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We aim at identifying a vector field from (possible
low-sampled) data points generated by the dynamics

k= (xk)
X|QZ/ > Find F' : X — X such that

Tt = F(x)

Constraint

No direct estimation of time derivatives
(e.g. low sampling rate, noise)



We can identify the linear Koopman operator
instead of identifying the nonlinear system
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Two dual lifting methods
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The Koopman operator in a nutshell

Semigroup of Koopman operators

f € F isanobservable

U'f(x) = foe'(z)

[Koopman 1931, Budisic, Mohr and Mezic 2012]

Strongly continuous semigroup

lim U — £ =0V (F = C°(X), L3(X))

Infinitesimal generator of the Koopman operator:

U f—f : ::>
LfZItlfgl " T = F(x) Lf=F-Vf




We estimate the vector field by identifying
the infinitesimal generator in the lifted space
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Our identification method relies
on the Trotter-Kato approximation theorem

4

rotter-Kato approximation theorem: A

Ut, Uf\, strongly continuous semigroups with generators L, L n

f |Lnf—Lf|| =0 YfeDL),then||Usf —Uf|| =0 Vf

Ly = PyLPy Pj; : orthogonal projection onto Fy = span{; fvzl
Uy = efvEENt F oo densein L*(X) Fn CD(L)

lePNEEN ) — Py U || 2 — 0

mN Lt
representation eN" — Ugpup — 0
Nyquist
matrix 1
logarithm LN — + log Ugpmp — 0



The method yields the expansion
of the vector field in the basis of functions {v;}x,

/ oty 2. Linear \
’Q’)[ . .- .

identification
LQ of
fﬁv: s Ay
1. Lifting of 3. “Lifting back”
the data Lf=F-Vf
Y = @' (z1) i = F(x)
Step 3

EDMD, Williams et al., INLS, 2015]
[AM and Goncalves, CDC 2016]

Step 1 Yi(z1) - Yn(x1)
Yx = : :
Vi(rr) -+ Yn(Tx)
( Y1i(yr) - Yn(y1)
Wy = : :
\ ¥1(yx) - Un(yK)
Step 2 Uppup = PL Ty

1
Ly ~ - log(®l Ty)

Assume: T

Y = id; Ly —

Fj c Fn
N o
Y [Lnlinty; = PyLid; = PyF; = F;
=1



The method is efficient to recover the vector field

with low sampling rate
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Under some conditions,

we have convergence guarantees

/I'heorem

Assumptions:

K N—oco0t—0 K—o00

lim lim lim ¢; = ¢;

« F =) .civ; polynomial (basis of monomials)
* invertible non-singular flow
 sample points uniformly randomly distributed in compact invariant set

Then the estimated vector field is given by F = Z C;v; with
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(with probability one).
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; Exponential convergence rate



Under some conditions,
we have convergence guarantees

/I'heorem \

Assumptions:

(]

* invertible non-singular flow
 sample points uniformly randomly distributed in compact invariant set

Then the estimated vector field is given by F = Z C;v; with

(]

K ]\}gnoo %g% KlgnOO |F' — F||r2 = 0 (with probability one). /

; Exponential convergence rate
L

©w foe] ~ )] 4] N~
T T T T T

0o | | N\ | [Kurdila and Bobade, Koopman theory
4 6 N8 10 and nonlinear approximation spaces, 2018]




A dual method can also be obtained

Main method (K > N) Dual method (K < NV)
/’ N // ________________________ S
A .
| : | UDUAL - RKXK :
| |
: Ugpmp € RV : : Ut (x1) Yi(x1) |
! : : : ~ UpuaL : !
|
| Function space Fy ) Uttpi(x k) Vi (T k) :
‘ ~
S AN « Sample space » F )

- - - O N B S B B B S S S B B S B B e s e e

PKU%- I~ ﬁKPsz PK : projection onto J i (piecewise-constant functions)
Lk Pxy; = Pxlap; 4y € D(L)

|el5t Preap; — PreU'ps|| 2 — 0 (Trotter-Kato theorem)

%HGLI@ . UDUALHQ 50
~ 1
;>HLK ~ 7 log UpuaLl|l2 — 0



The dual method yields
the value of the vector field at the sample points

Step 1

/ oty 2. Linear
Wi~ identification
Construct Wy, W

ot/ of
}—>%~’ S, 57 = L/
Step 2
1. Lifting of 3. “Lifting back” Upvar = Ty T
the data Lf=F-Vf 1
Lk ~ n log(\IlY\Il;()
yr = o' (x) i = F(x)
/ Step 3
id;(x1) Lid;(x1) Fj(x1)
x| = |~= z =
id;(z k) Lidj(z k) Fj(x k)

(+ regression, e.g. Lasso)



The method is efficient to reconstruct
large networks with nonlinear dynamics
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The method is efficient to reconstruct
large networks with nonlinear dynamics
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Under some conditions,
we have convergence guarantees

ﬂ\eorem

invertible non-singular flow

» specific properties for the test functions );
(e.g. Gaussian radial basis functions)

Then, the estimated vector field FA’ satisfies

t—0 K— N—oco

o

e sample points uniformly randomly distributed over compact invariant set

lim lim lim — Z | E(zx) — F(zx)||* = 0 with probability one. /

; Convergence rate
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L\, ¢ (ur)
|

/Qé — T

Uk

(ug, o' (ug)) €U x U

[Rudy, Brunton, Proctor and Kutz, Data-driven discovery of PDEs, Science Advances, 2017]



Can we use a similar method to identify PDEs?

2. Linear
UE; identification

Gy

EXTRVEN
1. Lifting of 3. “Lifting back”
the data L& = Dyé
‘/k o (ur)
U m ou
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A semigroup of Koopman operators
is defined in the case of nonlinear PDEs

[Mezic, Spectral Koopman operator methods in dynamical systems]
[Nakao, Proceedings of SICE, 2018] - Hiroya Nakao’s talk

" Nonlinear PDE A
O v: X >R ueld Nonlinear semigroup
%=V w.pw) s u ot U= U

. J

(Nonlinear) observable functionals Semigroup of Koopman operators
$:U—C Eeé Ut & — & Ut = Eo ¢
Infinitesimal generator ¢ € D(L)

e = i SE O €0 _ SO

10 dt
o 6 AW () — E(n)

t=0

A—0 A\

? naity? o
@ >trong continuity: (Gateaux derivative)



The infinitesimal generator applied to a specific
functional provides information on the PDE

Basis of nonlinear functionals &; span{& fvzl — &N CE&

§1(u) = (w,u)r2(x
) for some w € L*(X)

Ei(u) = (w, Wi(u))r2(xy i>1

Action of the generator

[Lgl (u) = DW(u) <w, u>L2(X) = (w, W(u))Lz(X) ]

N

Ly =) et (Vw) < (0, W(u))rzx) = 2, ci{w, Wi(w)r2x)  (Vw, Vu)

=1



We obtain a lifting method
for identifying nonlinear PDEs

1. Lifting of
the data
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ou
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Step 2
1
Ln ~ m log(ExEvy)
Step 3

N

L&
1 =1

Z[LN]u&'

Assume L&1(-) = (w, W (-)) € En

|:> W = i[LN]z’lWi



Preliminary numerical results suggest that
the method is efficient to identify nonlinear PDEs
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A not so smart idea: What about identifying
the « Koopman operator of the Koopman operator »?

t
e Lo, & %)= Drvi
& linear functional
U, ou

U—su <“_r.vu Up &(u) = E(Ugu) = (Uy)"&(u)
ot ’
dual method
X ©* . X i = F(x) =» projection of the dual operator (PF)

&i(u) = /X O(x — x;) u(x) dr = u(x;)

Si(w) -+ En(w) ui(z1) - ui(awn)
X = s s = s s = Uy
( Si(uk) -+ En(uk) ) ( ug (1) - uk(zN) )
sample functions ¢ 1 2 | > basis/test functions

basis functionals ¢ 1 &4 1 > sample points

Ex'By = (¥%)"¥y = Upyar

[




We have proposed a lifting method
for system identification / parameter estimation

2. Linear
identification

} . :> g—{ =Lf Two dual methods

Y Convergence results
1. Lifting of 3. “Lifting back”
the data Lf=F-Vf Extension to PDEs
Yk = Wt(l‘k) T = F(x)
R’n
T

Perpsectives

Classic system input-output system identification (unobserved states)

Extension to PDEs (to be continued)
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