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Figure 19: Ocean flow with missing data: coherent sets based on the adaptive transfer
operator approach from Section 3.2.2 with 10 intermediate time steps and 70% of the data
randomly removed.

4.4 Experiment: The unsteady ABC flow (3D)

For a 3D experiment, we consider the unsteady ABC flow, cf. [24], given by

ẋ = (A+ 1
2t sin(⇡t)) sin z + C cos y (25)

ẏ = B sin x+ (A+ 1
2t sin(⇡t)) cos z (26)

ż = C sin y +B cos x (27)

with parameter values A =
p
3, B =

p
2, C = 1 on the time interval t 2 [0, 1].

Cauchy-Green approach. We employ the Delaunay triangulation on a regular grid
of 25 ⇥ 25 ⇥ 25 = 15625 points, yielding about 83000 tetrahedra, Gauss quadrature of
degree 1, i.e. one quadrature point per tetrahedron and two time steps, i.e. T = {0, 1}.
The integration of the variational equation takes 14 seconds, the assembly of the matrices 7
seconds and the solution of the eigenproblem 5 seconds. Figure 20 (left) shows the spectrum
of the discrete dynamic Laplacian, Figure 21 (right) the 2nd and 3rd eigenvector.

Non-adaptive transfer operator approach. Using the same parameters as for the
Cauchy-Green approach, we obtain the spectrum shown in Figure 20 (right) and the eigen-
vectors in Figure 21 (right). While this yields qualitatively the same results as the Cauchy-
Green approach, the eigenfunctions are less smooth in this case because the flow is real
analytic and in contrast to the CG approach, this method does not use derivative informa-
tion. Computation times are: assembly 6, computation of the ↵-matrix 3 and eigenproblem
100 seconds – which is due to the fact that the sti↵ness matrix has 2.5 million nonzero
entries which is 100 times as much as for the CG approach (cf. the remark in Section 3.2.1
on the sparseness of the sti↵ness matrix in this case).

We expect the adaptive transfer operator approach to be much faster as ↵ need not be
constructed. We did not apply the adaptive transfer operator approach for this example
for coding convenience, since it would require a periodization of a scattered set of nodes.
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Figure 1: Standard map: Errors in the first nontrivial eigenvalue (left) and corresponding
1-dimensional eigenspace (right) of the dynamic Laplace operator. Slope of corresponding
line in brackets. Leftmost point not shown for P 2-Elements, as here roundo↵ error resulted
in a negative value inside the square-root in (7)

3.1.2 Rotating Double Gyre

As a second example, we consider the flow map introduced in [11]. This is a Hamiltonian sys-
tem that produces two rotating gyres. The Hamiltonian H is derived from a streamfunction
 given by

 (x, y, t) = (1� s(t)) P (x, y) + s(t) F (x, y) (8)

with

 P (x, y) = sin(2⇡x) sin(⇡y)

 F (x, y) = sin(⇡x) sin(2⇡y)

s(t) =

8
><

>:

0 for t < 0

t
2(3� 2t) for t 2 [0, 1]

1 for t > 1

Test influence of quadrature order here The reference solution was computed on a
regular mesh on 513⇥513 nodes with triangular P 2-Lagrange elements. We used quadrature
order 5 (since we did not observe the same rates for smaller orders). For the eigenvalue error,
we do not observe a clear agreement of the experimentally obtained order with that predicted
in (4). On the other hand, we do get a reasonable agreement with (5) for the eigenfunction.
As mentioned above, this may be due to a lack of regularity of the eigenfunctions.

Figure 2: Errors in numerical approximation of first nontrivial eigenvalue (left) of the dy-
namic Laplace and corresponding eigenspace (right) for rotating double gyre to t = 1.0.
Slope of corresponding line in brackets.
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