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Formal Construction of

FT Density Functionals



Statistical Averages

AN =Tr {TA} =) > wn(Un ATy ,;)
N )

Un i) (YN

Statistical operator: 1" = E WN,i
N,i

Pure state (orthonormal): {\\I’Nz>}

Statistical weights (normalized): {wNz}



Grand Canonical Operator

A\

QO = H-75S—uN
Hamiltonian: ﬁ — T + XA/ee + f/

Entropy: S’ — — k mf‘

and NN s the particle-number operator.



At Equilibrium

Variational principle (Gibbs):

Q,_, = mf%n {Q[F]}

Minimizing Statistical Operator

[ = Zwﬁ)\m q’?vz><\1’9\u|
N,i




At Equilibrivm
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Following PF-Fashion

Alternatively:

Qr_, = min{FT[n] + / d3r n(r) (v(r) —M)}

n

Mermin, Phys. Rev., 137 A1441 (1969)

“Thermal Properties of
the Inhomogeneous Electron Gas”

* See also: Kohn and Sham, Phys. Rev. 140 (1965)



At Equilibrium

Variational principle:

Q,_, = mf%n {Q[F]}

Minimizing Statistical Operator

[ = Zwﬁ)\m q’?vz><\1’9\u|
N,i




v—

Fn]

Constraint-Search Construction

min {+ / Brn(r) (v(r) — M)}

Alternatively:
min {T[f] + Vee [f] = TS[f]}
I'—n

min F7 (] = F7[[7[n]

I'—n



v—

Fn]

min
T

Constraint-Search Construction

Tl [ ) o) - )|

Alternatively:

min {T[F] + VeelT] — 7501}

min F7[['] = FT
I'—n



Constraint-Search Construction

The non-interacting analog is

F{[n] := min {T[f’] — TS[IA’]}

I'—n

— min K7[[] = KT
I'—n

A

We refer to K™ [I'] as the “kentropy” to emphasize
both the kinetic and entropy contributions.




Kohn-Sham Systew at FT

Through the KS system, one gets

Frin| = Fdn] + U" |n] + Q[n| 4+ Qc[n)

where
FI[n] = KT[I][n]
Q% [n] := Ve[l [n] = U [n]
QL[n] = FT[[7[n]] = FTI[n]] = Ve [[Z[n]]



Kohn-Sham Systew at FT

Through the KS system, one gets

Frin| = FSn] + U" [n] + Q[n| 4 Q¢ n)

where
FI[n] = KT[I'][n]
Q% [n] := Vee[TL[n] = U]
QL[n] = FT[[7[n]] = FTI[n]] = Ve [[Z[n]]



Kohn-Sham Systew at FT

Through the KS system, one gets

Frin| = FSn] + U"|n] + Q[n| + Qc[n)

where
F7[n] := K" [I'I[n]

QL[] = Ve [T [n]] — U™ [n]
QLln] := FTI7[n]] = FT[DE[n]] = Vee[LE[n]



Kohn-Sham Systew at FT

Through the KS system, one gets

where

Fl[n] :== KT[I[n]
QL] = Vee LI [n]] = UT[n)

@— FT[E7[n]] = F7[E7[n]] — Ve EZ[n)]



Under the “Carpet”

Qoln| = Egln] —75¢(n] = K¢ n| + U n)

— T[] + UZ[n]
17 [n] := T )] - T[T [n]
= Vee I [n]] = Vee|I'g 1]
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How do they really look?

GODEL,ESCHER,BACH

Cover of the book:
“Godel, Escher, Bach:An Eternal Golden Braid”
by Douglas Hofstadter (1979)



Sowe Elementary Facts




Signs of Basic Quantities

Consider
Kl [n] := K[I'"[n]] = K[ [n]]

Since f’g ‘1| minimizes K™ [f]

K n] >0



Signs of Basic Quantities

Consider

QLln] := FTI7[n]] — FTLIn]] — Ve[l [n]

Since I'7 [n] minimizes F [L]:

Qiln] <0



Signs of Basic Quantities
Since Klln|=T.|n]—75.n| >0

and QLin| =FE.|n|—715.n] <0

combining with
Qcln) = Keln] +Ucn|

gives:

Ulln] <0



Signs of Basic Quantities

Also, it is true

* See also: Goerling’s lectures in this workshop.



How do they really look?

GODEL,ESCHER,BACH

Cover of the book:
“Godel, Escher, Bach:An Eternal Golden Braid”
by Douglas Hofstadter (1979)



Scaling in FT-DFT




Scaling Wavefunctions

Reminder:

3
2

\Ify(rla 200y rN) =" N\Ij(’yrlv “'7,71.]\7)

Scale coordinates and keep normalization constant.

M. Levy and |.P. Perdew, Phys. Rev.A 32 (1985)



Scaling Wavefunctions

Correspondingly: 71~ (I‘) — WSTL(WI')

Example: mé |
N=10 \\fy —

Dim=1

6k

4; #

2j <

O L
—4 -2 0 2 4

M. Levy and |.P. Perdew, Phys. Rev.A 32 (1985)



Scaling Ensembles

We bropose

fjv . — Z ZUJN,@
N 1

Pure states are scaled as usual

Ui (Un

\ijy(rla e I'N) — <r17 e rN‘\ijY>

Statistical weight ARE KEPT FIXED!



Scaling of Statistical Averages

Therefore:
1 fv — ”YQT[f]
Vee fv — VVee[f]
N[, = N[
S[b,] = ST

* Use Statistical Operators built with orthonormal pure states.



What happens to

the FT Density tunctionals?




Non-interacting Case

Because




Non-interacting Case

Homogeneous scaling relations:

Fl[n, ] =~*F;'" [n]
STny) = ST/ [n

* See also: Dufty and Trickey, Phys. Rev. B 84 (201 1)



Non-interacting Case

Interesting consequences of

FZln,) =~%F{'7 [n]
STin,] =S n

High-dens. ~ Low-temp. Low-dens. ~ High-temp.
T[n] = lim F{[n,]/v* S5°[n] = —lim F{[n,]/7

Y — 00 v—0



Non-interacting Case

Interesting consequences of

FZln,) =~%F{'7 [n]

Temp-dependence generated through scaling:

/ ’7'/

o R o s




What about the interacting

functionals?



Scaling of Statistical Averages

TfW: — ”YQT[f]
Vee[[4] = YVeell
N[, = NI
S, = S

* Use Statistical Operators built with orthonormal pure states.



Interacting Case

Since:

TN 4QVeella] = X2 { K0 + VeI
and
F7\[n] = min {T[f] A Vee[T] - TS[f]}

We get:

fw’T,A[nA] __ fw;/A [TL]



Interacting Case

Homogeneous scaling relations:

F™A [ny] = X2 F7/2 [n]

ST’A[TL)\] _ Sr/)\Z [TL]

* See also: lecture given by Dufty in March meeting APS (201 2)



Homogeneous Scaling

Interesting consequence of
FT[na] = A F7/2 [n)

ST,)\[n)\] _ Sr/)\2 [n]

High-dens. ~ Low-temp. Low-dens. ~ High-temp.
F[n] = lim F™*ny]/\? S®[n] = — lim F™*n,|/7

A— 00 A—0



Homogeneous Scaling

Interesting consequence of
FT[na] = A F7/2 [n)

Temp-dependence generated through scaling:




For Fixed Coupling

What if...

we don’t scale the strength
of the interaction?



For Fixed Coupling

Inequality!

K7[ny) 4+ V[, <> K77 [n] +~ VI [n)

this is because:

7[n,) # T2/ [0



Lots of Inequalities!

K'[n,] < ~+*K"7[n]
Valng > Vi [n]
Kln, < szg/fYZ[n]
Uzln,) > AU )
Oln,] > v ]



Homogeneous scaling relation

O[] =7 QY7 [n]



EXX and GGAs

Homogeneous scaling relation:
O [ny] =7 QU [n)
Constraint for FT-GGA construction
W AT (n(r), [Vn|(r)) = eg™ (n(r)) Fx(s(r), 7(r))

7(r) ~ T/n2/3(r)

s~ [Vn|/(n/?)

* See also: poster presented by Karasiev in this workshop.



XC from Coupling Integration

Coupling constant integration

Q7 [n] = / ANV 0] — U™l

We can avoid in this way to deal with
the correlation “Kentropy”.



X from XC

Q%Lln] = lim Q) [n,]/~

N — 00 XC

This is useful to define/extract
the ““exchange” part of a given
XC approximation.



Conclusions and Outlooks

Phys. Rev. Lett., 107 163001 (2011)

Derived several exact properties
of Finite-Temperature DFT functionals
useful for constraining approximations.

What’s next!?

(a) Derivation of new approximations;
(b) APPLICATIONS.
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