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Introduction Modeling Simulations: horizontal Inclined plane Future directions

Thin NLC films exhibit intriguing behavior on many scales

Nematic Liquid Crystal (5CB) drops (∼ 100µm height) spreading
on a silicon substrate

Figure 2. a: Edge of a nematic liquid crystal drop on a hydrophilic substrate at low relative humidity. RH) 20%. Anchoring defects
are well visible inside the liquid. The observed interference fringes are not the usual equal-thickness fringes present in isotropic
liquids, which are not resolved with the magnification used. The fringes here correspond to coincidences between the interference
patterns due to normal and extraordinary rays. They disappear locally where the polarizers select one principal direction. The
interfringe is typically 11 times larger than the one of normal patterns, which is compatible with the values of the ordinary and
extraordinary indices. In fact, assuming that the orientation of the director has a radial symmetry and in the absence of defects,
one index is the normal one, while the other is intermediate between the normal and extraordinary indices, because the director
rotates inside the film. b: Edge of a stable drop when spreading is achieved. Now (except at the top left of the figure), normal equal
thickness interference fringes are visible. The angles are much less than in the previous picture, and the upwardly directed
curvature of the profile in the vicinity of the contact line is obvious. RH ) 50%. c: Growth of the small instability at the edge of
the drop. RH ) 80%. Inside the drop, the defects interact with the flow and are associated with thickness modulations. The
wavelength at the contact line does not change significantly with time, because growing fingers split rapidly. The value of the
wavelength is directly correlated with the characteristic size of the defects. d: Growth of the second instability at RH ≈ 90%. The
small instability is still visible at the contact line, and defects aligned with the local flow are present. Now, a larger scale structure
develops, both at the contact line and inside the drop. e: RH>95%. The small instability and the small-scale defects have disappeared.
The second instability grows more or less radially as festoonlike structures associated to large-scale defects inside the drop. f: Stable
small drop at RH ) 98%. Drop radius ) 475 µm. The picture was taken 1 min after drop deposition. The drop volume is ∼10-3

µL.
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Thin NLC films exhibit intriguing behavior on many scales

Ellipsometric profiles of very thin nematic droplets on silicon

385O. Benichou et al. / Advances in Colloid and Interface Science 100 –102 (2003) 381–398´

Fig. 1. Ellipsometric profiles of a smectic 9CB microdroplet showing the well-defined scenario of spread-

ing on a oxidised silicon wafer (Ts47.5 8C). Radius of the final trilayer 1.65 mm, total spreading time
400 mn. A hole develops at the centre of the drop during the first stages of spreading.

Fig. 2. Ellipsometric profiles of a smectic 9CB microdroplet showing the well-defined scenario of spread-

ing on a oxidised silicon wafer (Ts47.5 8C). Radius of the final trilayer 1.65 mm, total spreading time
400 mn. A hole develops at the centre of the drop during the first stages of spreading.

387O. Benichou et al. / Advances in Colloid and Interface Science 100 –102 (2003) 381–398´

Fig. 5. Ellipsometric profiles of a smectic 9CB microdroplet showing the well-defined scenario of spread-

ing on a oxidised silicon wafer (Ts47.5 8C). Radius of the final trilayer 1.40 mm, total spreading time
1000 mn. No hole develops for this little drop.

Fig. 6. Ellipsometric profiles of a smectic 9CB microdroplet showing the well-defined scenario of spread-

ing on a oxidised silicon wafer (Ts47.5 8C). Radius of the final trilayer 1.40 mm, total spreading time
1000 mn. No hole develops for this little drop.

Bénichou et al., Adv. Coll. Int. Sci., 2003
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Thin NLC films exhibit intriguing behavior on many scales

“Ultrathin” films (∼ 40nm) of 5AB4 and 5CB dewetting after
coating uniformly onto silicon wafers

growth of the circular holes nor the recession
of the edge of the patch. The reason for this
behavior can be seen by imaging the LC
profile with the use of scanning force micros-
copy (SFM), which provides the resolution
necessary to resolve its fine structure (21).
The data in Fig. 2B show that dewetting
leaves a smectic trilayer (arrow), which
seems to represent the global minimum of the
effective interaction potential for this system.
Farther to the left, two periods of the undu-
lation structure are visible. The minima of the
undulation, which had at that point already
reached a configuration steady enough for
SFM, do not represent the trilayer thickness
but instead a much larger thickness of !28
nm. This thickness seems to represent a local
(metastable) minimum of the effective inter-
action potential (22).

Quantitative information about "(h) can
be obtained from the undulation wavelength
and the contact angle at the trilayer. Assum-
ing that "(h) # h–2 for large thicknesses, as
expected for dispersive as well as dipolar
interactions, we can construct most of the
properties of "(h) (Fig. 2C). The requirement
of a local minimum at 28 nm enforces a large
difference in energy between the local and
the global minimum. This is in accordance
with the above observations. The energy
scale is comparable to the interaction energy
of the molecular dipoles [$6 D (17)] with
their images in a highly polar medium such as
water. This corroborates the above conjecture
that withdrawal of the water subphase may
initiate spinodal dewetting. Spatial director
correlations in the LC may attain a range of
several nanometers, even far from the phase
transition temperature (23, 24), and thus may
give rise to the observed local minimum in
"(h). The precise nature of this effect, how-
ever, remains to be clarified.

The presence of the local minimum in
"(h), which leads to the saturation of the
undulation at rather small amplitudes, renders
the system analogous to spinodal decompo-
sition in a mildly quenched mixture, where
the stable concentration corresponding to the
coexistence curve (or the “binodal line”) rep-
resents a similar stabilizing shallow mini-
mum in the free energy. In our system, the
local minimum in "(h) precludes the strong
nonlinearity of the dispersion forces, which
diverge close to the surface, from coming into
play. In contrast, in the absence of a stabiliz-
ing force such as the one encountered here,
the inherent nonlinearity of the dispersion
forces may have a visible impact on the
dewetting morphology. By nonlinearity, we
mean that when the film surface approaches
the substrate interface, the driving force "(h)
is no longer constant (as for small undulation
amplitudes) but varies strongly, such that the
system cannot be described by linear differ-
ential equations.

To study the effect of nonlinearity, we
have investigated spinodal dewetting in liq-
uid metal films. Metals are expected to show
spinodal dewetting from moderately polariz-
able substrates, such as quartz glass (25, 26),
because of their high polarizability. However,
no intermediate-range stabilizing forces such
as those in the LC are to be expected. Thus,
liquid metal films should be good model
systems for studying inherent nonlinear ef-
fects in spinodal dewetting.

Metal films (Au, Cu, and Ni) with thick-
nesses ranging from 25 to 50 nm were thermal-
ly evaporated onto fused silica substrates (27),
and dewetting was induced by melting the solid
film. Because the viscosity of liquid metals is
orders of magnitude lower and the surface en-
ergies are much higher than for LC materials
(28), dewetting takes place on a sub-microsec-
ond time scale. For this reason, melting was
induced by irradiation with a frequency-dou-
bled, Q-switched Nd–yttrium-aluminum-garnet
(Nd:YAG) laser pulse (% & 532 nm; pulse
duration, 7 ns). As is well known, irradiation
with energies in the range of a few hundred
millijoules per square centimeter leads to melt-
ing of the metal film for a well-defined period
of time, the duration of which is a monotoni-
cally increasing function of laser fluence (16).
The solidified film thus represents a snapshot of
the film structure at the instant of resolidifica-

Fig. 1. (A) Sketch of "(h) corresponding to
incomplete wetting (global minimum at finite
h) but with the long-range forces in favor
(dashed line) or in disfavor (solid line) of wet-
ting. By “long range” we denote the region well
to the right of the maximum of the dashed
curve of "(h). (B) The growth rate versus the
wave number, q, of the mode, plotted for the
two cases "'(h0) ( 0 (dashed line) and "'(h0)
) 0 (solid line). In the latter case, there are
unstable modes, which span the range from
q & 0 up to the zero of *–1(q). The mode that
grows the fastest is characterized by the wave
number qm, which represents the maximum of
*–1(q).

Fig. 2. (A) Reflection micrograph of a patch of
5AB4 at room temperature, after transfer from
the Langmuir trough to a silicon wafer. Circular
holes nucleated from defects are clearly distin-
guished, as is an undulative mode indicating
spinodal dewetting. (B) Topography of 5AB4
dewetting structure, as obtained by SFM, close
to the edge of a dewetted patch. The x- and
y-axes are the horizontal and vertical length
scales of the topography, respectively. Clearly
visible are the undulation (to the left) as well as
a 5-nm-thick bottom layer (arrow). The latter is
identified with the stable trilayer, which is
known to be particularly stable for this system
(17). The slope to the higher elevation, to the
left of this step, represents the receding edge of
the liquid. (C) "(h) for the LC film in units of
the (unknown) surface tension + of the liquid
crystal, as inferred from the morphology of the
dewetting pattern. The requirement of a local
minimum at 28 nm entails a large energy dif-
ference between the local and the global min-
imum. This explains the ability of the circular
holes to keep growing even in a fully developed
undulation structure.
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   60 µm

FIG. 1. Microscope images of a 48.5 nm thick film for
different temperatures when cooled down from isotropic
phase: (a) T ! 36 ±C; (b) T ! 33.9 ±C; (c) T ! 33.4 ±C;
(d) T ! 32 ±C.

for this particular film, but both T1 and T2 depend on the
initial thickness.

A more detailed observation of the process leading to
the stable state when cooling the film from the isotropic
phase shows that (Fig. 1) (i) at temperature T2—which is
below the bulk TNI— regions of thicker film (“islands”)
nucleate, leading to a situation where two different thick-
nesses coexist, with a certain area fraction (defined as the
ratio of thick covered area over total area); (ii) decreasing
the temperature further, regions of thicker film decrease in
thickness and the area fraction increases, while the thin-
ner regions also decrease in thickness; (iii) finally the film
recovers its initial homogeneous thickness at temperature
T1. For example, we observe that for 33.9 ±C (Fig. 1b),
the thickness of the dark regions is higher (“darker”) than
the thickness of the dark regions of a lower temperature
33.4 ±C (Fig. 1c) but that the area fraction is smaller. We
checked that the variation of the area fraction is com-
patible with a volume conservation law.

In the same manner, when heating the film from the ne-
matic state, it shows a similar behavior but now regions
of thinner film (“holes”) nucleate. Moreover, a compari-
son of two films of different initial thickness at the same
intermediate temperature shows that both coexisting thick-
nesses of the two films are similar but that the area fraction
is different, the thinner film having a smaller fraction than
the thicker one. Out of these qualitative observations we
conclude that the two coexisting thicknesses depend only
on temperature while the area fraction is a function of the
chosen temperature and the initial thickness.

We have used small-angle x-ray reflectivity to char-
acterize thickness and roughness. Figure 2 shows the
experimental data for a film of initial thickness 42 nm,
for three different temperatures, one below T1, one inter-
mediate, and one above T2 (respectively, 25, 33.4, and
37 ±C in this example). For the two extreme tempera-
tures, where the film is homogeneous, we observe typical
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FIG. 2. Normalized x-ray scattered intensity versus wave
vector transfer q for a 42 nm thick film at three different
temperatures. The lines are the corresponding fit using Parratt’s
method [12].

Kiessig interference fringes. The data are easily fitted us-
ing Parratt’s method [12] by a calculation of the intensity
scattered by an homogeneous film of electronic density
re ! 0.33 e ? Å23, which corresponds to 5CB electronic
density. We obtain a thickness of 42.0 6 0.2 nm with a
roughness of 0.50 6 0.05 nm for 37 ±C, where the film is
in the isotropic phase, and a thickness of 39.8 6 0.2 nm
with a roughness of 0.80 6 0.05 nm for 25 ±C, where the
film is in the nematic phase (the slight difference in the
thickness, typically 4%, may be due to an overall den-
sity change or the slight dewetting from the edge after the
long period of time necessary to acquire a sequence of
x-ray spectra).

As for an intermediate temperature, where the coexis-
tence takes place, the intensity does not present classical
oscillations but is the superposition of two systems of
fringes, as can be seen on the second curve of Fig. 2
(33.4 ±C in this case). We measure the area fraction
(0.44 in this case) on a microscope image of the film
and use it as a fixed value in the model. The best fit,
shown in Fig. 2, is then obtained with a model of two
homogeneous films (with the same electronic density
re ! 0.33 e ? Å23), one of thickness 25.8 6 0.2 nm
and roughness 0.58 6 0.05 nm, the other of thickness
62.3 6 0.5 nm and roughness 0.85 6 0.05 nm, with a
relative weight corresponding to the area fraction. One
can check that volume is conserved !0.56 3 25.8 1
0.44 3 62.3 ! 41.8 " 42 nm#.

In those experiments, homogeneous isotropic films
!T . T2# systematically show a lower roughness (from
0.45 to 0.55 nm) than homogeneous nematic ones
!T , T1# (from 0.75 to 1.2 nm). The roughness of the
film is thus an important parameter and is characteristic
of the phase. The typical value found for an isotropic
phase is in good agreement with what we expect from the
thermal fluctuations of an isotropic liquid free interface.
The roughness s̄ calculated from a capillary wave model

125701-2 125701-2

Herminghaus et al., Science 1998 van Effenterre et al., PRL 2001
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Many external factors influence outcome

Figure 2. a: Edge of a nematic liquid crystal drop on a hydrophilic substrate at low relative humidity. RH) 20%. Anchoring defects
are well visible inside the liquid. The observed interference fringes are not the usual equal-thickness fringes present in isotropic
liquids, which are not resolved with the magnification used. The fringes here correspond to coincidences between the interference
patterns due to normal and extraordinary rays. They disappear locally where the polarizers select one principal direction. The
interfringe is typically 11 times larger than the one of normal patterns, which is compatible with the values of the ordinary and
extraordinary indices. In fact, assuming that the orientation of the director has a radial symmetry and in the absence of defects,
one index is the normal one, while the other is intermediate between the normal and extraordinary indices, because the director
rotates inside the film. b: Edge of a stable drop when spreading is achieved. Now (except at the top left of the figure), normal equal
thickness interference fringes are visible. The angles are much less than in the previous picture, and the upwardly directed
curvature of the profile in the vicinity of the contact line is obvious. RH ) 50%. c: Growth of the small instability at the edge of
the drop. RH ) 80%. Inside the drop, the defects interact with the flow and are associated with thickness modulations. The
wavelength at the contact line does not change significantly with time, because growing fingers split rapidly. The value of the
wavelength is directly correlated with the characteristic size of the defects. d: Growth of the second instability at RH ≈ 90%. The
small instability is still visible at the contact line, and defects aligned with the local flow are present. Now, a larger scale structure
develops, both at the contact line and inside the drop. e: RH>95%. The small instability and the small-scale defects have disappeared.
The second instability grows more or less radially as festoonlike structures associated to large-scale defects inside the drop. f: Stable
small drop at RH ) 98%. Drop radius ) 475 µm. The picture was taken 1 min after drop deposition. The drop volume is ∼10-3

µL.
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This talk:

Spreading nematic films and droplets: Discuss experiments,
modeling & simulations, in various “thin film” flow scenarios.

Systematic asymptotic derivation of simplified models for free
surface 3D flow of these complex materials.

Motivation: Can we predict and explain spontaneous
instabilities?

Figure 2. a: Edge of a nematic liquid crystal drop on a hydrophilic substrate at low relative humidity. RH) 20%. Anchoring defects
are well visible inside the liquid. The observed interference fringes are not the usual equal-thickness fringes present in isotropic
liquids, which are not resolved with the magnification used. The fringes here correspond to coincidences between the interference
patterns due to normal and extraordinary rays. They disappear locally where the polarizers select one principal direction. The
interfringe is typically 11 times larger than the one of normal patterns, which is compatible with the values of the ordinary and
extraordinary indices. In fact, assuming that the orientation of the director has a radial symmetry and in the absence of defects,
one index is the normal one, while the other is intermediate between the normal and extraordinary indices, because the director
rotates inside the film. b: Edge of a stable drop when spreading is achieved. Now (except at the top left of the figure), normal equal
thickness interference fringes are visible. The angles are much less than in the previous picture, and the upwardly directed
curvature of the profile in the vicinity of the contact line is obvious. RH ) 50%. c: Growth of the small instability at the edge of
the drop. RH ) 80%. Inside the drop, the defects interact with the flow and are associated with thickness modulations. The
wavelength at the contact line does not change significantly with time, because growing fingers split rapidly. The value of the
wavelength is directly correlated with the characteristic size of the defects. d: Growth of the second instability at RH ≈ 90%. The
small instability is still visible at the contact line, and defects aligned with the local flow are present. Now, a larger scale structure
develops, both at the contact line and inside the drop. e: RH>95%. The small instability and the small-scale defects have disappeared.
The second instability grows more or less radially as festoonlike structures associated to large-scale defects inside the drop. f: Stable
small drop at RH ) 98%. Drop radius ) 475 µm. The picture was taken 1 min after drop deposition. The drop volume is ∼10-3

µL.
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Nematic liquid crystals: complex fluids

Liquid crystals: “orientationally ordered soft matter” –
substances with orientational, but not positional, order.

Nematics typically composed of long, rod-like molecules. Due
to electrostatic interactions they like to align with their
neighbors – though they flow, they also have elastic character.
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Dynamic modeling of nematic liquid crystals (NLCs)

Use Ericksen-Leslie formulation.

Rod-like molecules that align locally – modeled by director
field n(x, t) (unit vector; local average direction of molecules).

n = (sin θ cosφ, sin θ sinφ, cos θ), θ(x, t), φ(x, t).

As for fluids, velocity field v(x, t).

Evolution of n determined by elastic stresses within NLC, by
local flow, and by any external fields.

Neglect inertia from the outset.

Surface effects very important – molecules have a preferred
orientation at an interface (anchoring) – can be modeled by a
surface energy that is minimized at the appropriate director
orientation.
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Governing equations: Flow (no inertia)

− ∂π
∂xi

+ Gk
∂nk
∂xi
�� +

∂σVij
∂xj

= 0 Momentum

∇ · v = 0 Incompressibility

where π = p + W + ρgz ; Gk = −γ1(ṅk − ωkjnj)− γ2ekjnj ,

2W = Ks(∇ · n)2 + Kt(n · ∇ ∧ n)2 + Kb

(
(n · ∇)n

)
·
(
(n · ∇)n

)
viscous stress σVij is defined by

σVij = α1nknpekpninj + α2Ninj + α3Njni + α4eij + α5eiknknj + α6ejknkni

Ni = ṅi − ωiknk , eij =
1

2

(
∂vi
∂xj

+
∂vj
∂xi

)
, ωij =

1

2

(
∂vi
∂xj
− ∂vj
∂xi

)
and αi and γi are viscosities.
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Governing equations: Flow (no inertia)

− ∂π
∂xi

+ Gk
∂nk
∂xi
�� +

∂σVij
∂xj

= 0 Momentum

∇ · v = 0 Incompressibility

where π = p + W + ρgz ; Gk = −γ1(ṅk − ωkjnj)− γ2ekjnj ,

2W = Ks(∇ · n)2 + Kt(n · ∇ ∧ n)2 + Kb

(
(n · ∇)n

)
·
(
(n · ∇)n

)
viscous stress σVij is defined by

σVij = α1nknpekpninj + α2Ninj + α3Njni + α4eij + α5eiknknj + α6ejknkni

Ni = ṅi − ωiknk , eij =
1

2

(
∂vi
∂xj

+
∂vj
∂xi

)
, ωij =

1

2

(
∂vi
∂xj
− ∂vj
∂xi

)
and αi are viscosities.
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Elastic energy: Splay, twist and bend

2W = Ks(∇ · n)2 + Kt(n · ∇ ∧ n)2 + Kb

(
(n · ∇)n

)
·
(
(n · ∇)n

)

Splay Twist Bend

Positive definite; minimized globally when distortion-free.

Simplifies if elastic constants equal: Ks =Kt =Kb =K

2W = K [(∇ · n)2 + (n · ∇ ∧ n)2 +
(
(n · ∇)n

)
·
(
(n · ∇)n

)
]
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Physical set-up

Precursor layer, thickness b

We consider a 3D droplet or film, spreading on (and down) a
substrate. To avoid issues with the well-known contact line

singularity we assume the presence of a very thin precursor layer at
the spreading edge.
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Horizontal substrate: Thin film scalings
Simplifications & scalings

Director field
Nematic liquid 
crystal layer

Solid substrate

z = h(x, y, t)
z

x

Consider thin film of NLC on a rigid substrate z = 0.

• Thin film, so apply usual lubrication theory scalings:

(x, y, z) = L(x∗, y∗, δz∗) (u, v, w) = (v1, v2, v3) = U(u∗, v∗, δw∗)

t =
L

U
t∗ p =

µU

δ2L
p∗

(drop ∗s henceforth; all dim’less unless stated otherwise)

• Equal elastic constants: K1 = K2 = K3 = K. This is a common assumption in

NLC modelling.

• Then elastic energy W = O(K/(δ2L2)), hence scale

W =
K

δ2L2
W ∗

• Gravity ⊥ to film, so potential ψg = ρgz.
NLC – p.5/23

Thin film (aspect ratio δ � 1) so use “lubrication” scalings:

(x , y , z) = L(x̃ , ỹ , δz̃), (u, v ,w) = U(ũ, ṽ , δw̃), t =
L

U
t̃, p =

µU

δ2L
p̃

Viscosity scale here is µ = α4/2.

Elastic energy scales as W = K
δ2L2

W̃ .

Provided δµUL
K � 1, energy equation decouples, reducing to

standard Euler-Lagrange minimization (w.r.t. variations in
director angles θ, φ) – regime in which fluid flows on a slow
timescale and director “instantaneously” adjusts to geometry
as drop spreads.
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Energy minimization & anchoring

In thin film regime (δ � 1, δ2ρUL
µ � 1, δµUL

K � 1)

2W = θ2z + φ2z sin2 θ + O(δ).

Euler-Lagrange gives bulk equations

θzz =
φ2z
2

sin 2θ,(
φz sin2 θ

)
z

= 0.

On substrate z = 0 impose strong planar anchoring θ = π/2,
φ = φ0(x , y). (Fixed in practice by surface treatment.)

At free surface z = h impose conical anchoring on φ (φz = 0)
and weak homeotropic anchoring on θ.
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Energy minimization & anchoring: Free surface

Anchoring energy at free surface independent of azimuthal
angle φ (conical anchoring):

φz = 0 on z = h ⇒ φ ≡ φ0(x , y).

θ then linear in z : θ = a(x , y , t)z + π/2.

Director can bend through angle π/2 for a thick film, but not
for very thin films. Must have

ah =−π
2
m(h)

for some m(h) monotone increasing, m(∞) = 1, and
m(h)→ 0 as we approach precursor. E.g.

m(h) =
(h − b)α

βα + (h − b)α

0 < b � 1 is precursor thickness; β > 0 is anchoring
relaxation length.
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Energy minimization & anchoring: Free surface

Anchoring energy at free surface independent of azimuthal
angle φ (conical anchoring):

φz = 0 on z = h ⇒ φ ≡ φ0(x , y).

θ then linear in z : θ = a(x , y , t)z + π/2.

Director can bend through angle π/2 for a thick film, but not
for very thin films. Must have

ah =−π
2
m(h)

for some m(h) monotone increasing, m(∞) = 1, and
m(h)→ 0 as we approach precursor. E.g.

m(h) =
(h − b)α

βα + (h − b)α

0 < b � 1 is precursor thickness; β > 0 is anchoring
relaxation length.
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Energy minimization & anchoring: Free surface

Anchoring energy at free surface independent of azimuthal
angle φ (conical anchoring):

φz = 0 on z = h ⇒ φ ≡ φ0(x , y).

θ then linear in z : θ = a(x , y , t)z + π/2.

Director can bend through angle π/2 for a thick film, but not
for very thin films. Must have

ah =−π
2
m(h)

for some m(h) monotone increasing, m(∞) = 1, and
m(h)→ 0 as we approach precursor. E.g.

m(h) =
(h − b)α

βα + (h − b)α

0 < b � 1 is precursor thickness; β > 0 is anchoring
relaxation length.
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Energy minimization & anchoring: Free surface

Anchoring energy at free surface independent of azimuthal
angle φ (conical anchoring):

φz = 0 on z = h ⇒ φ ≡ φ0(x , y).

θ then linear in z : θ = a(x , y , t)z + π/2.

Director can bend through angle π/2 for a thick film, but not
for very thin films. Must have

ah 6=−π
2
m(h)

for some m(h) monotone increasing, m(∞) = 1, and
m(h)→ 0 as we approach precursor. E.g.

m(h) =
(h − b)α

βα + (h − b)α

0 < b � 1 is precursor thickness; β > 0 is anchoring
relaxation length.
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Film height & anchoring: schematic

Free Surface - Anchoring normal to surface

Substrate - Anchoring parallel to surface
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Energy minimization & anchoring: Free surface

Anchoring energy at free surface independent of azimuthal
angle φ (conical anchoring):

φz = 0 on z = h ⇒ φ ≡ φ0(x , y).

θ then linear in z : θ = a(x , y , t)z + π/2.

Director can bend through angle π/2 for a thick film, but not
for very thin films. Must have

ah =−π
2
m(h)

for some m(h) monotone increasing, m(∞) = 1, and
m(h)→ 0 as we approach precursor. E.g.

m(h) =
(h − b)2

β2 + (h − b)2

0 < b � 1 is precursor thickness; β > 0 is anchoring
relaxation length.
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Energy minimization & anchoring: Free surface

Anchoring energy at free surface independent of azimuthal
angle φ (conical anchoring):

φz = 0 on z = h ⇒ φ ≡ φ0(x , y).

θ then linear in z : θ = a(x , y , t)z + π/2.

Director can bend through angle π/2 for a thick film, but not
for very thin films. Must have

ah =−π
2
m(h)

for some m(h) monotone increasing, m(∞) = 1, and
m(h)→ 0 as we approach precursor. E.g.

m(h) =
(h − b)2

β2 + (h − b)2

0 < b � 1 is precursor thickness; β > 0 is anchoring
relaxation length.
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Relation to surface energy

More conventional approach is to specify a surface energy G,
dependent on the director angle at the free surface θ̂ = θ|z=h(x ,y ,t),

with minimum at θ̂ = 0. A common form is G(θ̂) = A sin2 θ̂
(Rapini-Papoular).

Our approach is equivalent: can infer surface energy G in
terms of m(h).

Can show that the choice

m(h) =
(h − b)2

β2 + (h − b)2

corresponds to a surface energy G(θ̂) in good agreement to
Rapini-Papoular.

Easier to work with m(h) though since it gives director angle
explicitly in terms of film height: θ(h(x , y , t), z).
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Now deal with momentum equations

Leading order momentum balance: ∂
∂x (p + ÑW ) ∼ ∂t13

∂z ,
∂
∂y (p + ÑW ) ∼ ∂t23

∂z , ∂p
∂z = −B, where Ñ = K

µUL , B = δ3ρgL2

µU ,
and only the leading-order terms in t13, t23 are understood.

Zero velocity conditions on substrate z = 0.

Impose normal stress balance at free surface.

Surface energy gradients due to anisotropic contribution
(weak anchoring) balance tangential stress.
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Derivation of governing equation

Also have kinematic condition which yields flux conservation

∂h

∂t
+

∂

∂x

(∫ h(x ,y ,t)

0
u dz

)
+

∂

∂y

(∫ h(x ,y ,t)

0
v dz

)
= 0

Strategy:

Solve for p (using normal stress b.c.), substitute into x- and
y -momentum eqns.

Solve for u, v as nonlinear functions of director angles θ(h, z),
φ0(x , y) using tangential stress b.c.s.

Substitute in above and simplify to obtain . . .
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4th order nonlinear PDE for free surface evolution

∂h

∂t
+∇ ·

[
h3∇̃ ·

(
C∇2h − Bh

)
+N (hmm′ −m2)∇̃h

]
= 0

with

B =
δ3ρgL2

µU,
C =

δ3γh
µU

, N =
π2

4

K

µUL
, m(h) =

(h − b)2

β2 + (h − b)2

∇̃ =

(
λI + ν

[
cos 2φ sin 2φ
sin 2φ − cos 2φ

])
· ∇

C, B are usual inverse capillary and Bond numbers (assigning
values fixes length and time scales; C = B = 1 throughout).

N is an inverse Ericksen number, β is dimensionless anchoring
relaxation lengthscale; λ > ν > 0 (related to viscosities).

∇̃ operator captures effect of substrate anchoring patterns.
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Curiously, weak anchoring needed for instability

∂h

∂t
+∇ ·

[
h3∇̃ ·

(
C∇2h − Bh

)
+N (hmm′ −m2)∇̃h

]
= 0

N =
π2

4

K

µUL
, m(h) =

(h − b)2

β2 + (h − b)2

Strong anchoring: m(h) ≡ 1, or β → 0 in m(h). This leads to
a purely diffusive contribution (always stable).

Analysis complicated in general, but linear stability of flat film
h = h0 leads to prediction of unstable regions of parameter
space and fastest-growing wavelength.
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LSA of flat film h = h0 = 0.25: C = B = 1, b = 0.1

0.0 0.1 0.2 0.3 0.4 0.5 0.6
0.0

0.5

1.0

1.5

2.0

Unstable

N

Stable

•β

Perturbations ∝ exp(ikx + ωt) to h = h0 have dispersion relation

ω = −h30[Ck4 + (B −NM(h0))k2],M(h) =
m(h)

h3
(hm′(h)−m(h))

hence instability where M(h0) > B/N . This analysis provides a
good guide for stability of initially-flat ‘droplets’.
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Unstable 2D droplet: b = β = 0.1, N = 1

h0 = 0.24 h0 = 0.2
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3D simulations: Simple test case: φ constant

To investigate influence of variable substrate anchoring φ(x , y),
compare governing equation for different unidirectional anchoring
patterns (with flow only in y -direction).

φ ≡ π/2 : ht + (λ+ ν)
∂

∂y

[
h3 (hyyy − hy ) +N

(
hmm′ −m2

)
hy
]

= 0

φ ≡ 0 : ht + (λ− ν)
∂

∂y

[
h3 (hyyy − hy ) +N

(
hmm′ −m2

)
hy
]

= 0

Difference here appears only in the timescale – spreading is faster
in first case with flow parallel to director orientation.

3D test case: φ piecewise constant.
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Simple substrate anchoring pattern: Stripes

Another possible mechanism for flow patterns to emerge?
Note the absence of any capillary ridge – not unstable.
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3D “defect” patterns

Study evolution with various anchoring patterns imposed on the
substrate (specify φ0(x , y) appropriately)
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Stable simulation

N = 1, β = 0.1, h0 = 0.24.
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Unstable simulation

N = 1, β = 0.1, h0 = 0.24.
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Unstable simulation

N = 1, β = 0.1, h0 = 0.24.
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Unstable simulation

N = 10, β = 0.1, h0 = 0.2.
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Horizontal spreading: key points

Sufficiently thin spreading films/drops of NLC can be unstable
when there is a difference in preferred anchoring angles at
surfaces, and anchoring is weak.

Predicted wavelength of maximum growth is a few tens of µm
for experimentally-appropriate parameters (Poulard &
Cazabat) – qualitatively correct.
Model suggests that increasing N ∝ K/γ3/2 makes a drop
more unstable – in line with experimental evidence, which
suggests that N increases with humidity.

What about flow on an incline, where fingering is also
anticipated?
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Inclined substrate

Governing equation modified for substrate inclined at angle χ:

∂h

∂t
+∇ ·

[
h3∇̃ ·

(
C∇2h − Bch

)
+N (hmm′ −m2)∇̃h

]
+BsL(h3) = 0

where

N =
π2

4

K

µUL
, Bc = B cosχ, Bs = B sinχ, m(h) =

(h − b)2

β2 + (h − b)2

∇̃ =

(
λI + ν

[
cos 2φ sin 2φ
sin 2φ − cos 2φ

])
· ∇

L = [λ+ ν cos 2φ]∂x + ν sin 2φ∂y + 2ν[φy cos 2φ− φx sin 2φ]
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2D traveling fronts

When anchoring φ(x , y) is parallel to the flow direction
(φ = 0) 2D traveling waves exist: h(x , t) = H(x − Vt) with
h→ b, h0 as x → ±∞; V = Bs(h20 + h0b + b2).

By analogy with Newtonian case we expect instability to
transverse perturbations.

But, recalling results for horizontal film, can such traveling
waves also be unstable to streamwise perturbations? Yes.
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Streamwise stability of traveling fronts

Can analyze stability of the traveling wave behind the front by
linearizing about the simplest traveling wave: the flat film
h = h0 in steady shear: unstable whenever

N (h0m(h0)m′(h0)−m(h0)2) > h30Bc

But can say more. The linear PDE satisfied by small
perturbations may be transformed to the linearized symmetric
Kuramoto-Sivashinsky equation, about which much is known.

In particular, the fate of an initially-localized wave packet or
disturbance on the traveling film is known: in terms of our
problem parameters the boundaries x± of such a wave packet
move in time t according to [Chang et al., PRL 1995](x

t

)
±

= 3Bsh2±1.622

√
N (hmm′ −m2)− Bch3

Ch3
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Streamwise stability of traveling fronts

The right hand boundary of the wave-packet always moves faster
than the traveling wave V = Bs(h20 + h0b + b2), but depending on
parameter values, three cases may be identified for the left hand
boundary:

(x
t

)
−
∈


(V ,∞) (1) Stable
(0,V ) (2) Convectively Unstable
(−∞, 0) (3) Absolutely Unstable

1 The entire wave packet travels faster than the front and
disappears into the (stable) precursor.

2 The left-hand boundary of the packet propagates forwards,
but more slowly than the wavefront, so that perturbations are
always confined to the right of initial position.

3 The left-hand boundary of the packet propagates backwards,
so that the entire wave is ultimately destabilized.
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Simulations of streamwise instabilities

With other parameters fixed, as N increases we move from a
stable 2D traveling front, to one that is convectively unstable, and

finally absolutely unstable. The values of N at which the
transitions between these instabilities occur are well-predicted by

the linear analysis of the flat translating film.

150 200 250 300 350 400
x

N = 0.5

N = 0.7

N = 1.2

N = 1.5

N = 2.25

N = 5

Type 1

Type 2

Type 3
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3D traveling fronts: transverse instability

As with Newtonian fluids, in a real 3D situation a traveling
front is unstable to transverse perturbations of sufficiently
long wavelength.

Dependence on model parameters is complicated (linear
stability requires evaluation of integrals involving the 2D
traveling-wave “base state”, known only numerically).3D coating flow of NLC on an inclined substrate 657
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Figure 1. (a) Influence of N on the dispersion relationship as given by the numerical solution
of the full eigenvalue problem, (4.4). (b) Comparison between numerical results of the eigenvalue
problem (solid lines) and small-q approximation (dashed lines), (4.11). Arrows denote increasing N.
Dispersion curves ignore azimuthal substrate anchoring (η = 0) and describe flow down a vertical
substrate. Parameters are given in Tables 1(a) and (c).
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Figure 2. Influence of η, in the case of planar substrate anchoring parallel to the flow direction, on
the dispersion relationship as given by the eigenvalue problem, (4.4). Arrow denotes the direction
of increasing |η|. Here N = 2 with other parameters given in Tables 1(a) and (c).

mentioned in Section 2.2, the effects of the elastic response, N, and azimuthal substrate

anchoring, η, may be studied independently; therefore, to begin the analysis, we consider

flow down a vertical substrate with η = 0. Figure 1(a) plots the dispersion relationship

for various values of N computed using numerical solutions to the eigenvalue problem,

(4.4). The results are compared to the small-q approximations, (4.11), in Figure 1(b). It

may be seen that there is a good agreement between the two methods for small q and

both methods capture the expected influence of N.

To analyse the influence of azimuthal substrate anchoring, we continue to consider

flow down a vertical substrate but now fix N = 2 and vary η. In the case of parallel

anchoring, η has no influence on the small q approximation, (4.11); therefore, only the

dispersion relation calculated using the eigenvalue problem, (4.4), is shown. In Figure 2,

which shows the results for the case of substrate anchoring parallel to the flow direction,

we observe that increasing |η| has negligible influence for small q (as we would anticipate,

since the small q analysis results were independent of η in this case); however, for larger q,

increasing |η| has a destabilizing effect. In the case of perpendicular substrate anchoring,

the effect of η on the dispersion relation computed from the eigenvalue problem is shown

Can predict accurately coexistence of streamwise and
transverse instabilities.
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Transverse and streamwise instabilities can coexist
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Conclusions & Future work

Downslope flow of thin NLC films could exhibit interesting
instability combinations (experiments?) if elasticity sufficiently
strong.

Increasing N amplifies the transverse instability.

Substrate anchoring patterns in the downslope problem?

Incorporating van der Waals’ disjoining forces.
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Van der Waals interactions: ongoing study

Herminghaus et al., Science, 1998
Emergence of different lengthscales
in dewetting patterns.

growth of the circular holes nor the recession
of the edge of the patch. The reason for this
behavior can be seen by imaging the LC
profile with the use of scanning force micros-
copy (SFM), which provides the resolution
necessary to resolve its fine structure (21).
The data in Fig. 2B show that dewetting
leaves a smectic trilayer (arrow), which
seems to represent the global minimum of the
effective interaction potential for this system.
Farther to the left, two periods of the undu-
lation structure are visible. The minima of the
undulation, which had at that point already
reached a configuration steady enough for
SFM, do not represent the trilayer thickness
but instead a much larger thickness of !28
nm. This thickness seems to represent a local
(metastable) minimum of the effective inter-
action potential (22).

Quantitative information about "(h) can
be obtained from the undulation wavelength
and the contact angle at the trilayer. Assum-
ing that "(h) # h–2 for large thicknesses, as
expected for dispersive as well as dipolar
interactions, we can construct most of the
properties of "(h) (Fig. 2C). The requirement
of a local minimum at 28 nm enforces a large
difference in energy between the local and
the global minimum. This is in accordance
with the above observations. The energy
scale is comparable to the interaction energy
of the molecular dipoles [$6 D (17)] with
their images in a highly polar medium such as
water. This corroborates the above conjecture
that withdrawal of the water subphase may
initiate spinodal dewetting. Spatial director
correlations in the LC may attain a range of
several nanometers, even far from the phase
transition temperature (23, 24), and thus may
give rise to the observed local minimum in
"(h). The precise nature of this effect, how-
ever, remains to be clarified.

The presence of the local minimum in
"(h), which leads to the saturation of the
undulation at rather small amplitudes, renders
the system analogous to spinodal decompo-
sition in a mildly quenched mixture, where
the stable concentration corresponding to the
coexistence curve (or the “binodal line”) rep-
resents a similar stabilizing shallow mini-
mum in the free energy. In our system, the
local minimum in "(h) precludes the strong
nonlinearity of the dispersion forces, which
diverge close to the surface, from coming into
play. In contrast, in the absence of a stabiliz-
ing force such as the one encountered here,
the inherent nonlinearity of the dispersion
forces may have a visible impact on the
dewetting morphology. By nonlinearity, we
mean that when the film surface approaches
the substrate interface, the driving force "(h)
is no longer constant (as for small undulation
amplitudes) but varies strongly, such that the
system cannot be described by linear differ-
ential equations.

To study the effect of nonlinearity, we
have investigated spinodal dewetting in liq-
uid metal films. Metals are expected to show
spinodal dewetting from moderately polariz-
able substrates, such as quartz glass (25, 26),
because of their high polarizability. However,
no intermediate-range stabilizing forces such
as those in the LC are to be expected. Thus,
liquid metal films should be good model
systems for studying inherent nonlinear ef-
fects in spinodal dewetting.

Metal films (Au, Cu, and Ni) with thick-
nesses ranging from 25 to 50 nm were thermal-
ly evaporated onto fused silica substrates (27),
and dewetting was induced by melting the solid
film. Because the viscosity of liquid metals is
orders of magnitude lower and the surface en-
ergies are much higher than for LC materials
(28), dewetting takes place on a sub-microsec-
ond time scale. For this reason, melting was
induced by irradiation with a frequency-dou-
bled, Q-switched Nd–yttrium-aluminum-garnet
(Nd:YAG) laser pulse (% & 532 nm; pulse
duration, 7 ns). As is well known, irradiation
with energies in the range of a few hundred
millijoules per square centimeter leads to melt-
ing of the metal film for a well-defined period
of time, the duration of which is a monotoni-
cally increasing function of laser fluence (16).
The solidified film thus represents a snapshot of
the film structure at the instant of resolidifica-

Fig. 1. (A) Sketch of "(h) corresponding to
incomplete wetting (global minimum at finite
h) but with the long-range forces in favor
(dashed line) or in disfavor (solid line) of wet-
ting. By “long range” we denote the region well
to the right of the maximum of the dashed
curve of "(h). (B) The growth rate versus the
wave number, q, of the mode, plotted for the
two cases "'(h0) ( 0 (dashed line) and "'(h0)
) 0 (solid line). In the latter case, there are
unstable modes, which span the range from
q & 0 up to the zero of *–1(q). The mode that
grows the fastest is characterized by the wave
number qm, which represents the maximum of
*–1(q).

Fig. 2. (A) Reflection micrograph of a patch of
5AB4 at room temperature, after transfer from
the Langmuir trough to a silicon wafer. Circular
holes nucleated from defects are clearly distin-
guished, as is an undulative mode indicating
spinodal dewetting. (B) Topography of 5AB4
dewetting structure, as obtained by SFM, close
to the edge of a dewetted patch. The x- and
y-axes are the horizontal and vertical length
scales of the topography, respectively. Clearly
visible are the undulation (to the left) as well as
a 5-nm-thick bottom layer (arrow). The latter is
identified with the stable trilayer, which is
known to be particularly stable for this system
(17). The slope to the higher elevation, to the
left of this step, represents the receding edge of
the liquid. (C) "(h) for the LC film in units of
the (unknown) surface tension + of the liquid
crystal, as inferred from the morphology of the
dewetting pattern. The requirement of a local
minimum at 28 nm entails a large energy dif-
ference between the local and the global min-
imum. This explains the ability of the circular
holes to keep growing even in a fully developed
undulation structure.
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