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Introduction 



Pressurized and Fluid Filled Fracture Propagation with Transport 

Motivation 
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What is a phase field function?  

Phase Field Approach 
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What is a phase field function?  

Phase Field Approach 

Variational methods  
based on energy minimization 
    - Classical Theory of Fracture Propagation 

• Griffith 1921, Irwin 1958, Barenblatt 1962. 
 

  - Diffusive Crack Zones for Discontinuity Problems 
•    - convergent approximations  
• Mumford-Shah 1985, Ambrosio-Tortorelli 1992, Giacomini 2003 

 
   - Geomechanics Modeling 

• Francfort-Marigo 1998, Bourdin 2007 

   - Phase Field for Fractures 
• Hakim-Karma 2007, Miehe et al. 2010  
 

Objectives Develop a multi-physics and fluid-flow driven fracture propagation 
method employing the phase field approach in a poroelastic medium  

�

Demonstrate the potential for treating practical reservoir engineering applications 
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Governing System 
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Governing System 

[Francfort-Marigo 1998] [Bourdin-Francfort-Marigo 1998] 
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Governing System 

[Francfort-Marigo 1998] [Bourdin-Francfort-Marigo 1998] 
 

[Ambrosio-Tortorelli 1992] 
[Hofacker-Miehe-Welschinger 2013] 
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Governing System 

[Francfort-Marigo 1998] [Bourdin-Francfort-Marigo 1998] 
 

[Bourdin et al. 2013] [Mikelic-Wheeler-Wick 2014] 
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Governing System 
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[Mikelic-Wheeler-Wick 2014] – continued from A. Mikelic’s talk 

[Hintermller et al. 2014] 



Governing System 

( ' ) 

) ( (1� ')

[Mikelic-Wheeler-Wick 2015] 
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Governing System 

( ' ) 

) ( (1� ')

pR = pF
KR⇢R
⌘R

(rpR � ⇢Rg) · n =
KF ⇢F
⌘F

(rpF � ⇢Fg) · n

Interface conditions:  

Leak off 

vR · n = vI · n = vF · n

[Mikelic-Wheeler-Wick 2015] 
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Governing System 
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[Nguyen et al. 2016] [L.-Wheeler-Wick 2016 JCAM] 

Definition of a level set function  

KF =
w(u)2

12



Governing System 
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Governing System 
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[Nguyen et al. 2016] [L.-Wheeler-Wick 2016 JCAM] 

Definition of a level set function  

[L.-Mikelic-Wheeler-Wick 2016 CMAME] 

KF =
w(u)2
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Coupling Algorithms 
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Coupling Algorithms 

A Monolithically-Coupled Formulation : Resulting Euler-Lagrange System 

 

 

 

 

 

Formulation :

Let W
in

:= {w 2 H1
(⇤)|w  'old  1 a.e on ⇤} and let p 2 H1
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◆
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✓
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◆
� 0, 8 2 Win \ L1(⇤)

•  Displacement-Phase Field : a monolithically-coupled formulation  
•  High accuracy of coupling conditions.  [Gerasimov/Lorenzis; 2016, CMAME] 

•  Numerical stability and implicit discretization. [Mikelic-Wheeler-Wick 2014-5] 

•  Displacement-Phase Field–and pressure  : Fully coupled. previous talk by A.Mikelic 
                                                   [Mikelic-Wheeler-Wick 2016] 
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 => Sequential iterative coupling 



Coupling Algorithms 

Iterative Coupling : Fixed Stress Iteration 

 

 

 

 

[Settari et al. 1998] [Chin et al. 2002] [Gai 2004] [Deen et el. 2006] [Kim et al. 2009, 11] [Castelletto et al. 2015] more.. 

•  For each time tn 

20 

Kdr =
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Coupling Algorithms 

Fixed stress algorithm with a fixed phase field 

 

 

 

 

 
Theorem 1. (Banach fixed point iteration)  Contraction Result: 

The scheme contracts on the L2 norm of following composite quantity: 

=> Phase field is involved as a heterogeneous coefficient. 

•  With a fracture (interface) : [Kumar-Almani-Girault-Wheeler 2015]  

•  With a fixed phase field fracture : [Almani-L.-Wheeler-Wick SPE RSC 182610-MS 2017]  

•  Biot :  [Mikelic-Wheeler 2014]  

n : iteration number, k : time step number,  

✓↵ = �⌦R↵ L̃ =
↵✓↵
2�

(
C

1 + C
)(

L̃

✓ + L̃
) < 1, 

✓ = �⌦R

1

M
+ �⌦F cF
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Contraction convergence analysis: 



Advantages 
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Advantages of Phase Field Approach 

q  1. Crack propagation paths are automatically determined  
          by energy minimization. 
  
q  2. Joining and branching of non-planar cracks are simple to handle  
          for two/three dimension. 
  
q  3. Computationally robust: verifications and validations  
          are available.  
   
q  4. Multiscale and multiphysical extensions are possible. 
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Multiple fluid filled fracture propagation [L.-Wheeler-Wick 2016] 

•  Fracture propagation •  Pressure distribution 

 

Advantages of Phase Field Approach 

Injection well� Injection well�

1. Crack propagation and the path 

Phase Field Pressure 
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Fluid Filled Penny Shape Fracture in a 3D Layered Media [L.-Wheeler-Wick 2016] 

Advantages of Phase Field Approach 

1. Crack propagation and the path 

    = 100 Pa-m 

     = 1 Pa-m 

Injection well 

Fracture 
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Fluid Filled Penny Shape Fracture in a 3D Layered Media [L.-Wheeler-Wick 2016] 

Advantages of Phase Field Approach 

1. Crack propagation and the path 
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•  Predictor-corrector dynamic mesh adaptivity [Heister-Wheeler-Wick 2015] [L.-Wheeler-Wick 2015] 



Advantages of Phase Field Approach 

q  1. Crack propagation paths are automatically determined  
          by energy minimization. 
 
q  2. Joining and branching of non-planar cracks are simple to  
          handle for two/three dimension. 
  
q  3. Computationally robust: verifications and validations  
          are available. 
 
q  4. Multiscale and multi-physical extensions are possible. 
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Pressurized Multiple Fractures 

Advantages of Phase Field Approach 

2. Joining and branching of non-planar fractures 

•  Heterogeneous Young’s modulus 
 
•  Data provided by Statoil 
 
•  Calculating stress intensity factors and  
      remeshing along the crack path  
      are embedded in the model. 
      [Karma et al. 2001]. 
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Pressurized Multiple Penny Shape Fractures in a 3D Heterogeneous Media 

Advantages of Phase Field Approach 

2. Joining and branching of non-planar fractures 
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Heterogeneous E 

Adaptive Mesh 
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Pressurized Multiple Penny Shape Fractures in a 3D Heterogeneous Media 

Advantages of Phase Field Approach 

2. Joining and branching of non-planar fractures 
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Multiple Fluid Filled Penny Shape Fractures in a 3D Homogeneous Media 

Advantages of Phase Field Approach 

2. Joining and branching of non-planar fractures 

Injection well 

Injection well 
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Advantages of Phase Field Approach 

q  1. Crack propagation paths are automatically determined  
          by energy minimization. 
 
q  2. Joining and branching of non-planar cracks are simple to  
          handle for two/three dimension. 
  
q  3. Computationally robust: verifications and validations are  
          available.  
 
q  4. Multiscale and multiphysical extensions are possible 
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Advantages of Phase Field Approach 

3. Validations 	�Pressurized Fractures 

Sneddon’s Test  

33 

[Sneddon-Lowengrub 1969] 



Advantages of Phase Field Approach 

3. Validations 	�Pressurized Fractures 

Sneddon’s Test  

 [Miehe et al 2012] [Gupta-Duarte 2014] 
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Advantages of Phase Field Approach 

3. Validations 	�Elasticity 

Wing crack formation compared with Gelatin experiments  [L.-Reber-Hayman-Wheeler 2016 GRL] 
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Advantages of Phase Field Approach 

3. Validations 	�Elasticity 

Wing crack formation compared with Gelatin experiments  [L.-Reber-Hayman-Wheeler 2016 GRL] 
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2 and 3 Parallel Fractures in 3D Domain  [L.-Wheeler-Wick 2016] 

Advantages of Phase Field Approach 

3. Validations 	 stress shadowing effects 
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Advantages of Phase Field Approach 

3. Validations 	 pressure drops 

Pressure 

Fracture (phase field) 

Fluid Filled Penny Shape Fracture [L.-Wheeler-Wick 2016] 
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Fluid Lag : Negative pressure effect at the crack tip. [L.-Wheeler-Wick 2016 JCAM] 

Advantages of Phase Field Approach 

3. Validations 

[Savitski-Detournay 2002] [Lecampion et al 2013] [Lecampion et al 2017] 
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Advantages of Phase Field Approach 

q  1. Crack propagation paths are automatically determined  
          by energy minimization. 
 
q  2. Joining and branching of non-planar cracks are simple to  
          handle for two/three dimension. 
  
q  3. Computationally robust: verifications and validations are  
          available.  
 
q  4. Multiscale and multiphysical extensions are possible. 
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Coupling	with	a	probability	map	[L.-Wheeler-Wick-Srinivasan	2016] 

Advantages of Phase Field Approach 

4. Initializing natural fractures with a probability map 
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Coupling	with	a	probability	map	[L.-Wheeler-Wick-Srinivasan	2016] 

Advantages of Phase Field Approach 

4. Initializing natural fractures with a probability map 

Probability map  
InSAR (Surface Deformation Map)   

Initialize hydraulic fractures. 
Interactions with natural fractures. 
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Proppant-filled fractures in a poroelastic medium  [L.-Mikelic-Wheeler-Wick 2016] 

- Enriched Galerkin FEM [L.-Lee-Wheeler 2016] 

Advantages of Phase Field Approach 

4. Coupling with transport systems : Ongoing Work  
 

Proppant 

   Fracture 
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Proppant-filled fractures in a layered medium with a gravitational acceleration.  [L.-Shiozawa-Wheeler] 

- Enriched Galerkin FEM [L.-Lee-Wheeler 2016] 

 

Advantages of Phase Field Approach 

4. Coupling with transport systems : Ongoing Work  

47 



Enriched Galerkin FEM [Sun-Liu2009] [L.-Lee-Wheeler SIAM SISC 2016] [L.-Wheeler JCP 2017] 

Advantages of Phase Field Approach 

4. Coupling with transport systems : Ongoing Work  

48 

•  Takes the advantages of the interior penalty discontinuous Galerkin methods. 
•  Flexibility of mesh and rough coefficients.  
•  Locally conservative.  

•  Higher order finite elements with stability and convergence analysis for coupled flow and transport. 
 

 
•  Less degrees of freedom : half and quarter of that for DG in 2D and 3D, respectively (linear case).  
 
•  Multigrid solver with jump coefficients.  
•  Dynamic mesh adaptivity. 
•  Entropy residual stabilization (entropy viscosity) for higher order advection transport equation.  

[L.-Lee-Wheeler 2016] 

[L.-Lee-Wheeler 2016] [L.-Wheeler 2016] 

[Guermond-Pasquetti 2008] 
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Enriched Galerkin FEM [L.-Lee-Wheeler SIAM SISC 2016] [L.-Wheeler JCP 2017] 

Advantages of Phase Field Approach 

4. Coupling with transport systems : Ongoing Work 

Adaptive Mesh 

Concentration 

•  Miscible displacement  
    in a random heterogeneous media.  
•  EG-Q1 FEM  
    for flow and  
    convection-diffusion-dispersion  
    transport. 
•  Entropy residual stabilization  
•  Dynamics mesh adaptivity 
•  Efficient solver 
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Enriched Galerkin FEM [L.-Lee-Wheeler SIAM SISC 2016] [L.-Wheeler JCP 2017] 

Advantages of Phase Field Approach 

4. Coupling with transport systems : Ongoing Work  

Viscous fingering in a Hele-Shaw cell with viscosity ratio 150. 
 
[Scovazzi-Wheeler-Mikelic-L. 2017 JCP] 
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Enriched Galerkin FEM [L.-Lee-Wheeler SIAM SISC 2016] [L.-Wheeler JCP 2017] 

Advantages of Phase Field Approach 
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Enriched Galerkin FEM [L.-Lee-Wheeler SIAM SISC 2016] [L.-Wheeler JCP 2017] 

Advantages of Phase Field Approach 
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53 



Enriched Galerkin FEM [L.-Lee-Wheeler SIAM SISC 2016] [L.-Wheeler JCP 2017] 

Advantages of Phase Field Approach 

4. Coupling with transport systems : Ongoing Work  
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Optimization 
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Optimization 

The shale sector must shift toward  
finding cost-effective ways to get to oil and gas 

Next step in the technological transformation  
of the sector that is aimed at extracting oil 
even faster and less expensively..  
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3 Parallel Fluid Filled Fractures in a Homogeneous Domain [L.-Min-Wheeler] 

Optimization: Coupling with Phase Field 

Example 1. A single well: maximize the fracture volume in a homogeneous domain 

Fracture volume (area) :  

⌦F := {x | '(x)  cv}, cv = 0.1

Variables :          and  x1 x2 

x1 x2 

L/2 

H/2 

L/2 

S1 S2 S3 

H/2 

Goal : maximize  

         the fracture volume ( ≈ production).  

       i.e. argmax f(x) = argmax f(x1, x2)  

                                 = argmax (S = S1 + S2 + S3),  

      where x: spacing, S: fractured surface area.   

 

Si =

Z

⌦F

1 dx

C2Frac model [Cheng-Bunger-Peirce 2016 ] 
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Inverse model: Genetic Algorithm [Goldberg, 1989] 

Optimization: Coupling with Phase Field 

•  Coupling UT-OPT [Min-Wheeler-Sun 17]  with the phase field approach [L.-Min-Wheeler] 

Goal:  I) argmax f(x) :  Example 1, 2, and 4 

              II) argmin f(x) :  Example 3 
 

Input builder 
Choose              

optimization       
 algorithm 

Generation 1 

Experiment 1 

Experiment 2 

… 

Experiment Npop 

Generation 2 

… 

Generation Ngen 

Choose              
reservoir             
simulator 

CSM                  
Phase-field CMG-GEM 

CMG-IMEX 

CMG-STARS 

CSM IPARS 

GA NSGA-II 

Schlumberger    
ECLIPSE 

Simulate            
& optimize          

    multiple runs 

Update 

58 

UT-OPT IPACS x1 x2 
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3 Parallel Fluid Filled Fractures in a Homogeneous Domain [L.-Min-Wheeler] 

Optimization: Coupling with Phase Field 

Example 1. A single well: maximize the fracture volume in a homogeneous domain 

(x1, x2) = (0.75m, 0.75m)

S = 0.0212261m2
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Parallel Fluid Filled Fractures in a Homogeneous Domain 

Optimization: Coupling with Phase Field 

Example 4. Two wells: maximize the fracture volume (on-going work) 

More variables : more x and additional y  

Goal : maximize  

           the production (     fracture volume ).  

           i.e. argmax f(x)  

              = argmax f(x1, x2, x3, x4, y1, y2)  

              = argmax (S1 + S2 + S3 + S4 +S 5 + S6),  

      where x,y: spacing, S: fractured surface area.   

 

⇡
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Conclusion 
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Conclusion 

Objectives Develop a multi physics and fluid flow driven fracture propagation  
method employing the phase field approach in a poroelastic medium.  

q  Phase field fracture propagation simulator. 
      (IPACS: Integrated Phase field Advanced Crack Simulator) 

 
q  Biot model with dynamic mesh adaptivity on a parallel framework. 
 
q  Fixed stress split iterative coupling scheme / Fully coupled scheme.  

q  High order finite element methods (Enriched Galerkin) 
 
 

Demonstrate the potential of the phase field for treating  
practical reservoir engineering applications by providing numerical examples. 
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