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Unitary invariant models
Let V be some potential.

X ∝ e−ntrV (H)dH,

Joint law of the spectrum

PnV,β ∝
∏
i<j

|λi − λj |βe−n
∑n

i=1 V (λi)
n∏
i=1

dλi.

If lim inf
|x|→+∞

{V (x)− 2 log |x|} > −∞.

(Ben-Arous - Guionnet). then µX follows a LDP at speed n2,

Iβ(µ) =
∫
V (x)dµ(x) + β

2

∫
log |x− y|−1dµ(x)dµ(y)− cβ,

vanishes at a unique σVβ equilibrium measure of V .
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Empirical means

X1, ..., Xn i.i.d random variables, Xi with no exponential moments.

logP(±Xi > t) ∼ −atα, α ∈ (0, 1), a > 0.

Sn = 1
n

n∑
i=1

Xi.

(Nagaev): Sn follows a LDP with speed nα and rate function,

Iα(x) = a|x−m|α, m = EXi.

same rate function as m+ X1
n
.

“heavy-tail phenomenon”
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Moments of β-ensembles

dPnV,β = 1
Znβ

∏
i<j

|λi − λj |βe−n
∑n

i=1 V (λi)
n∏
i=1

dλi.

Assume that
V (x) = b|x|α + w(x), α ≥ 2,

w convex and w(x) = o(|x|α). Let p > α,

mn,p = 1
n

n∑
i=1

λpi .

(A): Under PnV,β, mn,p follows a LDP with speed n1+α
p and rate

function Jp,

J2k(s) =
{
b
(
s− σVβ (xp)

)α
p if s ≥ σVβ (xp),

+∞ otherwise,

J2k+1(s) = b
∣∣s− σVβ (xp)

∣∣αp .
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Moments of β-ensembles

dPnV,β = 1
Znβ

∏
i<j

|λi − λj |βe−n
∑n

i=1 V (λi)
n∏
i=1

dλi.

σVβ the equilibrium measure, |λ∗1| ≥ ... ≥ |λ∗n|,

mp,n = 1
n

k∑
i=1

λ∗i
p + 1

n

n∑
i=k+1

λ∗i
p.

Deviations due to extreme particles k = logn

mp,n '
1
n

k∑
i=1

λ∗i
p + σVβ (xp).

Logarithmic interaction negligible,

mp,n '
1
n

k∑
i=1

Xi
p + σVβ (xp),

X1, ..., Xn i.i.d ∝ e−nV (x)dx.



Moments of β-ensembles

dPnV,β = 1
Znβ

∏
i<j

|λi − λj |βe−n
∑n

i=1 V (λi)
n∏
i=1

dλi.

σVβ the equilibrium measure, |λ∗1| ≥ ... ≥ |λ∗n|,

mp,n = 1
n

k∑
i=1

λ∗i
p + 1

n

n∑
i=k+1

λ∗i
p.

Deviations due to extreme particles k = logn

mp,n '
1
n

k∑
i=1

λ∗i
p + σVβ (xp).

Logarithmic interaction negligible,

mp,n '
1
n

k∑
i=1

Xi
p + σVβ (xp),

X1, ..., Xn i.i.d ∝ e−nV (x)dx.



Moments of β-ensembles

dPnV,β = 1
Znβ

∏
i<j

|λi − λj |βe−n
∑n

i=1 V (λi)
n∏
i=1

dλi.

σVβ the equilibrium measure, |λ∗1| ≥ ... ≥ |λ∗n|,

mp,n = 1
n

k∑
i=1

λ∗i
p + 1

n

n∑
i=k+1

λ∗i
p.

Deviations due to extreme particles k = logn

mp,n '
1
n

k∑
i=1

λ∗i
p + σVβ (xp).

Logarithmic interaction negligible,

mp,n '
1
n

k∑
i=1

Xi
p + σVβ (xp),

X1, ..., Xn i.i.d ∝ e−nV (x)dx.



Moments of β-ensembles

dPnV,β = 1
Znβ

∏
i<j

|λi − λj |βe−n
∑n

i=1 V (λi)
n∏
i=1

dλi.

σVβ the equilibrium measure, |λ∗1| ≥ ... ≥ |λ∗n|,

mp,n = 1
n

k∑
i=1

λ∗i
p + 1

n

n∑
i=k+1

λ∗i
p.

Deviations due to extreme particles k = logn

mp,n '
1
n

k∑
i=1

λ∗i
p + σVβ (xp).

Logarithmic interaction negligible,

mp,n '
1
n

k∑
i=1

Xi
p + σVβ (xp),

X1, ..., Xn i.i.d ∝ e−nV (x)dx.



Motivation

Let X be a Gaussian Wigner matrix,
such that EX = 0 and E|X1,2|2 = 1.

Find a LDP for 1
n

tr(X/
√
n)p, for p ≥ 3

and for 1
n

trP (X1/
√
n, ...,Xm/

√
n),

when P ∈ R〈X1, ..., Xm〉,
and X1, ..., Xm are i.i.d Gaussian Wigner matrices.

(Meckes-Szarek): Concentration inequality for Z = 1
ntr(X/

√
n)p.

P(|Z − EZ| > t) ≤ C exp
(
− cmin

(
n2t2, n1+2/pt2/p

))
.
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LDP for Wiener chaoses

E = C0([0, 1]), H = W 2
0 ([0, 1]), µ = Wiener measure.

Ψ homogeneous Wiener chaos of degree d taking values in E.

Ψ =
∫ .

0

∫ t1

0
...

∫ td−1

0
k(t1, ..., td)dwt1 ...dwtd , k ∈ L

2(`d).

(Borell|Ledoux). εdΨ follows a LDP with speed ε−2 and rate function

IΨ(s) = inf
{1

2 |h|
2 : s = Ψ(d)(h)

}
,

Ψ(d)(h) =
∫

Ψ(w + h)dµ(w),

|h| =
( ∫ 1

0
|ḣ|2dt

)1/2
.
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LDP for Wiener chaoses

Uniform deterministic equivalent

||εdΨ(w + ε−1h)−Ψ(d)(h)|| −→
ε→0

0,

uniformly in h ∈ O, unit ball of H, in probability.
Estimate of translates (Cameron-Martin formula)

µ(E + ε−1h) ≥ e−
ε−2

2 |h|
2+o(ε−2),

for µ(E) ≥ 1/2.
Gaussian isoperimetric inequality

µ(x /∈ E +
√

2rO) ≤ e−r,

as soon as µ(E) ≥ 1/2.
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Non-linear large deviations for the Gaussian measure

Take X ∈ Rn standard Gaussian random variable.

Look at the large deviations of fn(X) at speed vn.

(A). If for any r > 0, δ > 0,

P
(

sup
|h|2≤2rvn

∣∣fn(X + h)− Efn(X + h)
∣∣ > δ

)
−→

n→+∞
0,

Then fn(X) follows a LDP with speed vn and rate function

I(x) = inf
n∈N

{ 1
2vn
|h|2 : x = Efn(X + h), h ∈ Rn

}
.
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Examples and counter-examples

The low complexity condition:

P
(

sup
|h|2≤2rvn

|fn(X + h)− Efn(X + h)
∣∣ > δ

)
−→

n→+∞
0,

holds for
I Traces of Gaussian Wigner matrices fn = 1

ntr(X/
√
n)p

I Non-commutative polynomial 1
ntrP (X1/

√
n, ...,Xm/

√
n).

does not for
I Empirical spectral measure µX/√n
I Largest eigenvalue λX/√n...



Traces of Gaussian Wigner matrices

Let X be a centered Gaussian Wigner matrix, E|X1,2|2 = 1.
(A). For p ≥ 3. 1

ntr(X/
√
n)p follows a LDP with speed n1+ 2

p , and
rate function Jp,

J2k(s) =

cp
(
s− µsc(xp)

) 2
p if s ≥ µsc(xp),

+∞ otherwise,

J2k+1(s) = cp|s|
2
p .

Variational formula

X ∝ e−q(Y )dY, q quadratic form.

Jp(s) = inf
n∈N
{q(H) : s = µsc(xp) + trHp}.
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Heavy-tail phenomena for super-Gaussian laws

Let α ∈ (0, 2), X ∝ e−||h||α`αdh.
Look at the large deviations of fn(X) at speed vn.

(A). If for any r > 0, δ > 0,

P
(

sup
||h||α

`α
≤rvn
|fn(X + h)− Efn(X + h)| > δ

)
−→

n→+∞
0,

and L2 the `2-Lipschitz constant of fn satisfies

L2 � v−1/2
n

Then fn(X) satisfies a LDP with speed vn and rate function

Iα(x) = inf
{ ||h||α`α

vn
: Efn(X + h) = x

}
.
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Examples

When X ∝ e−||h||α`αdh with α ∈ (0, 2),
the conditions

P
(

sup
||h||α

`α
≤rvn
|fn(X + h)− Efn(X + h)| > δ

)
−→

n→+∞
0,

and L2 � v
−1/2
n , hold for

I Traces of non-commutative polynomials vn = nα( 1
2 + 1

d
)

I Empirical spectral measure vn = n1+α/2 (Bordenave-Caputo)
I Largest eigenvalue vn = nα/2

I Last passage time vn = nα, α < 1,
but does not for the empirical mean fn = 1

n

∑n
i=1Xi when α ≥ 1...



Concentration for the empirical spectral measure
Let X ∝ e−||Y ||α`αdY with α ∈ [1, 2].

(Talagrand).Two-level deviations inequality

P(X /∈ V +
√
rB`2 + r1/αB`α) ≤ Ce−cr,

for any P(X ∈ V ) ≥ 1/2.

(Lidskii). p ≥ 1, Wp(µA, µB) ≤ 1
n1/p

(
tr|A−B|p

)1/p
.

p ≤ 2, tr|H|p ≤ ||H||p`p .

Let f : R→ R be a 1-Lipschitz function.

P
(
µX/

√
n(f)−EµX/√n(f) > t

)
≤ A exp

(
−κmin

(
n2t2, n1+α
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LDP for the empirical spectral measure

Let X ∝ e−||Y ||α`αdY with α ∈ (0, 2).

(Bordenave-Caputo). µX/√n follows a LDP with speed n1+α/2 and
rate function,

I(µ) = sup
δ>0

inf
n

{ 1
n
||H||α`α : d(µ, µH � µsc) < δ,H ∈ Hn

}
,

with � the free convolution.

D(I) ⊂ {ν � µsc, ν(|x|α) < +∞}.
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Heuristics for the lower bound
Let X ∝ e−||Y ||α`αdY with α ∈ (0, 2)

P(µX/√n ' µsc � ν) & P(µX/√n ' µsc � µA),

with A ∈ Hm such that µA ' ν.

X(m) = (Xi,j1i,j≤m)i,j , X(m) = X −X(m).

By independence,

P(µX/√n ' µsc � ν) & P(X(m)/
√
n ' A)

× P(µX(m)/
√
n+A ' µsc � µA).

From the asymptotic freeness of X/
√
n and A,

P(µX(m)/
√
n+A ' µsc � µA) −→

n→+∞
1.

P(X(m)/
√
n ' A) & e−nα/2||A||α

`α .
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Heavy-tail phenomena for super-Gaussian laws

Let α ∈ (0, 2), X ∝ e−||h||α`αdh.
Look at the large deviations of fn(X) at speed vn.

(A). If for any r > 0, δ > 0,

P
(

sup
||h||α

`α
≤rvn
|fn(X + h)− Efn(X + h)| > δ

)
−→

n→+∞
0,

and L2 the `2-Lipschitz constant of fn satisfies

L2 � v−1/2
n

Then fn(X) satisfies a LDP with speed vn and rate function

Iα(x) = inf
{ ||h||α`α

vn
: Efn(X + h) = x

}
.



The transportation method
µ satisfies a transportation-entropy inequality with cost c (Tc) if

∀ν, inf
π∈Π(ν,µ)

∫
c(x− y)dπ(x, y) ≤ H(ν|µ).

Tc implies deviations inequalities with enlargements w.r.t c

µ
(
x : inf

y∈V
c(x− y) > r

)
≤ e−rµ(V ).

Tensorization: if µi satisfies Tci , then µ1 ⊗ µ2 satisfies Tc1⊕c2 .

Tc implies dimension free concentration inequalities

µn
(
x : inf

y∈V

n∑
i=1

ci(xi − yi) > r
)
≤ e−rµn(V ).

(Gozlan) : Dimension free concentration is equivalent to Tc.
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Examples
α ∈ (0, 2], να ∝ e−|x|

α
dx.

(Talagrand). ν2 satisfies Tc with c = |x− y|2.

If µ = e−V dx with V a convex function, then µ satisfies Tc with

c(x, y) = V (y)− V (x)− V ′(x)(y − x).

If V is uniformly strictly convex, V ′′ ≥ κ, then

µ satisfies Tc with c = κ
|x− y|2

2 .

Given µ, among cost functions c = c(x− y) the best one is

Λ∗µ(x) = sup
λ
{〈λ, x〉 − Λµ(λ)}.

(Latała-Wojtaszczyk): if µ ∈ P(R) is log-concave and symmetric
then it satisfies Tc with

c(x, y) = Λ∗µ
( |x− y|

κ

)
, κ universal



The exponential measure
ν1 ∝ e−|x|dx. For any λ ∈ (0, 1), define the cost function

cλ(x) =
( 1
λ
− 1

)(
e−λ|x| + λ|x| − 1

)
.

(Talagrand). For any λ ∈ (0, 1), ν1 satisfies Tcλ :

∀ν, inf
π∈Π(ν,ν1)

∫
cλ(x− y)dπ(x, y) ≤ H(ν|ν1).

Behavior of cλ

cλ(x) ∼
0

λ(1− λ)
2 x2, cλ(x) ∼

+∞
(1− λ)|x|.

Two-level deviation inequality

νn1
(
x /∈ V + κλ

√
rB`2 + (1− λ)rB`1

)
≤ e−rνn1 (V ).

Transporting ν1 to να yields a similar deviation inequality.
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