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Hamiltonian simulation and Trotterization
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Hamiltonian simulation
» Time-dependent Hamiltonian simulation:
.0
i (t) = H(t)u(t),  $(0) = ¥in (1)
with control Hamiltonian

H(t) = fA(t)H1 + H(t)Ha (2)

> f;(t): (scalar) control functions
» H;: time-independent Hamiltonians, e
» Applications:
» Harmonic oscillator with time-dependent mass and frequency [Dantas-Pedrosa-Basei
1992]

—iHit can be efficiently computed

1 1
H(t) = —=——~A + = M(t)w?(t)x* 3
()= ~gary ™ + M0 3)
» Adiabatic quantum computing
» Quantum (optimal) control

» Method: Trotter formula
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Trotter formula
» Exact solution (involving time-ordering operator):
Y(t) = Te—ifot(ﬂ(S)H1+f'2(S)H2)dswin (4)
» Standard Trotter [Lloyd 1996]:
Te—i Jo (RS Hi+fa(s)Ha)ds o o= Jg' (fi(s)Hi+Fa(s)Ha)ds
~ e ((AM+R(NH)N (Quadrature step)
~ e~ fi(MHahg=ifi(R)H1h (

Splitting step)

> Assume that integrals can be accurately computed with negligible cost
» Generalized Trotter [Huyghebaert-De Raedt 1990]:

Te—ifoh(fl(s)Hl—‘,-ﬁ(s)Hz)ds ~ e_,‘foh(fl(s)Hl—i-fg(s)Hg)ds

~ efifoh fg(s)dstefifoh fi(s)dsH,
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Trotter formula

» Second order standard and generalized Trotter:
Usa(h,0) = e—ifi(h/2)Hih/2 —ifi(h/2)Hah o—ifi(h/2)H1h/2

. rh . rh . rh/2
Ug,2(h, 0) _ ef/fh/Q fl(s)dsHle—lfo fg(s)dsHQe—/ 0/ fi(s)dsH;

» Higher order methods are also possible via Suzuki recursion [Suzuki 1993]:

Uak(h) = Uak—2(prh)?Usk—2((1 — 4pi) h) Uak—2(pih)?
» Extremely high order methods are not preferable in practice: O(5%) terms

» Good approximations if h is small, long time simulation:
[0, T] — [0, h],[h,2h],--- ,[(N — 1)h, Nh]
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Trotter formula - Existing error bounds

> Most existing works measure the error using operator 2 norm, i.e.,
|| Utrotter — Uexact||, and establish the error bound for generic Hamiltonian
» First order standard Trotter [Wecker-et Al. 2015]:

1Us,1(h,0) — U(h,0)II < h* (Il Il Hall + [ llocl 1 Hall + [[filloo | s 1T, Halll)

5
» High order standard Trotter [Wiebe-et Al. 2010]: ®
1Us,24(h, 0) — U(h, 0)|| < (Aakh)*+* (6)
where Ao = Maxp—g1,... 2k MaXseo, 7] (Hfl(p)(s)HlH + Hf2(p)(s)H2H>1/(p+1)
» First order generalized Trotter [Huyghebaert—De Raedt 1990]:
1Ug,1(h,0) — U(h,0)|| S W[lfilloo | ol oo [I[H1, Ho]ll (7)

» Lower bound in the time-independent case [Berry-et Al. 2007,
Berry-Childs-Kothari 2015]: Q(T|/H||)
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Trotter formula - Existing error bounds

» Recent works focus more on deriving error estimates for simulating specific
examples of practical interest, including
» Time-dependent Schrédinger equation with constant Hamiltonian [Jahnke-Lubich
2000]
> Low energy evolution [Sahinoglu-Somma 2020]
> System with interacting electrons [Su-Huang-Campbell 2020]
> Quantum phase estimate [Yi-Crosson 2021]
» Adiabatic evolution [Yi 2021]
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Vector norm scaling

9/23



Motivation

» Assume that ||H1|| > || Hz|

» Example we have in mind: Hamiltonian with time-dependent mass and potential

1
HO = =2

A+ SM(0)V(x) (8)

» In practice, we may care more about the error within the obtained quantum state
|t)(T)), or the corresponding observable (¢)(T)|O|(T))

» Bounds in terms of operator norms may overestimate the errors in the quantum
state:

[Allz = sup [[A[x)]l2 (9)
X} l2=1
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Error bounds

Us1(h,0) = e R(MHzhg=ifi(h)Hih

10
Ug,l(h, 0) _ e—ifoh fg(s)dnge—ith fi(s)dsHy ( )
Theorem (Vector norm scaling 1)
Assume that for any vector V, ||[H1, Ha]V|| < ||H1V|| + ||V]|, then
1. for any state |v), the local error can be bounded by
1UL(h,0)[V) = Uexace(h, 0) [vV)I| < (IIHz [v) || + 1) h* (11)
2. the global Trotter evolution operator, defines as Uy = Hszl Ui(h, (G — 1)h),
satisties
T2
11 = Uexactll < 7 < sup [[Hy |¢(t)) || + 1) (12)
tel0,T]

'[An-Fang-Lin 2021] ( arXiv:2012.13105)
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Application

» The vector norm error bound can be much better than the operator norm error
bound if

> ||[H1, Ha]V|| < [[Huv]| + |1V
> supicpo, 7y 1H1 [#:(2)) || is small
» For the example of Hamiltonian with time-dependent mass and smooth potential,
H=A H=V
> After spatial discretization with n basis functions, ||H:|| = O(n?), ||Ha|| = O(1)
> ||Hi|l is large, but ||Hy |3(t)) || is O(1) if |3(t)) is sufficiently smooth
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Application

Work/Method Scaling  w. | Overall
spatial dis- | query com-
cretization plexity

-1
Second order [1H9;gighebaert-De Raedt | O(n) O(e™)
Trotter [Wiebe-et al. 2010] o) O ?)

[Wecker-et al. 2015] O(n) O(e 1)

Our work [An-Fang-Lin | O(1) O(e799)

2021]

Higher order | p-th  order  Trotter | O(n?*2/P) O(e~172/pP)
methods [Wiebe-et al. 2010]

Truncated Dyson series | O(n?) O(e™ 1)

[Berry-et al. 2015, Low-

Wiebe 2019]

Rescaled Dyson series | O(n?) O(e 1)

[Berry-et al. 2020]
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Numerical tests
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Figure: Relative Errors in the operator and vector norms. In the legend, “g” stands for the

generalized Trotter formula and

S

for the standard Trotter formula. The error in operator

norm is labeled as “ope” while the one in vector norm as ‘“vec”.
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Proof sketch
» Derive an exact representation of (Utyotter(h, 0) — Uexact)(h, 0) by variation of

parameters formula
» linear combinations of integrals with integrand of the form

J
IIs
j=1

where A can be Hiy,H,, [Hi1, H>], and higher order commutators

» Multiplying the vector from the right gives the exact error representation with

A ﬁ exp (ihg'k, H,L,) (13)

k'=1

K
[ exr (in&cH,)
k=1

vector norm scaling
» Under certain assumptions, we can exchange the order of operators without much

overhead, e.g.,

7| < C(I|H 7| + | 71) (14)

Hy

K
I exe (inéiHy,)
k=1
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Adiabatic quantum computing
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Adiabatic Quantum Computing (AQC)
0 [P(t)) = (L= t/T)Ho + (t/ T)H1) [(t)), te[0,T] (15)

» Goal: Solve eigenvalue problems 25
2 —/—

1.5
Olsjc

-0.5
0

» Starting from the (easily prepared) eigenvector of Hp,
the wavefunction at the final time will approximate
the corresponding eigenvector of Hi if

» the Hamiltonian is slow enough (equivalently T is
large enough)
» gap condition is satisfied

Eigenvalues of H(t)

0.2 0.4 0.6 0.8 1
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Quantum Adiabatic Theorem

Theorem (Continuous Adiabatic theorem?)

Assume an eigenpath \(s) of the Hamiltonian H(s) = (1 — s)Hy + sH; is separated

from the rest by a gap A(s), then the distance between the dynamics and the
eigenvector can be bounded by

A IHO)2 | [TH @)l
n(1) = C{ TAZ0) | TAY(1)

1 "(r 9 ues 2
L[ (Ml KR o)

» To bound the error by e: T = O(A;3e™1)
» Cubic dependence on the gap

(16)

2[Jansen-Ruskai-Seiler 2007]
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Trotterization for adiabatic dynamics

Exact solution of
the dynamics

W Wic theorem

Numerical output —— Exact eigenvector

> First order Trotter with h = T/N: U(t + h, t) = e~ /(t/ T)Hhhe—i(1=t/T)Hoh
» Trotter error ~ Th= h~¢/T, N~ T?/e
» To bound the error between numerical solution and the exact eigenvector,
combining with the estimate from adiabatic theorem than T ~ 1/e,
> Timestep: h~e/T ~ ¢
> Total number of steps: N ~ 1/¢

> However, numerical tests suggest a relatively large time step size
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Discrete quantum adiabatic theorem

Theorem (Discrete adiabatic theorem?)
Suppose that we are given a sequence of unitary operators
{Ws(n/T):neN,0<n< T} such that
1. the difference between W(n/T) and Wr((n+ 1)/ T) is bounded by O(1/T),
2. there is an eigenpath \(s) of Wr(s) which is separated from the rest of the
spectrum by a gap A(s).

Then, starting from the eigenvector of W1(0) corresponding to X(0), the final state

Wr(1)--- Wr(1/T)W+(0) [1(0)) is close to the eigenvector of Wt (1) corresponding
to \(1) with error bounded by

ol S S 17
IINOEE TN Z_‘i TZA(n/T)? (17)

3|Dranov-Kellendonk-Seiler 1998, Costa-et al. 2021]
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Continuous v.s. Discrete

Continuous

Discrete

Evolution

i0: [0(t)) = H(t/T) |[v(t))

Wr(1)--- Wr(1/T)W7(0) [¢bo)

Slow condition

H(s + As) and H(s) are close

Adjacent Wt's are close

Gap condition

Gap for H(s)

Gap for Wt (s)

Conclusion

From eigenvector of H(0) to

H(l)

From eigenvector of W1(0) to
Wr(1)

Error bound

TA()z‘Jr TA(1)2‘+ TL% INCOE

1 1
TA@F + TA() +

30t 77q;‘fﬁ

21/23



Trotterization for adiabatic dynamics

Exact solution of
the dynamics

W Adiabatic theorem

Numerical output — Exact eigenvector
Discrete

adiabatic
theorem

—i(t/T)Hihg=i(1=t/T)Hoh 45 discrete

» Idea: View Trotter evolution operator e
adiabatic walk operator
» Operator with h =1, i.e., Wr(t/T) = e (t/ ) =i(1=t/T)Ho is slow enough
» Discrete adiabatic theorem directly tells us that the error is bounded by O(1/T),
> Time step: h=1
» Total number of steps: N =T ~ 1/¢
» Byproduct: Trotter error is negligible/not dominant

» First order Trotter can even achieve exponential convergence
> Adiabatic v.s. QAOA
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Remarks

Standard | Our work
Time step size | O(e/T) 0(1)
Trotter steps | O(1/€3) | O(1/¢)

» The discrete adiabatic perspective can also be applied to understand other time
discretization approaches via deterministic short time evolution operators
» Compared to generic Trotter error bounds,

P> we require the gap condition
» the gap condition is required for the unitary walk operator instead of the original
Hamiltonian, e.g.,

H(s) = (1 — s)Hy + sH;
WT(S) efi((lfs)HojLsHl)

WT(S) — e—fSHle—i(l—S)Ho

= e H() (18)

Thank you for your attention!
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