0 4 ' o o &

)B-L T =
G T '\ -y r& mnmc
Jﬂ'(ftj e ‘UL"

suk.u)






A Yo V‘”"‘* i
oo wpe g g
e Sl ot 0






Quasi-local Conserved

Quantities in General Relativity

Shing-Tung Yau
Harvard University
(joint work with Melissa Liu)

Workshop on Relativistic Astrophysics
May 2 — 6, 2005
Institute for Pure & Applied Mathematics
University of California, Los Angeles



In order to he!p to find an efficient numerical
calculation, I think it is important to under-
stand conserved (or quasi-conserved) gquanti-
ties that have physical relevance.

Conserved quantities: Mass, momentum, an-
gular momentum.

Symmetries of spacetime give these quantities.

Asymptotic flat spacetime has asymptotic sym-
metries which give rise to global definitions of
mass, momentum, and angular momentum.

However, for an object embedded into some

other physical system, it is not trivial to define
its mass.



Let us enclose the object by a surface 2. Then
we like to associate quasi-local mass to 2.
Such concept is important for understanding
binding energy of the body, for example.

I am motivated by trying to understand an-
other question.

Hoop Conjecture (K. Thorne)

(Formation of black hole)

A black hole forms when and only when a mass
m gets compacted into a region whose circum-
ference C in every direction is

C <47Gm



Neither m nore C is clearly defined. Perhaps
we are considerring a surface > bounding this
region and we can define C to be

27T\/Area(z).
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Then we need quasi-local mass m?

In 1983, Schoen-Yau proved that in a region
(2, the matter density
372
2(Rad())
then an apparent horizon forms inside €2.




In the theorem of Schoen-Yau, only matter
density is used. In 2001, Yau, " Geometry of
three manifolds and existence of black hole”,
ATMP, 1 observed that norm of mean curva-
ture of X in spacetime can be used to create
a mass to force black hole to form.

Hence I am interested in defining quasi-local
mass using the norm of mean curvature. Later
we found that Brown-York had similar defini-
tions which are better motivated by Hamilto-
nian formulation.

We think that the quasi-local mass we define
should be used to settle the hoop conjecture.



Quasi-local energy-momentum vector

A spacetime is a 4-manifold with a pseudo-
metric of signature (4,+,4+,—). A hypersur-
face or a 2-surface in a spacetime is spacelike if
the induced metric is positive definite. Quasi-
local energy-momentum vector is a vector in
R3:1 associated to a spacelike 2-surface which
depends on its first and second fundamental
forms, and the connection on its normal bun-
dle in the spacetime. The time component of
the four vector is called quasi-local mass.



We require the quasi-local energy-momentum
vector to satisfy the following puoperties.

1. It should be zero for the flat spacetime, at
least when the spacelike 2-surface lies in a
spacelike hyperplane.

2. The quasi-local mass should be equivalent
to the standard definition if the spacetime
Is spherically symmetric and quasi-local mass
is evaluated on the round spheres. (We
say two masses mi1 and mo are equivalent
if there is a universal constant ¢ > 0 such
that ¢~ 1my < mo < emy.) In particular, for
the centered spheres in the Schwarzschild
spacetime, the quasi-local mass should be
equivalent to the standard mass.



. For an asymptotically flat slice, the quasi-
local mass of the coordinate sphere should
be asymptotic to the ADM energy-momentum
vector.

. For an asymptotically null slice, the quasi-
local mass of the coordinate sphere should

be asymptotic to the Bondi energy-momentum
vector.

. For an apparent horizon 3, the quasi-local
mass should be no less than a (universal)
constant multiple of the irreducible mass
which is \/Area(Z)/167r.

. T'he quasi-local energy-momentum vector
should be non-spacelike and the quasi-local
mass should be non-negative.



Hawking mass

Let > be a spacelike 2-surface in a spacetime
N. At each point of X, choose two null nor-
mals [,n such that (I,n) = —1. Any other
choice (I/,n’) is related to (I,n) by I’ = A\, n/ =
A~ln or I = An,n’ = A~ for some function
A X — R\ {0}. We denote the mean curva-
ture with respect to [l and n by

2p —{Vye1 + Vaep, 1),
—2p = —(Vie1 + Vaep,n),

respectively, where {ej,es} is a local orthonor-
mal frame of X. The definitions of p and u
depend on choice of (I,n), but their product
pu is independent of choice of (I,n). More in-
trinsically,

8pp = (H, H)

where H is the mean curvature vector of X in
N.



Hawking mass is defined to be
Area(X) 1
1+2 o).
\/167rG2 ( +27r Zp,u

This mass is not positive in general. However,
based on my works on estimation of eigenval-

ues of Laplacian on Riemann surfaces, Christodoulou
and I proved that it is positive if 2 is a round
sphere in a maximal slice.

"Round” means that it minimizes area among
all the surfaces nearby which encloses the same
volume in the maximal slice.




The Hawking mass is observed by Geroch to
be monotone if we flow the surface 2 along
the inverse mean curvature flow.

T his enables Huisken-Ilmanen to prove the Pen-
rose inequality (that ADM mass is not less than
the irreducible mass of the apparent horizon)
in the time symmetric case. Bray generalized
this theorem, using different argument.



Definition of quasi-local mass

Our definition of quasi-local mass arises natu-
rally from calculations in the works of Shoen-
Yau and my recent work on blackholes, and is
strongly motivated by our ability to prove its
positivity. After I proposed our definition, we
were informed of the existence of much ear-
lier works by Brown-York and others (Lau, Ki-
jowski, Epp).

We assume that pu > 0, or equivalently, the
mean curvature vector H of 2 in N is spacelike.
We also assume that 2 has positive Gaussian
curvature so that X is topologically a 2-sphere.
By Weyl's embedding theorem, > can be iso-
metrically embedded into the Euclidean space
R3 so that the second fundamental form (Hp)
is positive definite.



The embedding ~ ¢ R3 is unique up to an
isometry of R3, so (Hp),p is determined by the
metric on . Let pg,ug be the mean curva-
tures with respect to null normals [g,ng of the
embedding = c R3 ¢ R3!, with the normaliza-
tion (lg,ng) = —1. Then

8popo = H
where Hgp > 0 is the trace of (Hg),, Define
the quasi-local mass of 2 to be

#/ (1/8poro — v8pu)
/ (Ho — vBor)

E(X)

8¢



Properties of quasi-local mass
Recall (1)—(6).

For (1), Murchadha, Szabados, and Tod gave
examples of ¥ ¢ R3! but E(X) > 0. In these
examples, 2. does not lie in a spacelike hyper-
plane.

For (2), recall that the Schwarzschild space-
time metric on R% is given by

2M 2M\ 1

- (1 - ——-) dt2+(1 ~ —) dr?+r2(d9°+sin? §d¢?)
T r

where r > 2M, r,0,¢ are the spherical coordi-

nates on R3. Let S, c (R% g) be the round

sphere defined by t = 0,r = a, and let m(r) =

E(Sr). Then

m(r) = r(1 — \/1 "¥)

Note m(r) is decreasing (for r > 2M), m(2M) =
2M, and m(oo) = M, which is consistent with

(2).



For (5), on an apparent horizon ¥ we have
p =0, sO

E(X) = i/ Ho > \/Area(Z)
8w JX 47
by Minkowski inequality of convex bodies. There-
fore, E(X) satisfies (5). By the main result of
this paper, E(X) is nonnegative as required in
(6) and is strictly positive when the spacetime
is not flat along .




Positivity of quasi-local mass

Let €2 be a compact spacelike hypersurface in a
time orientable four dimensional spacetime N.
Let g;; denote the induced metric on €2, and
let p;; denote the second fundamental form of
2in N.

The local mass density 4 and the local current
density J* on Q are related to g;; and p;; by
the constraint equations

1

= = (R - Zpijpz'j ¥ (Zpg)Q)
i,9 i

Jz'

3y D; (pij - (Z'p’é)g”) ,

j k

where R is the scalar curvature of the metric
9ij-



Theorem (Positivity of quasi-local mass)
Let €2,u,J be as above. We assume that p
and J* satisfies the local energy condition

u >/ I

and the boundary 02 has finitely many con-
nected components Zl,...,Z‘?, each of which
has positive Gaussian curvature and has space-
like mean curvature vector in N.

Let E(Z%) be the quasi-local energy defined
as above. Then E(X®) > 0 for aa = 1,...,¢.
Moreover, if E(X%) = 0 for some «, then M is
flat spacetime along €2, 952 is connected and
will be embedded into R3 ¢ R3:1 by the well-
known Weyl embedding theorem.



Riemannian case

When the second fundamental form of Q in
N vanishes, the local energy condition reduces
to R > 0 and the condition pu > 0 reduces
to H > 0, where H is the mean curvature of
the spacelike 2-surface in 2 with respect to
the outward unit normal. Shi and Tam proved
positivity of quasi-local mass in this case.



Theorem (Shi-Tam) | et (£23,9) be a comn.
Pact manifold of dimension three with SmMooth
boundary and with Nonnegative scalar Curva-
ture. Suppose O has finitely Many connecteqd
COmponents xa ¢4 that each Connected com-

positive mean Curvature g With respect to the
unit outwarg normal. Then for each boundary

rically embedded in R3, do is the volume form
on 2% induced from g. Moreover, if equality
holds in for SOme X% then 02 has only one



Proof of the Riemannian case

Let 2% be a connected component of 92. By
hypothesis, it has positive Gaussian curvature,
so it can be isometrically embedded to R3 by
the well-known Weyl embedding theorem. More-
over, the embedding is unique up to an isom-
etry of R3. Let =g c R3 be the image of such
an embedding. Then X7 is a strictly convex
hypersurface diffeomorphic to S2.



Let X be the position vector of a point on
9. and let N be the unit outward normal of
o at X. Let X be the surface described
by Y = X+ rN, with »r > 0. Let D% be the
region of R> outside =&, and let E* = D®*UX8
be the closure of D% in R3. Then E“ can be

represented by

(=% x [0,00),¢° = dr? + gr),

where g, is the induced metric on =%, ¢° =

dr? + gr is the standard Euclidean metric on
E* c R3. Note that gr = (a + r)2(df? +
sin?0d¢?) if =§ is a round sphere of radius
a > 0.

- A




Consider a Riemannian metric on E% of the
form

g = h?dr? + gr.

where h is a smooth positive function. This is
a special case of Bartnik's construction. Note
that g and ¢° induce the same metric on each
> . The mean curvature H and Hg of =& with
respect to g and ¢© are related by

H=h1H"
Note that Hp(z,0) = H§(z) for x € =& = X

<




The scalar curvature R of g is given by

Oh
2Ho - = 2h’Avh + (h— B3)R™ + h3R,
T
where R" is the scalar curvature of X2, and A,
is the Laplacian operator on >¥. So a solution
to the parabolic partial differential equation

Oh
2Ho - = 2h?Arh+ (h— h3)R" (1)
T

on E* = 3% x [0,00) with the initial condition
HO{
. (2)

H
defines a metric on E% such that the scalar

curvature R = 0 and the mean curvature of Zg
coincides with the restriction of H to =% = %§.

T
W g

hz,0) =



Equation (1) with the initial condition (2) has
a unique solution such that

(@) h =14 mop~ 1 +k, where mq is a constant
and the function x satisfies

k| = 0(p™2), |Vor| = 0(p~3),

where Vg is Levi-Civita connection of the
Euclidean metric on R3.

(b) The metric g® = h2dr24-g, on E® is asymp-
totically flat with zero scalar curvature.

(c) The ADM mass of (E%, ¢%) is given by

Moo = lIm m®(r),
where m®(r) = E(X%) is the quasi-local

mass of .



The function m®(r) satisfies the following mono-
tonicity formula:
dm®
(r) =
dr 167G

/ R 1-u)2 <o

So
B(IL®*) = m"(0) > m_..

Gluing (E<%, g%) to (€2, g) along X%, one obtains
a complete noncompact 3-manifold M with a
continuous Riemannian metric g such that

1. g is smooth on M\ © and £, and is Lips-
chitz near 0f2.

2. The mean curvatures of X% w.r.t. g = g|o
and g% = g|g« are the same for each a.



3. Each end E% of M is asymptotically Eu-
clidean.

4. The scalar curvature R of M \ 952 is non-
negative and is in L1(M).

Using Witten's argument, Shi and Tam proved
that the positive mass theorem holds for such
a metric, so the ADM mass

Wi, = lim m*(r)

IS nonnegative for each end E%, and mZ van-
Ishes for some « if and only if M has only one
end and M is flat.



Proof of the general case

Let (€2, gi4,p;;) and =1, ..., 3¢ be as in the main
Theorem (positivity of quasi-local mass).

We first deform the metric g;; on €2 by a pro-
cedure used in the proof of the positive energy
theorem of Schoen and myself, and also in my
work on blackholes. This procedure consists
of two steps. The first step is to deform g;; to
a new metric

9ij = 9ij + Jif;

where f is a solution to Jang's equation

3 . .
is i ) fij -
J — Dy =0
%JZ——"l (9 L+IVIE) \ 1+ 1veP o

on 2 with the Dirichlet boundary condition

flag = 0.



Most of the estimates were made in my pa-
per with Schoen. To solve the boundary value
problem, I constructed a barrier and concluded
that there exists a solution f to the Jang's
equation with flsg = 0 when (€2, g;5,p;;) has
no apparent horizon.

Definition 1 Let (2, g;5,pi;) be an initial data
set. Given a smooth compact surface S em-
bedded in 2, let Hs be the mean curvature of
S with respect to the outward unit normal vec-
tor, and let Ps be the trace of the restriction
of p;; to S. A smooth 2-sphere S embedded
in €2 is an apparent horizon of the initial data
(Q,gij,p@;j) if Hs+ Ps =0 or Hs — Ps = 0.



We first assume that (€2, g;;, p;;) has no appar-
ent horizon so that there exists a solution f to
the Jang’'s equation on €2 such that f|p = 0.
The induced metric of the graph Q¢ =80 of f
in (Q x R, g;;dz'dz’ + dt?) is

gij = 9i; + [if;
which can be viewed as a deformation of the
metric g;; on £2. Note that the new metric g

coincides with the old metric g when restricted
to 0X2.



Let eq4 be the downward unit normal to Qpin
2 xR, and let e1,e»,e3 be a local orthonormal
frame of 2. We define h;4 by

Vaéa = hjse;.
where V denotes the Levi-Civita connection of
the metric g;;dz’dx? 4+ dt? on Q x R. Let hy; =
(€i, Vjea) be the second fundamental form of
2, in 2 xR. Let R be the scalar curvature of
g, and extend p;;, u, J' parallely along the R

factor. The following inequality was derived in
Scheon-Yau:

2 — |J) < R—3 (hij —pij)? — 2(hia — pia)?
1,J
+2> D;(hia — pia),

where D, denotes the covariant derivative of g.

Pt f



The second step is to deform g;; conformally
to a metric with zero scalar curvature.

Proposition 2 Let (€2,g) be a compact Rie-
mannian manifold of dimension three with smooth

boundary. Suppose that the scalar curvature
R of g satisfies

R > ¢|X|? — 2divX,

for some constant ¢ > % and some smooth

vector field X on 2. Then there is a unique
metric g;; on €2 such that

1. The metric g;; is conformal to g;;.
2. The scalar curvature of g;; is zero.

3. The metric g;; coincides with g;; on 0%2.



In particular,
B > 2|X|° - 2divX, (3)

where X = Y (h;s —p;a)e;, and the divergence is
defined by g. The inequality (3) is an equality
only if Dij = hz‘7

In general, the solution f and the metric g are
defined on /, the complement of union of ap-
parent horizon, but one can extend g to a met-
ric on 2" which is obtained by adding a point
on each end of Q'



- o
_ \ L
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4. Let H and H denote the mean curvatures
with respect the metric g and g, respec-
tively, and let v denote the outward unit
normal of 02 in (2,g). Then

H > B - {X,7),
L aQ( (X, 7))

where the equality holds if and only of R =
0, X =0, and @U — §’LJ



Lemma 3

A-(X,5)>\VH2—P? = -('f\-\,ﬁ

Proof: Let {e;,ep,e3,e4} be a local orthonor-
mal frame of 2 x R along the graph Qf SO
that ej,eo is tangent to 92 and e3 = v. Let
w be the outward unit normal of 92g in 2,
the graph of the zero function. In my work on

blackholes, I computed that
_ e 1
B (x5 =20,
(e3, w) (e3,w)

Recall that H > 0, so the above equation is
equivalent to

(—(ea,w)P + H)? > (&3,w)? (H? - P?)
which is equivalent to
({ea, w)? + {e3,w)2)P? — 2(es, w)PH
+(1 — (e3,w)*)H? >0

But |w|?2 = 1 = (e4, w)2 4+ (e3, w)?, this inequal-
ity holds trivially.

H.




Let X T2 F% ¢* = h2dr? + g be defined as
in Shi-Tam’s proof. There is a unique solution

to

QHO%E = 2h°Arh+ (h— R3R"
T

on B¢ £ % x [0,00) with the initial condition

=5 _ch )

such that
C

Ih(a:,r) il 1| S o

r
for r > 1. Equip E% with the metric g% =
h2dr? 4 g.. Then ¢g® has zero scalar curvature,
and the mean curvature of X% in (E®,g¢%) is

H - (X,7D).



Let
1
ja = — Hqo — H)d
o) = gl [ o 1
be the quasi-local mass of E(X%), and let
m,, = lim m®(r)

r—00

be the ADM mass of the asymptotically flat
end E%. By monotonicity formula of m%(r),
mZ, < m%(0). By Lemma 3,

m™(0)

1 ok _
o Jo.(HE — (A — (X,7)))do

é‘}é‘ /Z(HS‘ —VH? = PYdo = E(z9).

VA



Gluing (E<%, g%) to (£2,9) along =%, one obtains
a complete noncompact 3-manifold M with a
continuous Riemannian metric g such that

1. g is smooth on M\ Q and €, and is Lips-
chitz near 052.

2. Each end E® of M is asymptotically Eu-
clidean.

3. The scalar curvature R of M \ 92 is non-
negative and is in L1 (M).



The mean curvatures of X with respect to g =
glo is H = H+4v(u), and the mean curvature
of X with respect to g% = g|ge is H — (X, D).
They are not necessarily the same.

This causes the following problem which is ab-
sent in the case considered by Shi and Tam:
the zeroth order term of the Dirac operator can
be discontinuous along 02, so there is an ex-
tra term when we integrate the Weitzenbock-
Lichnerowicz formula.

Note that (M, g) is uniquely determined by (€2, 3),
which is uniquely determined by (€2,3). Our
main result follows from the following positive
mass theorem of (M, g).

Theorem 4 The ADM mass m%, of the end
(E%, g%) is nonnegative for a« = 1,...,¢, and
mg, = 0 for some o if and only if ¢ =1 and M
is the Euclidean space.



To prove Theorem 4 by Witten's argument, we
need the following existence and uniqueness of
Dirac spinor with prescribed asymptotics.

Theorem 5 Letyl, ... ¢t be constant spinors
defined on the ends El. ... EY. Then there
exists a unique spinor € Wllo’c2 (M, S) such that

1. Dy = 0.
2. Y € C®(M\ 8%, 5).
3. Y€ Wlé’f(M, S) for any 2 < p < 0.

4. On each end E%,

lim p' =€y — 9% =0

p—00

for any € > 0.



Proof: We modify Parker and Taubes's ver-
sion of Witten's argument. In Parker-Taubes,
the hypersurface Dirac operator is studied, so
the second fundamental form of the spacelike
hypersurface in the spacetime is involved in
estimates. Here we consider the Riemannian
case, so the estimates are simpler in certain
steps. The main difficulty in our case comes
from the discontinuity of the zeroth order term
of the Dirac operator along 9f2.



Let L > 0 be such that E® contains R3\ B;.
For » > L, let

14
E} =E*\ By, SY=0E7, My=M\ |J E?.
a=1

Choose a smooth function 8¢ on each end E¢
such that (i) 0 < 8¢ <1, (ii) B¢ =1 on Ef;,
(iii) B¢ =0 on E*N Moy, and (iv) |VBE| < 2/L.
Then p7Y® extends to a smooth section of S
over M. Define

¢
Yo = ) BLv* € CP(M,S). (4)

a=1
We wish to find ¢; € WL2(M, S) such that
D11 = —D1yqg (5)

and

lim 1 ¢|y1| = 0.

P00

Then ¥ = 9y + ¥ is the desired solution.



We derive the following subtitute of the in-
tegral form of Weitzenbdck-Lichnerowicz for-
mula:

Proposition 6 Forr > L and ¢y € Wkl)f(M, S)N
C*®(M \ M;,S), we have

1 1
5 D2>___/v2_/—2d22
[ Du? = o [ v+ [ u2lduPly)
§ H _
+ Y [ (Gw—c)Dy,v)
— 18 2
87
where D is the Dirac operator on S<.

This is a crucial ingredient of the proof of The-
orem b.



Let ¢ be the unique spinor given by Theorem
5. By Proposition 6,

1 >, 1 S o D D
> /MTIWI +— [ uauly
E H "
+ L Jopl5¥ = cIDv).

By calculations similar to those in Parker-Taubes,

we have

H
lim [ (= — c(v)De,¢) = —4rGmS |[¢®|2

r—00 Jga' 2

where mg, is the ADM mass of the end E¢. So

4G Y mwe > L [ Vw4 / w2 dul %[y,
= 10 16



In particular, take [P = 1 and ® = 0 for
a # (3, we have

1 1
ArG ﬁ>—-/ V|2 ——/ e Bl2 > 1.
wGmbs > < [ e+ [ uZaullf? 2

If méfo = 0 for some 3, we have du =0, so u =
1, which implies g = g. We also have Vi =0
on M. We conclude that 9%2 is connected, and
M is the Euclidean space.



More general case

Theorem 7 (Wang-Yau) Let (£2,g;;,p;;) be
a compact 3-manifold that satisfies the domi-
nant energy condition. Suppose the boundary
of 2 is a smooth surface 3 with Gaussian cur-
vature K and mean curvature (with respect
to outward normal) H. Suppose k > 0 satisfies
K > —k? and H > P—2k, where P = trsp. Let
Fy be the (essentially unique) isometric embed-
ding of ¥ in IHIEH,Q. Then there exists a positive

function u which depends on \/H2 — (P — 2)?
and the isometric embedding Fy such that

| Hou> [ vH?—(P-20)%

where Hq is the mean curvature Fp(X) inside
Hiﬁg. Moreover, the function p approaches
the constant function as k — 0.




