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Mathematical modeling of Nematic Liquid Crystals *

Static theory

@ Oseen-Frank energy
@ Q-tensor/ Landau-de Gennes energy

Hydrodynamic theory

@ Ericksen-Leslie system

@ Dynamic system of Q-tensor

1F. H. Lin and C. Y. Wang 2014
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Dynamic Model of Nematic Liquid Crystals

Ericksen-Leslie

d
& Jlu 4 xim + W, V) = 2 [[9u? +

@ u velocity field of underlying incompressible fluid, divu =0
e n direction field of nematic liquid crystal molecules with |n| =1
@ Oseen-Frank potential for nematic liquid crystal:

W(n,Vn) = ajnx(Vxn)[*+5(V-n)*+v(n-V xn)’+n[tr(Vn)*—(V-n)?]

«, B, v and 7 are all positive viscosity constants

o Whena=pF=~v=n=1

W(n, Vn) = |[Vn/|?
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d
G JlaP i+ (90 = 2 [[9uf? + J

w+u-Vu—Au+VP=-V-(Vno Vn- }|Vn|’l;)
V-u=0
X%n—l—nt-l—u-Vn:An—l- (IVn]? — n¢*) n

° % material derivative

@ x = 0 simplified model of liquid crystal flows

u+u-Vu—Au+ VP =-V-(Vn® Vn - ;|Vn|’l;)
V-u=0
n; +u-Vn= An+ |Vn|?n
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d
G JlaP i+ (90 = —2 [[9uf? + J

@ n = constant vector = Navier-Stokes equations

w+u-Vu—-—Au+VP =0
V-u=0

@ u = 0 = critical wave equations
xny +ny = An+ (|Vn]* — x|ny|*) n
@ u=0, Yy =0 = heat flow of harmonic maps to the unit sphere

n; = An+ |Vn|’n
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Hydrodynamic flow of nematic liquid crystals

w+u-Vu—Au+VP=-V-(Vdo Vd — 1|Vd|’I;)
V-u=0 (1)
d; +u-Vd = Ad + |Vd|*d

e x = (z,,2) € Q C R? bounded smooth domain
e d:Qx[0,T)— S? director field of nematic liquid crystal molecules

o VdoVd = ((80‘ od

0x; "’ E

)) € R3*3 stress tensor induced by d
1<i,j<3

@ Simplified version of Ericksen-Leslie system modeling the
hydrodynamics of liquid crystal materials derived by Lin (so)
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Main difficulties

w+u-Vu—Au+ VP =-V-(Vdo Vd - 3|Vd|’I;)
V-u=0
d; +u-Vvd = Ad + |Vd|’d

@ A strongly coupled system between the Navier-Stokes equations and
the (transported) heat flow of harmonic maps into two sphere

@ Scaling
uy(x,1) = du(Ax, \%t), Py(x,t) = N2P(Ax, A?t), dy(x,t) = d(Ax, \*t)

@ Energy inequality
sup/]ulQ—i-\Vd]QdX—I—//]Vu\Q—i- |Ad + [Vd|?d|® dxdt
t
< [ ol + Vol dx
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Navier-Stokes equations

u+u-Vu+ VP = Au
V-u=0

o Leary 34), Hopf (s0)
Existence of global Leray-Hopf weak solutions

o Caffarelli-Kohn-Nirenberg (s2)), Lin (o8
Partial regularity of suitable weak solutions in 3D

@ Regularity (singularity) and uniqueness of weak solutions in 3D
OPEN!
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Heat flow of harmonic maps

drd — Ad = |Vd|*d

@ Struwe (), Chang (o)
Existence of unique global weak solution with finitely many singular
points in 2D

@ Chang-Ding-Ye (o)
Example of finite time blowup in 2D

pr singcosp
(pt SOT’I' + - ’)“—2
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Heat flow of harmonic maps

drd — Ad = |Vd|*d

@ Chen-Struwe o), Chen-Lin (o3
Existence of global weak solutions with partial regularity in 3D

@ Coron-Ghidaglia (o) Chen-Ding (90
Example of finite time blowup in 3D
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Hydrodynamic flow of nematic liquid crystals

w+u-Vu—Au+ VP =-V-(Vdo Vd - 3|Vd|’I;)
V-u=0
d; +u-Vvd = Ad + |Vd|’d

e Wang (1)
Global wellposedness if

050 ey + dollBMOGEr) < €
@ Unique (regular) global solution in 2D

1 1
Xu-Zhang 2): exp (216(“110”%2 + 1_6)2) |Vdol|32 < T

Lei-Li-Zhang (14): third component d% >0
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Hydrodynamic flow of nematic liquid crystals

w+u-Vu—Au+ VP =-V-(Vdo Vd - ;|Vd|’I;)
V-u=0
d; +u-Vd = Ad + |Vd|*d

e Lin-Lin-Wang (o)
Existence of global weak solutions for initial and boundary problem,
with finitely many possible singular times in 2D
Finitely many possible singular points: Open!
e Lin-Wang o)
Uniqueness of weak solutions in 2D
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Hydrodynamic flow of nematic liquid crystals

w+u-Vu—Au+ VP =-V-(Vdo Vd - }|Vd|’I;)
V-u=0
d; +u-Vd = Ad + |Vd|’d

o Lin-Wang a4
Existence of global weak solutions in 3D when dy(z) € S2

o TH a3
Uniqueness of weak solutions if

2
u,vd € LPLI(R™HY), 2—9+§:1

@ For 3D, existence of weak solutions for general initial data
OPEN!
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Finite time singularity in dimension three: example 1
Theorem 1 (TH-Lin-Liu-Wang 15")

The short time smooth solution (u,d) to the system (1) must blow up at
finite time Ty, if

uO(X) = (LL‘, Y, _22)
do(x) = (% sin o (r), % sin @o(r), cos goo(r)>

where x = (z,9,2) € Q= B2 x [0,1], r = \/22 + 92, g € C>=([0,1]),
with ¢o(0) =0 and |po(1)] > 7

u(x,t) =up(x) x€9Q, t>0,
d(x,t) =do(x) x€ 0B} x[0,1], t >0,
9d(x,t) =0 x € B? x {0,1}, t > 0.

@ Examples of finite time singularities in dimension two: Open!
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Axisymmetric solutions

@ Axisymmetric forms

f(x, 1) =(f1(x, 1), 2 (x, 1), (%, 1))
=f"(r,0,zt)e" + fe(r, 0, z,t)ee + f3(r, 0, z,t)e3

where
e" = (cosh,sinh,0), e’ = (—sinh,cosh,0), e*=(0,0,1)
@ Axisymmetric forms without swirls,
u(r,0,z,t) = u"(r, z,t)e" +u3(r, z, t)e?

d(r,0,z,t) = sinp(r, z,t)e" + cos p(r, z, )&
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Axisymmetric solutions without swirl

Du"  ~ 1 ~ sin(2¢p)
ﬁu?’ X 3 Sln(ZSO)
Dr T AP = (BT e
1
=(ru"),; + (u?), =0

Dy ~ _ sin(2¢p)
Dt B 272

where
D ~ 1
D = Ot u o+ wo,, A:=08%+ 0+ 0?

o Global existence of weak solutions: Open!
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Axisymmetric solutions for heat flow of harmonic maps

Yy singpcosp

p(rt) = ot = prr + o 2

@ Chang-Ding (o0

Gobal smooth solutions if |pg| < 7
@ Chang-Ding-Ye (92)

Finite time blowup if |@o(1)| > 7
@ Grotowski (o1, 931

sin ¢ cos
p(r,2,t) = o1 = @pr + % t P2z — %
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Axisymmetric solutions for Navier-Stokes equations

Duv" ~ ., 1 .

Di — Au +ﬁu +P7»:O
Dud  ~
= AP+ P, =0
i u” +

%(TUT)T + (u?), =0

@ Ladyzheskaya (es), Leonardi-Malek-Necas-Pokorny (s9)
Gobal smooth axisymmetric solutions without swirl

o 2D case: u" = u'(n,t), (u?)., =0 =u'(rt)~<
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Liquid crystal flows

Lei-Dong 12): global smooth solution in 2D in forms of

@ u rotational
u(r,t) = u?(r,t)(—sin b, cos 0, 0)

V=¢9,+r 9y =dvu=0
@ p, d symmetric
p=p(rt)
d(r,t) = (sine(r,t) cos p(r,t),sin(r, t) sin p(r, t), cos (r,t))

0 <61 <o(r) <m— 61, and ¢pg = P(1)y) for some smooth function
)
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Simplified case
(T797z) € [Oa 1] X [0, 271'] X [0, 1] and t >0

e +w(z,t)e

) := sin(r, t)e" + cos ¢(r, t)e3

v 1 sin(2
UVt + VU — Upp T+ T_QU +Qr = (Sorr % - 2(7290)) T
wi +ww, — w,; + R, =0
_(TU)T +w, =0
sin(2
Pt + vPr =Prr + g 2(7,2()0)
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Simplified case

@ Initial condition

V]i=0 = vo(r) =7, wli=0 = wo(2) = =22, Y|=0 = @o(r)

for some ¢y € C*°(]0, 1]) with ¢((0) = 0 and
ug(r, 0, z,t) :==r(cosf,sinh,0) — 2z(0,0,1)

%@w%+ﬁm»=0

@ Boundary condition
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Local existence of smooth solutions

Claim: (v, w) is a stationary fluid field

v(r,t) =wvo(r) =r, w(z,t)=wy(z)=—-2z

1
;(rv)r +w, =0

e Differentiate with respect to z = w,,(2,t) =0
Solve ODE = w(z,t) = a1(t)z + az(t)
Initial and boundary condition = w(z,t) = —2z

o Differentiate with respect to r = (L(rv),) (r,t) =0
Solve ODE = rv(r,t) = by ()12 + ba(t)
Initial and boundary condition = v(r,t) =r
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Local existence of smooth solutions

Uy 1 or  sin(2yp)
vt + VU — (vw—i-?—r—QU) +Qr =~ (s0m~+7— T 92 )‘PT
wi +ww, — w,; + R, =0
1
;(T"U)r +w, =0
sin(2
@1+ vy =ppr + 27 — sne) 2(p)
T 2r
\
R(z,t) = — 222 4 ¢(t)
Qr = (pr+ 20 Oy
r T r 22 r ’
¢r  sin(2y)

<Pt+7“<Pr=<Prr+7—W
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Local existence of smooth solutions

sin(2
Yt +ror = Sorr‘i‘ﬁ_ (;0)
r 2r

@ Step 1: Local existence of a unique smooth solution to
d; +x-Vd = Ad + |Vd|*d
by contraction mapping theorem (e.g. Lin-Lin-Wang o))
e Step 2: d(z,y,t) is axisymmetric
d(z,y,t) = (sin@(r) cos 0, sin p(r) sin 0, cos(r)y)

if the initial and boundary data are axisymmetric.
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Gobal existence

Theorem 2

Suppose ¢y € C*([0,1]) and |o(r)| < 7 for all r € [0,1]. Then there is a
unique, global smooth solution to

sin(2
Yt +ror = @rr‘i‘&_ (2%0)
r 2r

@ Comparison principle
@ Maximum principle

@ Chang-Ding (e0)
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Finite time singularity

Theorem 3

The local smooth solution to

sin(2
PR .. ) 2@)
T 2r

must blowup at finite time Ty for some
$o € Coo([o’ 1])7 900(0) = 07 ’900(1)| > T

And
©r(0,t) 200 ast — T .
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Main idea of proof

sin @ cos
QOt"‘TSOr:(pTT’—i_%_ ig ’

o —7r(R,t)=r(Rt), r(R0)=R=r=Re
or,t) [ e Re
®aRmt) ( 0 1 )

_ -2t YR sinpcosy
pr=e (SDRR‘FE—T)

Chang-Ding-Ye (s2): construct subsolution f(r,t) with

f(0,t) =0, lim f.(0,t) =400
HTy
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Remarks

w+u-Vu—Au+VP=-V(Vdo Vd - 3|Vd|’I;)
V-u=0
d; +u-Vd = Ad + |Vd|*d

@ For subsolution

d= (sin f(r,t)cos,sin f(r,t) sin 6, cos f(r,t))

o 00
2
= (VdoVd-5|Vd]L)

r=0 0 0

@ It is unclear whether the solution (u, d, P) constructed in this example
enjoys the energy inequality
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Finite time singularity: example 2
Theorem 4 (TH-Lin-Liu-Wang 15')

There exists ¢g > 0 such that if ug € Cg%;, (B}, R?) and dy € CX(B?,S?)

satisfies that dy is not homotopic to the constant map e : B} — S?
relative to B3, and

1
E(ug,dy) := 5/]33(|110|2 +|Vdo|?) < €.
1

Then the short time smooth solution (u,d, P) to the nematic liquid
crystal flow must blow up before time T = 1.

Ol (B B) 1= {v € C(BLE) | Vv =0},
CX(BY,S?) = {d € C™(B3},s?) ‘ d=eon 83?}.

e=(0,0,1) € §?
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Remarks

@ The solution satisfies the global energy inequality.
t
B(u(®)de)+ [ [ (Vul +[ad+ [VdPdP) < E(uo.do)
0 JB3

o Let
H(z,w) = (|2]* — |w]?, 22w) : S* = S’ CRx C

be the Hopf map. Then H is not homotopic to the constant map e.
Let ® : B — S3\ {e} be a differmorphism sending B3 to e and
Dy : S? — S3 be a A—dilation centered at e. Then

dy=HoDyo®:B} —§°

satisfies the assumption of the theorem with A\ << 1.
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Main idea of proof

@ Consider approximated harmonic maps
Ad + |Vd[*d = 7(d)
with the energy inequality:

t
B0, d0)+ [ [ (9uf + @) < Bl do) < €,

forall 0 <t <1.

o By Fubini's theorem, there exists ¢; € (3,1)

E(u(t1),d(t1)) + /33 (|Vu(t1)|2 + |T(d(t1))|2) < 8¢2.

1
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Main idea of proof

@ ¢-a priori estimate inspired by Ding-Wang (o7) and Lin-Wang (s)
[A(t)] ¢y oy < OV

o d(t1)(B}) c B} (e)N'S? = d(t;) homotopic to e relative to B}
= dy homotopic to e relative to B3

= Contradiction!

e We say f is homotopic to g relative to OB if there exists a
continuous map ® € C'(B3 x [0,1],S?) such that
(i) ®(-,t) = f(-) = g(-) on OB3, forall 0 <t < 1; and
(i) (-,0) = £(-) and B(-,1) = g(-) in B},
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