Heavy-tail phenomena in large deviations of
random matrices

Fanny Augeri

May 18, 2018

i
i\arangvarabin’a

WEIZMANN INSTITUTE OF SCIENCE



Unitary invariant models
Let V' be some potential.

X e_ntrV(H)dH,



Unitary invariant models
Let V' be some potential.
X x e_”trV(H)dH,

Joint law of the spectrum

Py g o [T 1A — AjlPe 2= VOO T d.
1<J =1



Unitary invariant models
Let V' be some potential.
X x e_”trV(H)dH,

Joint law of the spectrum

n

Py g o [T 1A — AjlPe 2= VOO T d.

i<j i=1
If liminf {V () — 2log|z|} > —o0.
|z| =400

(Ben-Arous - Guionnet). then py follows a LDP at speed n?



Unitary invariant models
Let V' be some potential.
X x e_”trV(H)dH,

Joint law of the spectrum

n

Py oc [T 1N — Ajlfe m2im VOO T da.

i<j i=1
If liminf {V () — 2log|z|} > —o0.
|z| =400

(Ben-Arous - Guionnet). then py follows a LDP at speed n?,

Io(w) = [ Vi@ydutz) + 5 [1ogle — yau()duty) 5

vanishes at a unique 0}3/ equilibrium measure of V.
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X1, ..., X, i.i.d random variables, X; with no exponential moments.

logP(+X; > t) ~ —at®, € (0,1),a > 0.

(Nagaev): S, follows a LDP with speed n and rate function,
Iy(z) = alx —m|*, m =EX;,.

) X1
same rate function as m + —.
n

“heavy-tail phenomenon”
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Moments of S-ensembles

1 n n
P} 5 = Z_gH A — AylPem2im VO TT d.
1<J =1

ag the equilibrium measure, [A| > ... > |\,

1 1 &
mpm: Ez)\:p-i-ﬁ Z )\;kp
i=1 i=k+1

Deviations due to extreme particles £k = logn

k
1
Mpp " E )\;‘p—i—ag(:z:p).
i=1

Logarithmic interaction negligible,

k
1
Myp.n = - ZXZJ’ + 023/(1:7’),

i=1

X1, Xy iid oc eV @ g,
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such that EX = 0 and E| X 5|? = 1.

Find a LDP for ltr(X/\/ﬁ)p, forp >3
n

1
and for —trP(X1/v/n, ..., X;n//n),
n

when P € R(Xy, ..., X,,),
and X1, ..., X, are i.i.d Gaussian Wigner matrices.

(Meckes-Szarek): Concentration inequality for Z = Ltr(X/\/n)?.

P(|Z -EZ| >t) < Cexp(— cmin (n2t2,n1+2/pt2/p)).
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E = Cy([0,1]), H =WE([0,1]), = Wiener measure.

W homogeneous Wiener chaos of degree d taking values in F.

t1 ta—1 9
U= // / k(b1 ooy ta)duwr, .dwr,, k€ L2(6y).

(Borell|Ledoux). %W follows a LDP with speed 2 and rate function
. 1
Ty(s) = 1nf{§|h]2 s =0(n)},

V) = [+ hda(w),

= ([ hear)”
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LDP for Wiener chaoses

Uniform deterministic equivalent
|90 (w + e~ 1h) — T D (h)|| — 0,

uniformly in A € O, unit ball of H, in probability.
Estimate of translates (Cameron-Martin formula)

A(E 4 ) 3 - T

for p(E) > 1/2.

Gaussian isoperimetric inequality
wrx ¢ E+vV2r0O) <e ",

as soon as u(E) > 1/2.
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Non-linear large deviations for the Gaussian measure

Take X € R"™ standard Gaussian random variable.

Look at the large deviations of f,,(X) at speed v,,.

(A).  Ifforany r > 0,0 >0,

P( sup |fulX +h) =Efu(X +h)>5) — 0,

|h|2 <27V, n—+00

Then f,,(X) follows a LDP with speed v,, and rate function

I(x) = inf { !

h?:x= ) m.
neN 2U7L| | v Efn(X_Fh),heR}



Examples and counter-examples

The low complexity condition:

P( o [Fa(X +h) = Efu(X + h)| > ) =20,
holds for
> Traces of Gaussian Wigner matrices f, = +tr(X//n)?
» Non-commutative polynomial LtrP(X1/\/n, ..., Xim/V/10).
does not for
» Empirical spectral measure px, z

> Largest eigenvalue Ay, /...
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Traces of Gaussian Wigner matrices

Let X be a centered Gaussian Wigner matrix, E|X; o[> = 1.

(A). For p > 3. Ltr(X/\/n)? follows a LDP with speed nH%, and
rate function J,,,

2 .
JQk(S) _ Cp(S - ,usc(xp»p if s > Nsc(xp)a
+00 otherwise,

2
Jor41(8) = cpls|r.

Variational formula

X x e~ 1Y)qY, ¢ quadratic form.

Jp(s) = mf{q(H) : s = psc(?) + trH"}.
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(1] S0 <rvn n—+0o
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Then f,,(X) satisfies a LDP with speed v,, and rate function
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Examples

When X o e”IMlia g with o € (0,2),
the conditions

P( sup |fulX +5) —Efu(X +R)|>48) — 0,

[1h]|ga <rvn norteo

and L, < 051/2, hold for
» Traces of non-commutative polynomials v,, = no(+3q)
» Empirical spectral measure v,, = n!+/2 (Bordenave-Caputo)
» Largest eigenvalue v,, = n®/?

> Last passage time v, = n%, a <1,

but does not for the empirical mean f,, = % v X; whena > 1.
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Concentration for the empirical spectral measure
Let X ox e IVllia gy with o € [1,2].
(Talagrand).Two-level deviations inequality
P(X ¢ V +rBp +7Y*B) < Ce™,

forany P(X € V) > 1/2.
1
(Lidskii).  p>1, Wy(pa,up) < 17/p(tr‘A _ B‘p)l/P.
n
p<2 ulHP < ||H|.
Let f: R — R be a 1-Lipschitz function.

Pux) m(f)=Eux,m(f) >t) < Aexp (—/@min (n2t2,n1+%to‘)).
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LDP for the empirical spectral measure

Let X oc e Ml dy with o € (0,2).

14a/2

(Bordenave-Caputo). fix,. /; follows a LDP with speed n and

rate function,
. 1 o
I(p) = sup1nf{—||H||£a sd(py g Bopse) < 0, H € Hn},
5>0 ™ 1N

with B the free convolution.

D(I) C {vH pse, v(|z]Y) < +o0}.
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Heuristics for the lower bound
Let X oc e IVl dy with o € (0,2)

P(MX/\/TL ~ pse Br) 2 P(HX/\/H >~ psc B 11a),
with A € H,,, such that pus4 ~ v.

Xy = XKiglijem)ig, X" =X = Xy
By independence,

P(:U’X/\/ﬁ ~ pise B V) z ]P(X(m)/\/ﬁ ~ A)
X P(uX(”L)/\/E_’_A ~ IU’SC Bﬂ 'LLA)

From the asymptotic freeness of X//n and A,

P(NX(?H)/\/H+A ~ pise H ,UA) — 1.

n—-+o0o

P(X gy /1 = A) Z e I1All
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Let o € (0,2), X oc e 1Ml gp,
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(A). If for any » >0, § > 0,
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The transportation method

[ satisfies a transportation-entropy inequality with cost ¢ (7.) if

Vv, inf /c(m —y)dr(z,y) < H(v|p).
mell(v,u)

7. implies deviations inequalities with enlargements w.r.t ¢

p(z 1gf oz —y)>r) <e V),
y

Tensorization: if ju; satisfies 7., then p11 @ pio satisfies 7¢ e, -

T. implies dimension free concentration inequalities

n

™ ( :mqu Z; y,>r)<e”‘(v)

(Gozlan) :  Dimension free concentration is equivalent to 7.



Examples
a € (0,2], vy x e da.
(Talagrand). vy satisfies T, with ¢ = [z — y|°.
If x = e~Vdz with V' a convex function, then 1 satisfies 7. with
c(z,y) =V(y) = V() = V'(2)(y — 2).
If V is uniformly strictly convex, V" > k, then

a2
(4 satisfies T, with ¢ = /@|x 2y| .

Given 1, among cost functions ¢ = ¢(z — y) the best one is

Aj ) = sup{ (A, )~ (V).

(Latata-Wojtaszczyk): if u € P(R) is log-concave and symmetric
then it satisfies 7, with

c(z,y) = A;(|x ; y|),l€ universal
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The exponential measure
v1 o< e #ldz. For any A € (0,1), define the cost function
1 |
(5= 1) (el 4 Aja| — ).
(Talagrand). For any A € (0,1), vy satisfies 7., :

Vv,  inf /cA(m —y)dr(z,y) < H(v|v).
well(v,v1)

Behavior of ¢

er(@) A(lz”ﬁ ex(@) ~ (1= )]

Two-level deviation inequality
V(@ ¢ V + kB + (1= A)rBp) <e ™),

Transporting v to v, yields a similar deviation inequality.
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Let o € (0,2), X oc e 1Ml gp,
Look at the large deviations of f,,(X) at speed v,,.

(A). If for any » >0, § > 0,

P( sup |fulX + 1) —Efu(X +h)|>48) — 0,

(1] S0 <rvn n—+0o
and Lo the ¢2-Lipschitz constant of f,, satisfies
Ly < v 1/?

Then f,,(X) satisfies a LDP with speed v,, and rate function

I.(z) = inf{WZ)”?d LEfa(X +h) =z},



Thank you for your attention



