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As B(=1,2,4) — oo
Theorem. (Gorin-Marcus-17) Eigenvalues of C crystallize
(=they become deterministic) as § — oc:

lim | C = UAU* + VBV*
B—o0

N

1_11( C')_N| ; H(Z_al_b )
Jim |C = (UAU") - (VBV")

N

[[Gz-c)= Z H(Z 3ibo(i))

i=1 : cEeS(N) i=
Jim | C = P (UAU")P;

k aN_k N

H(z —¢j) r~ Nk H(z —a;)

i=1 i=1

Finite free convolutions and projection



As N — oo

Theorem. (Voiculescu, 80s) At 5 = 1,2 empirical measure of
eigenvalues of C becomes deterministic as N — oo.

N

na = I|m NZéa, wg = I|m —Z(Sb we = I|m 12(55,.

Gu(z):/M(dX) 7

zZ— X
—1 1

R(2) = (6.(2) —3. Su2)=

1 —zG,( ))71

I\Ilinoo ’ C = UAU" + VBV” R,uc( ) RNA(Z) + Rug(2)
Jim [ C = (UAUY) - (VBV')| Suc(2) = Sua(2) - Sus(2)
Jim [ C = PL(UAU")P Ruc(z) = MR, ,(2)

Free convolutions and projection



As N — oo

Theorem. (Voiculescu, 80s) At 5 = 1,2 empirical measure of
eigenvalues of C becomes deterministic as N — oo.

1< 1
ha = Jim 3 2 0w we = fim —Zab pe = Jim N;&,—
u(dX)
G”(Z):/z—x

Ru)= (6u() "~ 1 Sule) =

lim |C = UAU* + vBV* Rﬂc(z) RMA(Z)—FRMB( z)

1 —zG,( ))71

N—oo
Jim \C: UAU") - (VBV*) | S.c(2) = Sun(2) - Sus(2)
'i“oo | C = P (UAU")P | Ruc(z) = NR,,(2)

Free convolutions and projection

Conjecture. Same is true for any fixed 5 > 0.



Discretization

T, irreducible (linear) representations of U(N;C)

A1> X > > Ay, A EZ.

neoT, =@, T.
K

Littlewood-Richardson coefficients ¢y, intractable as N — oo.



Discretization

T, irreducible (linear) representations of U(N;C)

A1> X > > Ay, A EZ.

neoT, =@, T.
K

Littlewood—Richardson coefficients cfﬂj intractable as N — oo.
dim(T,)ct

R h h P(k)= ————— 2
andom & through P(k) dm T dm T,

Semi-classical limit degenerates representations of a Lie group into
orbital measures on its Lie algebra

Ty® T, — UAU* + VBV*



Discretization

Theorem. (Gorin—Bufetov-13; following Biane in 90s)
Empirical measure of v becomes deterministic as N — oo.

dim(T,)c¥
nel,=Pd¢,T. Pk (e,

~dim Ty -dimT,
N N
. 1 Aj L 1 K
H’\_NlinooN;é<N>’ ”N—N'l“oo/\/;‘S(N)
N /!

Scaling is important!

Gua) = [ U ey = (6,2) - o

z—x ~ 1—exp(—2z)

unant(z) _ unant(z) + Rgsant(z)

Hr YN
Quantized free convolution



Discretization

Theorem. (Gorin—Bufetov-13; following Biane in 90s)
Empirical measure of v becomes deterministic as N — oo.

dim(T,)c¥
nel,=Pd¢,T. Pk (e,

~dim Ty -dimT,
N N
. 1 Aj L 1 K
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N /!

Scaling is important!

Gua) = [ U ey = (6,2) - o

z—x ~ 1—exp(—2z)

unant(z) _ unant(z) + Rgsant(z)

Hr YN
Quantized free convolution

Restrictions to smaller subgroups lead to projection.
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Zoo of operations
N semi-classical \\

neT, =@, T

RAU"(2) = RN (2) + RIU™(2)

7N
N
N
4

e (B () = YR, ()

\ semi-classical
’

4 Pz

Byo(2) = Rua(2) + Ry (2)

Operations on matrices and representations lead to a variety of

Laws of Large Numbers, resulting in convolutions.
They are all cross-related by limit transitions.



Zoo of operations
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LA RNt (z) = R (2) + RIS (2) ), \ ) . )

A g N e ,
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NN semi-classical . v A7 N e \
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AN = o0 N
NN I3 \
N

4 y
= A -
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Operations on matrices and representations lead to a variety of
Laws of Large Numbers, resulting in convolutions.
They are all cross-related by limit transitions.

We present a unifying framework for the operations.



Matrix corners

The most explicit case.
N x N matrix UAU* a as as  ay

My | Myp | Mys | My

Mo1 Moy | Maz | Moy
M1 Mz Msz | Mzy
My My Myz Mgy

Theorem. (Gelfand—-Naimark—50s; Baryshnikov, Neretin — 00s)

With (x1 vy xN) = (a1,--.,an), the joint law of particles is
k k+1
H H (xk — xky2 5HH|X xletLjs/2-1
k=11<i<j<k a=1b=1

e A basis of extension from 8 =1,2,4 to general 3 > 0.
o Consistent with (Hermite/Laguerre/Jacobi) 5 log—gases



Matrix corners
N x N matrix UAU* ap as az  ay

My | Mo | Mi3 | Mg
Ma1 Moy | Moz | My
Mz1 Mz Msz | Mz i
Mar Mo Maz  Mag

N-1 k k+1

k k\2—8 k k+1)8/2—1
IT IT &= TT T b =1
k=1 1<i<j<k a=1b=1

Multivariate Bessel Function

N k k—1
k k—1
Bai....an(z1, ..., zn) = Eexp E zy - E Xi — E X;
k=1 i=1 j=1



Matrix corners
N x N matrix UAU* ap as az  ay

My | Mo | Mi3 | Mg
Ma1 Moy | Moz | My
Mz1 Mz Msz | Mz i
Mar Mo Maz  Mag

N-1 k k+1

k k\2—8 k k+1)8/2—1
IT IT &= TT T b =1
k=1 1<i<j<k a=1b=1

Multivariate Bessel Function
N k k—1
k k—1
Bay,.ay(z1,...,2y) = Eexp E Z - E Xj = E X;
k=1 i=1 j=1

Diagonal matrix elements at 8 =1,2,4
Proposition. B;, . ay(z1,...,2n) is symmetricin z1,..., zy.



Matrix corners

N x N matrix UAU* ap as az  ay
R
M M12 M13 M14 w3 3 w3
M1 Moo | Maz | Moy ‘
M1 Mz Msz | Mzy
Mar Mo Maz  Mag
N-1 k k+1
kK _ky2—B kK  _k+1i8/2-1
IT II OF=x>PTIIT Ik — it
k=1 1<i<j<k a=1b=1

Multivariate Bessel Function

N k k—1
k k—1
Bai....an(z1, ..., zn) = Eexp E Z) - E X[ — E X;
k=1 i=1 =1

Laplace transform for full matrix at 8 =1,2,4.
Bay....an(z1, ..., zn) = Eexp [Trace(UAU*Z)], Z ~ {z} eigenvalues



Matrix corners

N x N matrix UAU* a a az a
— e o o o —
M1 | Mi2 | Miz | Mg . e °
M1 Moo | Ma3 | Moy ] o i
M1 Mz Msz | My
My May Mz Myy

Multivariate Bessel Function

N k k—1
k k—1
Bai....an(z1, ..., zn) = Eexp E 2z E X — E X;
k=1 i=1 j=1

(Harish Chandra; ltzykson—Zuber) At 3 = 2:
N
det [exp(ajz;)] i1

[1(ai — aj)(zi — z)

i<j

Bal,...,a/\/(zlu e 7ZN ~



Matrix corners
N x N matrix UAU* a a a;  a

My | Mio | Myz | Mig . ¢

&t

Mai My | Moz | Moy -
Ms1 Mz Msz | My " o
Mar May Mz Myy

Multivariate Bessel Function

N k k—1
E E k § : k—1
Balv---yaN(Z]J RN ZN) = Eexp Zj - X; — X_/
k=1 i=1 j=1

Ba,,..an(z1, - zn) - [1(zi — zJ-)B/2 is an eigenfunction of
i<j
rational Calogero—Sutherland Hamiltonian for any 5 > 0
N

BR2—-5) 1
2822 + 2 Z(Z,‘—Zj)2

i<j



Matrix corners
N x N matrix UAU* ay as az  ay

Moy Moo | Moz | Moy
Mzy Mzy Mzz | Msg
Mar Maox Maz Myy
N K k-1
Bai....an(z1, ..., zy) = Eexp Z Zk - Zx,-k - ijkfl
k=1 i—1 =1

The probability law of interest is readily reconstructed:

Bal,...,aN(Zla .. Zk7 PR 0)

// ko zl,...,zk)IP’(dxf,dxzk,...,dx,f)



Matrix corners
N x N matrix UAU* ay as az  ay

M1 Moy | Moz | Mg
Mz Mz Mssz | M3y
Mar May Mz Myy
N K k—1
Bai....an(z1, ..., zy) = Eexp Z Zk - Zx,-k — ijk*l
k=1 i—1 =1

The probability law of interest is readily reconstructed:
Bal,...,aN(Zla <o Zks O’ s 70)
kg k k
= /// BX{<7X£<7_“7X,I<<(Z]_, oo zi)P(dx dxy s L dXE)

Equivalently, we have a family of observables

EBX{(,X;..A,X,’:(ZL ceny Zk) = Bal,.A.,aN(ZL vy Zhes 0./ ‘o ,O)




Matrix addition

N x N matrix UAU* N x N matrix VBV*
Mi1 | Mo | Mz | Mg My, | My, | Mig | My,
Moy Moy | Maz | Moy My, My | My | My,
Mzi Mzy Mzz | Msg My, Mz, Mg | My,
Mar Maz Mz Mg My My Mgz My,

N k k—1
k k—1
Bay,..an(215- -, 2v) = Eexp E Zy E Xi — E X;
k=1 i=1 j=1
N k k—1
§ § k E k—1
Bbl,...,bN(zlv"'7ZN) :Eexp Zy -+ yi - .y_/
k=1 i=1 Jj=1

|C = UAU* + VBV
Question: EB,, . cy(z1,...,2n) =7




Matrix addition

N x N matrix UAU* N x N matrix VBV*
Mi1 | Mo | Mz | Mg My, | My, | Mig | My,
Moy Moy | Maz | Moy My, My | My | My,
Mzi Mzy Mzz | Msg My, Mz, Mg | My,
Mar Maz Mz Mg My My Mgz My,

N k k—1
k k—1
Bay....an(z1, ..., 2zn) = Eexp sz- Zx,- —ij
k=1 i=1 j=1

N K k—1
K k—1
Bpy,..by(215-- - 2zn) = Eexp E Zy - E Yi — § Y
k=1 i—1 =1

| C = UAU* + VBV




Matrix addition

N x N matrix UAU*

N x N matrix VBV*

Mi1 | Mo | Mz | Mg My, | My, | Mig | My,
Moy Moy | Maz | Moy My, My | My | My,
Mzi Mzy Mzz | Msg My, Mz, Mg | My,
Mar Maz Mz Mg My My Mgz My,
N K k—1
Bay....an(z1, ..., 2zn) = Eexp sz . Zx,k —ijkfl
k=1 i—1 =1
N k k—1
Bbh ,b/\/(zlv ZN) = Eexp sz : ZYik - Zyj‘k_l
k=1 i—1 =1
| C = UAU* + VBV
EBC1,...,CN(217 . 7ZN) = Bal ----- a/v(zl ) BbL 7bN(Zl‘ T ’Z’V)

Any 8 > 0l Caveat: positivity in [E is open outside 5 = 1,2, 4.




Operations through symmetric functions

C = UAU* + VBV*

Multivariate Bessel
EBc(2) = Ba(2) - Bs(2)

C = P (UAU*)P;

Multivariate Bessel
EBc(Z) = Ba(z, ON*")

C = (UAU*) - (VBV¥)

Heckman—Opdam hypergeometric

EHO(Z) = HOA(Z) - HOB(2)

THh®T,= @Cf,yTH
K

Schur polynomials

()] _ () ()
E sn(lN)-| T sy(1V) s, (1N)

o —@aT.
My = D4

Schur polynomials

(@) ] _ s(ENH
E[=3] =2y




Operations through symmetric functions

C = UAU* + VBV* Multivariate Bessel
EBc(2) = Ba(2) - Bs(2)

C = P (UAU*) P, Multivariate Bessel
Elgc(f) = BA(Z, Oka)

C = (UAU*) - (VBV®) Heckman—Opdam hypergeometric
EHOc(Z) = HOA(Z) - HOB(2)

T, =@¢, T, Schur polynomials
PO 3
£ [ ] (2 s(2)

sk (1) sx(1V)  s(1)
T = 5T, Schur polynomials
Mo =P
[s:(2) ] _ sa(Z,1VK)
E s,ﬁ(lk)—‘ - >\S)\(1N)

These all are degenerations of Macdonald polynomials.



Macdonald polynomials

N
Px(x1,...,xn; g, t): homogenous, symmetric, leading term [] xi)"'
i=1
[T;;qf](Xl, e ,XN) = f(Xl, ey X1, qu,Xi+1, e ,XN)
N tx; — X;j
D= 't AT
Z H xi—x;j 7
i=1 j#i

N
DP(x1,...,xn; g, 1) = [Z qA"tN_'] Px(x1, ..., xn: g, t)
i=1



Macdonald polynomials

N
Px(x1,...,xn; g, t): homogenous, symmetric, leading term [] xi)"'
i=1
[T;;qf](Xl, e ,XN) = f(Xl, ey X1, qu,Xi+1, e ,XN)
tx; —
D= ZH — Tia
Xj — X
i=1 j#i
N .
DPx(x1, ..., xni g, t) = [Z qA"tN_'] Pa(x1,...,xn: g, )
i=1
Pyx(x1,...oxn)  Pu(xa,. .., Z X1,...,XN)
Py(1,t,...,tN"1) P,(1,¢t,. t’V 1 NP1t tN )

Conjecture. ¢, > 0 whenever 0 < g,t < 1.
Known cases: g=t; q=0;t=0;q— 1,t =¢*2,3=1,2,4.



Macdonald polynomials

P)\(Xl, ces

7X/\/) PV(Xl,...

7XN)

P)\(l./t,...,

tN-1)P,(1,t,...,

tN_l)

zk;c

K

P (X1,...

7XN)

Mp (1t

-, N

Y. ¢y, =1 and they define a distribution on &'s.
Everything we saw so far is a limit of this distribution.




Macdonald polynomials

PGt o) Pulrire o) -Ta )
Px(1,t,...,tN=1) P,(1,¢t,.. t’V 1 “P .., tN-T)
Our analysis of ¢} —random &:

1. Direct combinatorial limits of Macdonald polynomials.

2. Applying difference/differential operators in x1, ..., xy to the

defining identity.

. . P/\(Xl,l,t,...,tN_z)
3. Contour integral expressions for TPl Ty

Then N — oo analysis of the most general Macdonald case is open.



Beyond the Law of Large Numbers

Pa(x1, ..., xn) P,(x1,. .., Z X1,...,XN)
Px(1,t,...,tN=1) P,(1,¢t,.. t’V 1 NP1 t,..., N )

Information is lost by considering deterministic limits of random k.

What can be recovered?



Matrix corners again

Back to the most explicit case.

N x N matrix UAU* a ag as a4

My | Mo | Mi3 | Mg
Mo1 Moy | Maz | Moy

Msy Mz Mzz | May
My My Myz Mgy
With (xV,...,xN) = (a1, ..., an), the joint law of particles is
N-1 k k+1
T T Gf - TT T bk - e
k=11<i<j<k a=1b=1

What is happening as [ — co?



Matrix corners again
N x N matrix UAU* a as a3 ag

M M12 M13 Ml4 e 23 23

M1 My | Moz | Moy ‘
Msi Msa Mzz | M3
M1 My Myz Mgy
With (¥, ..., xN) = (a1, ..., an), the joint law of particles is
N—1 Kk k+1
[T T Gf - TTT bt - e
k=1 1<i<j<k a=1b=1

As 8 — oo, particles maximize
k k+1

N—-1
[1 TT 6f b TLIL ot o
k=1 1<i<j<k

a=1 b=1



Matrix corners again
N x N matrix UAU* ay ap a3 ay

Muy | Myp | Myz | My,

Ma1 Moy | Moz | Moy

Ms1 Mzy  Msz | Mzy

My May Mz Myy
As 8 — oo, particles maximize

N— k k+1

ky—2 k+1
T TT 6t T 7 o
k=1 1<i<j<k a=1b=1

Proposition. The optimal configuration is given by

H(z—)_(ik)NWn(z—aj), k:1,2,...,N.
i=1 j=1



Matrix corners again

With (x,...,xN) = (a1, ..., an), the joint law of particles is
N-1 k k41
k _ ky2— k _ k+1)8/2—1
II II & =5 TI I I — =547
k=1 1<i<j<k a=1b=1
k . aN_k N
H(Z—)_(i)NWn(Z—aj), k:l,2,...,N.
i=1 j=1
Proposition. §J’f = I|m f(x - Xj /) has Gaussian density

N—-1 (gk k k+1 ( k k+1)
il DU Do e i) D0 By 23
k=1 | 1<i<j<k a=1 b=1

A version of discrete Gaussian Free Field.



Central Limit Theorems for fluctuations

. Blim [C = P (UAU*)Py]. (Gorin-Marcus-17): discrete GFF
—00

: ﬂlim [C = (UAU*)(+ or -)(VBV*)]. Open problem
— 00

lim [TA‘U(k) =P Tn] . (Petrov-12, Bufetov—Gorin-15):

N—o0
Fluctuations are given by Gaussian Free Field (= covariance
given by the Green function of the Laplace operator in suitable
complex structure); bijection with random lozenge tilings.
. Nli'n [C = Pc(UAU*)Py]. Same methods and results apply.
[e.9]

) Nlim [C = UAU* 4+ VBV*]. (Collins—~Mingo-Sniady—Speicher—04)
00

Second order freeness. Covariance similar to GFF (77).
} Nlim [C = (UAU*) - (VBV*)]. (Vasilchuk=16) Similar (77).
—00

7. Conjecture: The last 3 answers extend to general 8 > 0.

. Nlim TZWoT,=6 chTH] (Bufetov—Gorin—-15) CLT with
—00 )

K
covariance similar to GFF. Conceptual explanation?



The simplest open problem
N x N matrix UAU* ay as az  ay

M1 | Mia | M3 | My
My Mo | Maz | Moy
Mz My Msz | M3y
My Maz Myz Mag

With (x,...,xN) = (a1, ..., an), the joint law of particles is
N—1 k k+1
TT T G- sfP  TTTT i xipe
k=1 1<i<j<k a=1b=1

Fix arbitrary § > 0 and send N — oo
Conjecture. The Law of Large Numbers is S—independent.

Conjecture. The Central Limit Theorem as N — oo is
B-independent after rescaling by /5.

Difficulty: Negative powers in the interaction.



Summary

1. Operations on matrices and representations possess Laws of
Large Numbers as N — oo or 8 — oo leading to various
convolutions.

2. Fluctuations are described by Gaussian fields. Whenever
formula—less identification is made, it is GFF.

3. Macdonald polynomials multiplication is the mother of all.
4. Many open questions remain!




