extends to
the whole family?

I'll let you know what more | know next time we meet. O
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