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OVERVIEW

What is a Liquid Crystal?
A liquid crystal
e is an intermediate state of matter between isotropic and
solid phases
¢ has properties of both isotropic liquid and solid crystalline
e is used in displays and optical switches etc

f

Figure : An array of microlenses(compound eyes) self assemble
around a central pillar which could be used for three dimensional
imaging (U Penn group, 2015)



OVERVIEW  MATHEMATICAL MODEL OF ROD-LIKE LIQUID CRYSTALS LANDAU-DE GENNES THEORY INTERFACE PROBLEMS

There are many different types. The simplest one is a nematic
phase of rod-like molecules whose length is 2-3nm.
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J

Figure : Nematic(left),Isotropic liquid(right)
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Chiral Liquid Crystal

Figure : Chiral Phase
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Smectic Phases
¢ Molecular centers of mass follow one-dimensional arrays
and form layer structures

e Described by n and ¢ = pe: layers are level sets of w, p
represents centers of mass of the molecules

Figure : Nematic(left), Smectic A(middle), Smectic C(right)

e Smectic A: n is perpendicular to layers (left)
e Smectic C: n is tiled away from the layer normal Vw(right)



OVERVIEW

p = po + p1c0s(qz + ¢) + p2cos(2(qz + ¢)) +

where pq is the average of the density of center of mass, wave
number q = d , o is a typical thickness of smectic layer, and ¢
is a fixed number.

7 — po = pRe(e') = Re(pe") = Re(v)
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Chiral Smectic C Phase

e Smectic C + Chiral molecules

e P = Pyn x k: Py is a fixed constant depending on the
material(after Bob Meyer 1976)
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Chiral Smectic C Phase

Variables: n, P, i) = pe/ (level sets of w are corresponding to
smectic layers)

N, = _é (*Vop — V™) = p?Vw(layer normaly* = pe~*)
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Bent Core Molecules

Ny = —3 (V9 — 9V§") = 2V,

The angle ¢¢ depends on the material.
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How to describe liquid crystals?

Suppose that molecules occupy a domain Q in R3,

 nematic liquid crystals : n, a map from Q to S?(sphere with
radius 1)

« smectic liquid crystals: n, v = pe' (level sets of w are
corresponding to smectic layers)

e chiral smectic and bent core molecules:
n, ¢, P(polarization field)
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Nematic Liquid Crystals
Minimize the Oseen-Frank Energy of nematic liquid crystals

W:/FOF
Q

For = Ki(V-n)? + Ko(n -V x N+ 7)2 + K3|n x V x n|?
+(Kz + Kg)(tr(Vn)2 — (V - n)?), n:Q—s?
where 0 < K> + Ky < min{Kj, K3}, Ky < 0,7 € R.

Yl —
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Smectic Liquid Crystals

Investigate minimum energy configurations of

ESmZ/Q{FOF+FSm+FP+FE}

subject to
V- ((I+esn®@n)E) =V - -PinQ,
—V.-e0E=0inR3-Q,
V x E=0inR®,
[(I+ean®@n)E —goE] - v = (P-v)on 0Q,

where v is outward normal vector to the boundary.

INTERFACE PROBLEMS
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Fsm=ay|D. - D12 —cy|Diyf? + ay|Dy - D[

+cy| D2 + rlv[? + §[v|*  (Chen-Lubensky energy)
Fp = B(VP)? + 5 (IP]* — P§)?
or  BIPP[(P]? — P§)? —a]?
Fe=-%[(/+ecan®n)E]-E—E-P
Fp = BIVP]> + (IP]> — P§)?

S

+%KC‘(n x Ny - P)2(n - Ny)2 — x2|P[*|N, |4| (Banana Shape
Molecules)

D=V —ign, Dj=(n-V—ign, D =D~-Dy,y=
peiw7r:a(T—T*)7a>0,g>0,aL>0,aH >0,B>0.
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Defects

If a minimizer n of the Oseen-Frank energy allows a singular
point xg, the director field n behaves like

n(x) ~ R(——0)

X — Xol
near the singular point x, where R € SO(3)(R. Schoen and K.
Uhlenbeck, F. Lin, D. Kinderlehrer, H. Brezis etc)

e

)
o

Figure : Defects for Oseen-Frank Energy
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But it has been observed in the literature that there exists a
singular point xp of i% degree which cannot be a defect for a
minimizer of the Oseen-Frank energy.

Z

Figure : Singularity of J degree
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The Order Tensor Q

Let Q be a domain in R® and fix x € Q. Let f be a probability
density of molecular orientations satisfying f(—¢) = f(¢) for all
¢ € S? and p be the corresponding probability measure.

The first moments of f is [, (f(¢)dl =0

The second moments M is [, ¢ @ (f(¢)d¢:

trM = 1 MT = M, where u ® v = (4;V}); j—123,U,V € R3
If f= 4 (molecules are equally distributed in all
directions), then the second moments M, is 3l.

Q = M — My is called the second order tensor: measures
the second moments tensor associated with a given
probability density deviates from its isotropic value (a
measure of local degree of orientational order in liquid
crystals)

trQ=0
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The Order Tensor Q

e Qis a3 x 3 symmetric matrix
— J an orthogonal matrix O such that ©QOT is diagonal.

etrQ=0
—= Q=S (mem-1+S(nen-1))
where {m,n, m x n} is an orthonormal basis(eigenvectors
of Q) for R3.

e Three eigenvalues are
%(281 — 82), —%(81 + 82), %(282 — 81)

Liquid crystal is uniaxial

<= two eigenvalues are equal
Liquid Crystal is biaxial

<= Q@ has three distinct eigenvalues
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The Governing Energy

Let By be a symmetric traceless 3 x 3 matrix satisfying

" exp(Bo(;):m@)m) —— Jse (M@ m — 1) exp(Bg(x) : m® m) dm

= Q(x).
The generalized Landau-de Gennes energy(P.Zhang et al,
2015) is given by

#Q,vQ) = /{Fe(Q,VQ)+I:'b(Q)}dx,
Q

’
Fe = 5 <L1 IVQI? + Lo Qjj jQik i + L3 Qjk Qi j + I—4Qijok/,iokl,j> 7

E, — kgTc (o . Bg-InZg— 7|Q\2>

Here v >0, ¢ > 0,and Zg = |, exp(Bg : m ® m) dm.
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Remark.
J. Ball and A. Majumdar(2009): consider the mean field
Maier-Saupe free energy in the total energy

v(Q) = T min / p(m)In p(m)dm — £|QJ2

pEAqQ S2

Aq is the set of all p : S? — R satisfying

p>0/ m)dm=1,Q= (m@m—1>p(m)dm
S2 3



LANDAU-DE GENNES THEORY

Inthe case that Ly >0, Ly + Lo + L3 > 0and Ly =0,
the direct method of the calculus of variations guarantees the
existence of minimizers for F in the space

A= {Q € W'3(Q,S) : Q= Qo on 92},

where Qg is a smooth boundary data on 092 and Sy denotes
the set of all symmetric traceless 3 x 3 matrices.

The total energy F may not be bounded from below if L, # 0(
Ball and Majumdar, 2009).



LANDAU-DE GENNES THEORY

The global minimizer for the bulk energy F, is uniaxial(Ball and
Majumdar 2009, P. Zhang et al, 2015) and

near the isotropic-nematic transition the bulk energy F; is
approximated by

gz‘rC?2 —~ gtrQ3 + %(z‘r(',?z)2 + higher order terms.
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For isotropic-Nematic Interface problems, we focus on a special
form of the energy (Landau-de Gennes energy)

F(Q,vQ) :/ 24— Pued + C(irapy
02 3 4

fouik:bulk energy

1
+ > <L1 |VQ|2 + L2 Qi Qi k + L3 Qjj k Qix j + L4Q,',-Qk/7,-0k,7j) ax.

Fe-€lastic energy

Here a, b, ¢ are material-dependent and
temperature-dependent nonnegative constants and
Li(i=1,2,3,4) are material dependent elastic constants.
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Assume that Ly = 0. Then the Landau-de Gennes energy is
given by

/ (Fer + foun)
Q
1
Fei = 5 (L1QjxQjk + L2Qyi Ok + La Qi Qi )
A2 Bl C 2\?
foulk = EtI’Q — §trQ + 2 (trQ )

A B c(& L\
AR )
1= 1= 1=

where \;(i = 1,2, 3) are three eigenvalues of Q
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Remark

If Q= 3S(n®n — }/) with S being fixed, then
9 2 2 2
Feol = §S (2L1 +L2—|—L3)(Vn) +2L1(n-V>< n)

(2L + Lo + La)|n x V x n[2 + (2Ly + Lg)(tr(Vn)? — (V - n)Z)}
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Minimizers Q of the Landau-de Gennes allows a singular point
Xo of £3 degree

Figure : Singularity of } degree



In fact, P. Bauman, J.P and D. Phillips, 2012) proved existence
of half degree singularities in 2D.




LANDAU-DE GENNES THEORY

G. Di Fratta, A. Zarnescu, et al: Half-Integer Point Defects
in the Q-Tensor Theory of Nematic Liquid Crystals(J. of
Nonlinear Sci., 2015)

D. Golovaty, J.A. Montero and P. Sternberg: Dimension
Reduction for the Landau-de Gennes Model in Planar
Nematic Thin Films (J. of Nonlinear Sci., 2015)

Y. Hu, Y. Qu, P. Zhang: On the Disclination Lines of
Nematic Liquid Crystals(2015)

G. Canevari:Biaxiality in the asymptotic analysis of a 2-D
Landau-de Gennes model for liquid crystals(2014)

S. Alama, L. Bronsard, and X. Lamy: Minimizers of the
Landau-de Gennes energy around a spherical colloid
particle(2015)

D. Golovaty and J. A. Montero: On minimizers of a
Landau-de Gennes energy functional on planar
domains(ARMA, 2014)



Isotropic-Nematic Interface
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Remark
1. Based on the framework of the Ginzburg-Landau, de
Gennes studied the interface between the isotropic and
nematic phases(de Gennes 1971). With a special ansatz that
de Gennes made on the variation of the order tensor, the
biaxiality does not appear in the isotropic-nematic interface.

2.In the absence of the anisotropic energy(L, = 0), the de
Gennes’ ansatz predicts that both the homeotropic and planar
anchorings on the interface are possibly stable.

3.Popa-Nita et al(1997) investigated the isotropic-nematic
interface by numerical and asymptotic analysis and showed
that the de Gennes’ ansatz is valid when the bend and splay
elastic energies dominate over the twist energy.



INTERFACE PROBLEMS

4. Numerical simulations( Kamil et al, 2010) give positive
answer with the de Gennes ansatz in the absence of
anisotropic elastic energy corresponding to Lo-term.

5.When the anisotropic energy presents (L, # 0), de Gennes
argued energetically that the homeotropic anchoring is stable
when L, < 0 while the planar anchoring is stable when L, > 0.
It turns out that uniaxiality may lose in the interfacial
profile(Kamil et al, 2010, Popa-Nita 1997).
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Isotropic-Nematic Interface Problems

Assume that L3 = 0.

FlQ] = / (ZIVOP + 20y Quk + Fo()) o,

Fo(Q) = ftr(o) — Qtr(oz) + ().
2 3 4

where Q is a bounded domain in RS.

Assume that b? = 27ac. Then the stable two constant states 0

and s* (n@n - ) (st = 2) could coexist in the global

minimizer
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fOo0<ax %,thenQ:Oand

2 _ e
Q=s(non—1),st = BEVE 242 5r6 |ocal minimizers of

Fp.
Introduce new variables
X = Tx Q(x) = Q(v/L1X) and consider the scaled energy

L F(@ V) = jﬂr“ (VAP + L2 Qy Qi) + Fo(@)) 0.

we assume that the following limits exist

im 22— im 2 _ 3
Li—0 3L1 L1—0 L1 7
im 2 —p iim S~

L1—0 L4 L1—0 L4
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Passing to the limit as Ly — 0, we obtain the following limiting
energy functional (not relabelled) after removing the tilde

1 L
F(@.vQ) = [ {§IVOI* + 50y, Qs+ (@} dx

R3

After scaling if necessary, we take a = %, b=3,¢c=1sothat
flneon— %I) = f(0). Then energy functional takes the form

— 1 2 L ). 1 2_ 3 1 212
-F(Q7 VQ) — !/Rs {é’vc‘ +ZQU7IQ[k7k+étrQ trQ +Z(’[rQ ) }dx



OVERVIEW MATHEMATICAL MODEL OF ROD-LIKE LIQUID CRYSTALS LANDAU-DE GENNES THEORY INTERFACE PROBLEMS

The global minimizer for the case L = 0

We first investigate the global minimizer of the energy

Fo(Q,VQ) = / {%IQ’I2 + %trQZ —1rQ3 + %(ter)z}ds

R
with the boundary condition

) Q(ex) =0

Q(+oo):n®n—3
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THEOREM(J. P., W. Wang, P.Zhang, Z. Zhang, 2015). The
global minimizer of F5(Q, VQ) must take the form

Q(s) = %(1 +tanh(s—t))(n®@n — %I)

which is an uniaxial interfacial profile where t is an arbitrary
constant due to the translation.
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The global minimizer for the case L # 0

In the case of L # 0, the one-dimensional Landau-de Gennes
energy functional reads

FL(Q,VQ) = /R {;ya/z Z + ! @231 tro2)}

with the boundary condition

Q(+x)=n®n-— %I, Q(—oc) =0.
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Boundary Conditions

Unlike in the case of L = 0 the direction vector n on the
anchoring condition at +oco makes a significant effect on the
behavior of the global minimizers. There are three different
types of the alignment director n on the boundary

1. Homeotropic anchoring: n-(0,0,1) = 1;

2. Planar anchoring: n- (0,0,1) = 0;

3. Oblique(Tilt) anchoring: 0 < n-(0,0,1) < 1.



Boundary Conditions
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Without loss of generality, we look for minimizers of the form

—3(8+7) 0 0
Q= 0 -3(8-T) 0
0 0 )

with S(+o00) =1, T(+o00) = S(—o0) = T(—o0) = 0. Then the
energy functional becomes

.FL(S, T) = S/R (dlZL(S/)Z_’_‘IS(T/)2+;(382+T2)_S(82_TZ)

L1

2 2
+75(88%+ T?))ds
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Euler-Lagrange Equations

The corrresponding Euler-Lagrange equations are

1+L S 382 T? S(382+T?

— /! PR — R _ 7 = J—
28+2 2+2+ 3 0,—00 < §< 0,
T 2 T2
—éT"—l—Z;—FST—F(SSgH:O,—OO<S<oo

Note that a uniaxial state with T = 0 and S(z) = S*(z/v1+ L)
solves
~(14+L)8"+8-3582+282=0
where ( 0
« . exp(t —
S'r) = 1+exp(r—t)
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THEOREM(J.P.,, W. Wang, P.Zhang, Z. Zhang, 2015). There
exists a uniaxial equilibrium state of the energy functional 7,
which isstable(with homeotropic anchoring) when L < 0 and
unstable(with homeotropic anchoring) when L > 0(Biaxial
interfacial profile for Planar boundary condition is shown in the
picture(A. Bhattacharjee, 2010, L ~ 1)

x 10°

« Numerical A
Analytical 2

——PSW
2 0.02
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Biaxial Interfacial Profiles for Oblique Boundary
Conditions(A. Bhattacharjee,2010,L > 1)

.
.
REY
.
ML
$ o,
g
Ny
of I
4
-
' !

T a8 05 04 03 02 41 0 81 02 O
z




INTERFACE PROBLEMS

For this, let us consider a special order tensor depending only
on z of the form

— 887 cos? 6 + Scos? ¢ 0 — 8557 5in 26
Q= 0 ~ (527 o
~3684T) gjn g 0 —5sin?6+ Scos?0

with the boundary condition

S(—00) = T(£o0) =0, S(+o0) =1,0(400) = by



OVERVIEW

MATHEMATICAL MODEL OF ROD-LIKE LIQUID CRYSTALS

LANDAU-DE GENNES THEORY

INTERFACE PROBLEMS

Thank you for your attention!
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