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Introduction

Real rooted polynomials used to encode combinatorial objects using
coefficients and roots

Combinatorial operations ↔ Real rooted preserving linear operators

Polya-Schur Theory

Which linear operators preserve the set of real rooted polynomials?

Which linear operators preserve the set of real rooted polynomials of
degree at most n?

p is 1-mesh if real rooted with minimal distance between roots 1.

Discrete Polya-Schur Theory

Which linear operators preserve the set of 1-mesh rooted polynomials?

Which linear operators preserve the set of 1-mesh rooted polynomials
of degree at most n?
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Differential Operators

D : p 7→ p′ preserves real rootedness by Rolle’s Theorem

Instructive to study graph of p′

p

Can shift the graph p′

p = α ⇐⇒ p′−αp
p = 0
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Differential Operators

Lemma

The map p 7→ p′ − αp for real α preserves real rootedness
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Differential Operators

Lemma

The map p 7→ p′ − αp for real α preserves real rootedness

Corollary

All operators (I − α1D) . . . (I − αnD) preserve real rootedness
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Differential Operators

Lemma

The map p 7→ p′ − αp for real α preserves real rootedness

Corollary

All operators (I − α1D) . . . (I − αnD) preserve real rootedness

Question

Which operators
∑

akD
k preserve real rootedness?
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History of R. R. Preserving Operators

Theorem

A differential operator p(D) =
∑

akD
k preserves the set of all real rooted

polynomials if and only if p is real rooted.

Theorem (Polya-Schur)

A diagonal linear operator T (xk) = akx
k preserves the set of all real

rooted polynomials if and only if T (ex) is the limit of either positive roote
polynomials or negative rooted polynomials.

Theorem (Borcea-Brendan 2008)

For all non-degenerate linear transformations, real rooted preserving if and
only if T (exz) or T (e−xz) is real-stable.
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Restricted Degree Preservers

In many scenarios we have restricted degree of polynomials

There exist linear transformations which preserve bounded degree real
rooted polynomials but not all real rooted polynomials

Example

If p(x) = x2 + 2x + 2 then p(D) = D2 + 2D + 2I . p is not real rooted,
but p(D) preserves all real rooted quadratic polynomials.
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The Classical Convolutions

Definition

Given p =
∑

akx
k , r =

∑
bkx

k , we define the (Walsh) additive
convolution and (Grace-Szego) multiplicative convolution

(p �n r)(x) =
∑
k

Dkp(0)Dn−k r(x)

(p �n r)(x) =
∑
k

(
n

k

)−1

akbkx
k
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Classical Convolution Intuitions

Proposition (Root Intepretation)

Given p =
∏

(x − ai ), r =
∏

(x − bi )

(p �n r)(x) =
∑
σ∈Sn

∏
(x − ai − bσ(i))

(p �n r)(x) =
∑
σ∈Sn

∏
(x − aibσ(i))

Theorem (Random Matrix Interpretation)

Given positive definite matrices A,B such that χA, χB = p, r , we have

EOnχ(A + PBPT ) = p �n r

EOnχ(APBPT ) = p �n r
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Characterization of Fixed Degree R.R. Preservers

Theorem

A real differential operator preserves real rooted polynomials of degree at
as most n if and only if it can be written as p �n · where p is a real rooted
polynomial

Theorem

A diagonal linear operator preserves real rooted polynomials of degree at
most n if and only if it is of the form p �n · where p has all positive roots
or all negative roots

Theorem (Borcea-Brendan 2008)

A nondegenerate linear operator T preserves real rooted polynomials of
degree at most n if and only if T [(x + z)n] is real stable.
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Mesh and Interlacing

Definition

We call the minimal distance between two roots of a real rooted
polynomial its mesh. We say a polynomial is b−mesh if its real rooted
with mesh at least b.

p(x) is b−mesh if and only if p(x − b) interlaces p(x)

p(x)

p(x-b)

Definition

We call the minimal ratio between two roots of a positive rooted
polynomial its log mesh. We say a polynomial is q−log mesh if its positive
rooted with log mesh at least q.
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Mesh Properties of Classical Convolutions

Bilinear + Real Rooted Preserving =⇒ Interlacing Preserving

Additive convolution commutes with shift

Combining these we get for real rooted p, r

Classical Mesh Preservation

mesh(p �n r) ≥ max{mesh(p),mesh(r)}

Similarly for positive rooted p, r

Classical Log Mesh Preservation

logmesh(p �n r) ≥ max{logmesh(p), logmesh(r)}

Question

What other operators preserve b−mesh?
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Other Mesh Preservers

We have p(x) and p(x − b) interlace

0 1 2 3 4 5 6

p(x-b)

p(x)

Lemma

p(x) 7→ p(x)− αp(x − b) preserves b−mesh when α > 0
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Other Mesh Preservers

Graph of p(x)
p(x−b)
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Other Mesh Preservers

Graph of p(x)
p(x−b)

Shifting graph: p(x)
p(x−b) = α ⇐⇒ p(x)−αp(x−b)

p(x−b) = 0

Lemma

p(x) 7→ p(x)− αp(x − b) preserves b−mesh when α > 0
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Finite Difference Operator

Define ∆b(p) := p(x)−p(x−b)
b , dq,n := p(qx)−p(x)

q1−n(qn−1)x
, d∗q,n := p(qx)−qnp(x)

qn−1 .

Lemma (Fisk, Lamprecht)

∆b preserves b−mesh, while dq,n, d
∗
q,n preserve q−log mesh

As b → 0 and q → 1 these converge to the classical derivatives
dx , dy .

Real rooted ↔ b−mesh, dx ↔ ∆b

Theorem (Branden, Krasikov, Shapiro)

p(∆b) =
∑

ak∆k
b preserves all b−mesh polynomials if and only if p is real

rooted with roots in (−∞, b−1]
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Finite Degree Case

Abstraction of the classical convolutions:

p �n
b r :=

∑
k

∆k
bp(0)∆n−k

b r(x)

p �n
q r :=

∑
k

(
n

k

)−1

q

q−(k2)akbkx
k

Theorem (Lamprecht)

If p, r have q−log mesh then p �n
q r has q−log mesh

Theorem

If p, r have b−mesh then p �n
b r has b−mesh.

Remark

This type of result first in 1976 with Suffridge and circle rooted
polynomials.
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Lamprecht’s Proof

Interlacing Preservation + Shift Commuting =⇒ Mesh Results

Theorem (Lamprecht)

Given q−log mesh p, r , and s positive rooted which is interlaced by r ,
then p �n

q s is interlaced by p �n
q r

Theorem

Given b−mesh p, r , and s real rooted which is interlaced by r , then p �n
b s

is interlaced by p �n
b r

Corollary

Given b−mesh p, r (resp q−log mesh p, r) we have

mesh(p �n
b r) ≥ max{mesh(p),mesh(r)}

logmesh(p �n
q r) ≥ max{logmesh(p), logmesh(r)}
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Interlacing Preserving Linear Operators

Definition

Linear operator T preserves interlacing with respect to f if for all g
interlaced by f we have T [g ] is interlaced by T [f ] and vice versa.

A linear operator which preserves real rootedness preserves interlacing with
respect to all real rooted polynomials. To develop other criterion:

Lemma

Given f = (x − α1) . . . (x − αn). Let fαk
= f (x)

(x−αk ) . If

g(x) = cf (x) +
∑

cαi fαi then g and f interlace if and only if all the cαk

are the same sign.

Theorem

If T [fαk
] is interlaced by T [f ] for all k then T preserves interlacing with

respect to f .
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Extending Lamprecht’s Proof

Inducts on degree using fαi

Uses q−log mesh preservation of dq,n, d
∗
q,n and commuting relations

Main obstruction to the additive case is lack of dy alternative

∆∗b,n := nf (x − b)− (x − b)∆bf (x) doesnt preserve b−mesh

Instead we construct another polar derivative which depends on
polynomial

Lemma

For fixed b−mesh f , for large enough t, (t∆b + ∆∗b,n)f is b−mesh and
∆bf is interlaced by (t∆b + ∆∗b,n)f
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Transfer Results

Question

How to transfer results from multiplicative setting to additive setting?

Additive Convolution Multiplicative Convolution

Preserves Real Rootedness Preserves Positive Rootedness
Triangle Inequality Multiplicative Triangle Inequality

Preserves Mesh Preserves Log Mesh
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Connecting the multiplicative and additive convolution

Introduce a new variable q
Let p =

∏
(x − ai ), r =

∏
(x − bi ) then by the root formula we can

calculate

(1− q)n[p(
1− x

1− q
) �n r(

1− x

1− q
)]((1− q)x + 1)

= (1− q)−n
∑∏

(x + 1− (1− (1− q)ai )(1− (1− q)bσ(i)))

=
∑
Sn

∏
(x − ai − bσ(i) + (1− q)aibσ(i))

Theorem

limq→1(1− q)n[p( 1−x
1−q ) �n r( 1−x

1−q )](qx) = p �n r

Allows us to get root information from multiplicative to additive
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Toy Example

Theorem

limq→1(1− q)n[p( 1−x
1−q ) �n r( 1−x

1−q )](qx) = p �n r

Transferring Results

�n preserves positive rootedness =⇒ �n preserves real rootedness

p( 1−x
1−q ) modifies roots ai 7→ 1− (1− q)ai

Given real rooted p, r for q near 1, p( 1−x
1−q ), r( 1−x

1−q ) positive rooted

p( 1−x
1−q ) �n r( 1−x

1−q ) positive rooted

[p( 1−x
1−q ) �n r( 1−x

1−q )](qx) has roots on R + 2π
| log q| iZ

Limiting yields p �n r is real rooted
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Extension to q− and b− convolutions

How to extend to the discrete convolutions?

Eq,b : x(x + b) . . . (x + (k − 1)b)→ (1− x)(1− qbx) . . . (1− q(k−1)bx)

(1− q)k

Theorem

limq→1(1− q)n[Eq,b(p) �n
qb

Eq,b(r)](qx) = p �n
b r

Not an algebra morphism as in classical case

Proved on basis using q−Lagrange interpolation formula.

Lemma (Q-Lagrange Interpolation)

(−1)jq−(j
2) · [t j ]p(t) =

j∑
i=0

p((i)q−1)
(−1)i

(i)q!(j − i)q!
q( i

2)
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Bounds on the Roots of the Additive Convolution

If σk denotes the sum of the top k roots of p then

σk(p �n r) ≤ σk(p) + σk(r)

Strengthening of triangle inequality:

Theorem (Marcus, Spielman, Srivastava)

Given real rooted p, r and positive number α, define Uα = I − αD then

λmax(Uα(p �n r)) + nα ≤ λmax(Uα(p)) + λmax(Uα(r))
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Bounds on the Roots of the b−Additive Convolution

To study the max root it’s more natural to look at the other finite
difference operator ∆̃b : p 7→ p(x + b)− p(x)

The triangle inequality is immediate,
λmax(p �n

b r) + b(n − 1) ≤ λmax(p) + λmax(r)

Conjecture

Given b−mesh p, r and Uα = I − α∆̃b, for α > 0 we get

λmax(Uα(p �n
b r)) + b(n − 1) + nα ≤ λmax(Uα(p)) + λmax(Uα(r))

Remark

Limiting α→ 0 yields the triangle inequality while limiting b → 0 yields
the classical MSS result.
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Future Directions

We’ve developed a theory of differential operators for b−mesh and
diagonal operators for q−log mesh polynomials

Open Question

Is there a classification of all linear operators which preserve 1−meshed
polynomials?

Analogue of Real Stable? Unclear what analogue of mesh is for
complex roots

Polynomial framework which explains our connection between
q−multiplicative and b−additive realms?

Is there a Random Matrix Model which interprets this convolution?
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