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Outline

@ Stokes-Biot model for flows in fractured poroelastic media
© Interior penalty (Nitsche's coupling) formulation

© Lagrange multiplier formulation

@ Dimensionally reduced fracture model

© Noninear Stokes-Biot model
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Models for flow in fractured porous media

Darcy - Darcy, J. JAFFRE, J. ROBERTS, ET. AL.
Darcy - Forchheimer, J. JAFFRE, J. ROBERTS, ET. AL.

Darcy/Biot - Reynolds lubrication, M. F. WHEELER ET. AL.

Darcy/Biot - Stokes/Brinkman/Navier Stokes, QUARTERONI ET. AL.
Our work:

@ Biot - Navier Stokes, pressure formulation for Darcy, operator
splitting: Bukac, 1.Y., ZuNnivo, Num PDEs, 2015.

@ Biot - Stokes, mixed formulation for Darcy, Nitsche's coupling:
Bukac, 1.Y., ZAKERZADEH, ZuNIiNo, CMAME, 2015.

@ Biot-Stokes, mortar formulation: AMBARTSUMYAN, KHATTATOV, 1.Y.,
ZuniNo, LNCS, 2015.

@ Biot - Brinkman, reduced model: Bukac, 1.Y., Zunino, M2AN, 2016.

@ nonlinear Biot-Stokes: AMBARTSUMYAN, ERVIN, NGUYEN, 1.Y.,
preprint.
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Biot-Stokes model for coupled flow with poroelastic
structure

Biot system of poroelasticity in 2,:

-V Up(np) =fp, Up(np) = )‘p(v : np)l +2u,D (77p) appl

6 —
a(sopp +aV - np) +V.u,=s, & 1up = —-Vpp

Stokes in Q:
~V-or=fr, or=—pl +2uD(uf), V-ur=g
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Biot-Stokes applications
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Arterial Flow (/) Fracture flow (ii)
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Biot-Stokes interface conditions on [

SHOWALTER [2000]

BADIA, QUAINI, QUARTERONI [2009] o O
Q
LESINIGO, D’ANGELO, QUARTERONI [2011] r

MIKELIC, WHEELER [2012]
Mass conservation:

ur-ng+(0m, +up) -npy =0

No slip (i):

ur - TF =0, Tf
or Beavers-Joseph-Saffman condition (slip with friction) (ii):

(onf) - Tr = —cpys(ur — Oem,) - T+

Balance of normal fluid stress:

(o) ne=—pp
Conservation of momentum:

oms+opn, =0 (prng = opn, in Reynolds lubrication model)
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Weak formulation (no flow, zero displacement BCs)

2uf/ D(ur) : D(vy) —/ prV - vy —|—/ wrV - ug
Qr Qf Qr

—1—/9 (21U’PD( p) 1 D(&p) + AV -1, V- £P) a/ﬂpppV'Sp

P
—i—/ Hlup-vp—/ pPpV - Vp
Q, Q,

+/ soatppwp—i—oz/ V-ampwp+/ V - upw,
Q Qp Qp

P

+/ (—O'fnf Vf—opnp - &, + ppVp - np) = F(vr,&,,vp)
.
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Interface term

IFr= / (—O'fnf Vf—opnp - &, + ppVp - np)
r

Equlibrium: (o¢n¢) -ng = —pp;  ofnf+opn, =0

Slip with friction (BJS): (o¢nf) - T¢ = —cpys(ur — 0tm,) - T+

Ir = agys(ur, 0tmpive, §p) + br(ve,vp, €y 0r)
where

apss(uf, mp;vr, &) = / cus(ur —mp) T (ve — &) - T,
r

br(ve,vp, &piof) = —/Uf"f “ne(veong + (£, +vp) - np)
r
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Interior penalty (Nitsche's) method ?

br = —/O'fnf ne(ve-ng + (&, +vp) - np)
r

Interior penalty for the essential continuity of normal flux condition:

br = _/r‘ff"f'nf(Vf'"f+(5p+VP)'“P)

=+ /’Yf,u,fh_l(u,r Ny + (amp + Up) . np)(vf Ny + (Ep + Vp) . np)
r

'Bukac, 1.Y., Zakerzadeh, Zunino, CMAME, 2015
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Features of the Nitsche's method

Efficient non-iterative time-splitting: Elasticity, Darcy, Stokes

Non-matching grids across the interface

+ o+ o+

Optimal accuracy in space

- Penalty parameter

- Conditionally stable: 7 < h

- Sub-optimal accuracy in time: O(7%/?)

+ The split scheme is an optimal preconditioner for the monolithic
scheme
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Backward Euler - Monolithic scheme

An(¥h,zn) = F"(zn)

Af Bg Mg 0 Tg us

MON: |Tgr 0 Ay BL Tal-|up| =F

Fss Tsp Tsq Bsp As KA

f - flow; q - Darcy velocity; p - Darcy pressure; s - solid
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Backward Euler - Monolithic scheme

Stability: if ¢ is large enough, 3¢, C 0 < c <1< C < o0 s.t.

[yA 1118 + CTZHthH!v < Illyhlll® +TZ*HF ()2

n=1
Norms:

1 .
1yAll[% =5 pelluflliz(q,) (Fluid)

. i \
(Biot) +3 (205D a,) + AelIV - 0 I12x(q,) + 0l1P5 Iz, )

IR ==2urlIDR) 3, + 1 llupla, (dissipation)
+ pueh ™ (uf = up — dyn”) - mJ?
!
+ 5 (el druf 1§, + solldrpolld, + Aol drV - 7l13,)
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Splitting strategy

n__ n—1 n—1 n—1 n—1
@ given un_1| pn_1| Asn" = _rsfuf rspr rsqup Bsppp
f r Pr r

=-drained split for

T
Biot: Robin BCs Ag Bep| fup| |-T gruf =T gem”
Bap  Ap P,’Z —Bpsm"
e given (nnaunapn)‘r
prre Ar BL| [u? —Tuih — n"
= Stokes solve; . —
Dirichlet BCs Bg, 0 pf —[psm"”

@ Stabilization of the fully explicit scheme is required (Burman Femandez);

o Additional stabilization terms are required for splitting Biot
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Splitting, stabilization terms & stability
Partitioned scheme (PART): Au(¥7,2)) = F"(z4)

An(yh.zs) (MON)
h

+7$tab7/d7pf¢f (Burman-Fernandez)
Ve JT

T

h/dTup -nr-n (New! to control Biot splitting ...
.

+YVetab VFILF

+'7;tab'7f,uf% /r d-uf-nys-n ... but not needed in practice!)

= F"(zn)

" /r epeh™ ((uf —up™h) = (up —up™h) n (= @) on

+2puf /r n- (D(u?) — D(u?_l))n (cpf —r— cpp) -n  (splitting residuals)

~ [ (ep = e (er—r—ag)-n= [ (e5- eV

P
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Splitting, stabilization terms & stability

Stability of PART: if ~¢ is large enough and

a2

— <
>\p50

only due to Biot splittin 3, C0<c <1< (C <oos.t.
(only plitting :

N[ —

N
|||ym||%9+<:'TZ|||y2|||2v (as for MON)

+T7

“Ystab rYstab VFHE N, 2 N 2
o0 P 4 T 2 (ol e 4y )

< lllyhlle + €'y TZ IF ()]
T T _
o Cpar (LIl 7+ 7 -l + D) e + sz 2 19FI7)
MON & PART share stability properties in equivalent norms!
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Convergence analysis - time discretization error

Under the assumption 7 < ch?:

N
—~ —~ T
IR 1112 + 7> lIfenll = o, +724+7)=0(r
n=1
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Numerical results

Benchmark problem: propagation of a single (sinusoidal) pressure wave;
5 cm poroelastic tube (artery); time scale 6 ms.

2D test case, 3.5 ms snapshot, pressure surface plot:

pressure
Eooo
6000
-4000

EQOOO

0
3D test case:

I. Yotov (Pitt)
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Convergence in time for the arterial flow problem

N,ref

N N 2 N ) SN Nref
En = prllug —ug ™ l2gp)r Epn(a) = pplln™ =0

2 N . N Nref|2
[2(Qp)° gp,h(c) = SO||pp — Pp e ||L2(Qp)

€M (b) = 2upl D" — 0" )220+ NIV (0" = ") By g

monolithic ‘ \/;’\”h rate ‘ M(a) rate ‘ @(b) rate ‘ Sgh(c) rate ‘

70 = 10~—% | 2.14E-01 1.48E-01 5.24E-01 1.32E-02

T0/2 1.06E-01 1.02 | 7.89E-02 0.91 | 2.82E-01 0.90 | 6.95E-03 0.92
T0/4 5.13E-02 1.04 | 4.03E-02 0.97 | 1.44E-01 0.97 | 3.53E-03 0.98
70/8 2.45E-02 1.07 1.98E-02 1.03 | 7.07E-02 1.03 1.72E-03 1.03
partitioned ‘ \EN, rate ‘ 1/S"J\’h(a) rate ‘ E‘i\’h(b) rate ‘ ,/S"xh(c) rate ‘
70 = 10~% | 2.87E-01 1.84E-01 7.71E-01 1.96E-02

70/2 1.49E-01 0.94 | 9.91E-02 0.89 | 4.15E-01 0.90 | 1.01E-02 0.95
T0/4 7.58E-02 098 | 5.16E-02 094 | 2.13E-01 0.96 | 5.09E-03 0.99
T0/8 3.75E-02 1.01 | 2.59E-02 0.99 | 1.06E-01 1.01 | 2.49E-03 1.03
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PART as preconditioner for the monolithic scheme

Solve: }
Ar Bf T 0 Tg
By, 0 0 0 [ ps
-1
P=H|lgr 0 Ay Bf, Tgs
0 0 Bsyp Ap  Bps
_rsf rsp I_sq Bsp As i
where P is

A= —Tov" ™t —Topf ™t — T5qq" ! — Bopp))

pr

q

Pp

n

n—1

[Aq B#} |:q:| |:_rqfvn_1 ) rqsnn}
Bgp  Ap Pp —Bpsn”

|:Af Bﬂ [V] [—quQ” —Ten"
B, 0O pr —Tpsm”
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PART as preconditioner for the monolithic scheme

Solve: L
Ar Bl T 0 Tg v

P 'y 0 Ay Bl Tg| |a|l=F

0 0 By A Bul| |pp

Isr rsp rsq Bsp As i n

if 7 < h, MON and PART satisfy stability properties in equivalent norms:

llyalll? = HyalllE + sl

Generalized Rayleigh quotient, 3, c, C > 0 independent of h, T s.t.:
jh(Yth) < vz‘\h(Yth) < -Zh()‘m)‘h)

yall> = lyallP = llyalll?

# GMRES iterations for P~1A is proportional to 7/h
(G.Starke, Field-of-values analysis of preconditioned iterative methods..., Num. Math. '97)

I. Yotov (Pitt) Biot-Stokes models April 3-7, 2017
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Preconditioner test

Artery test case (/)

| r=10"* | h=10.05 [ h=0.025 | h=10.0125
# GMRES(A$) 211.4 446.4 1282.9
# GMRES((Ap)"1A5) | 109 12 13.9

Artery test case (/)

| T=10"° | h=10.05 | h=0.025 | h=0.0125
# GMRES(A$) 362.1 498.3 1194.4
# GMRES((Ap)1AS) 8 10 12.9

Fractured reservoir test case (ir)

| T=10"3 | h=1.06 | h=10.450 | h =0.212
# GMRES(A$) 53.8 101.7 245.4
# GMRES((Ap)~tA3) 2 2 2

Table : Average number of GMRES iterations (# GMRES) required to reduce the

relative residual of a factor 107°.

I. Yotov (Pitt)

Biot-Stokes models

April 3-7, 2017

19



Flow through a fractured poroelastic reservoir

Parameter Symbol Units Value
Poroelastic wall density Pp (kg/m>) 897

Fluid density or (kg/m®) 897

Dyn. viscosity " (Pa's) 10—3

Lamé coeff. “p (Pa) 2.92 x 100
Lamé coeff. Ap (Pa) 1.94 x 10%0
Hydraulic conductivity (2D) K (m?/Pas) diag(200, 50) x 10~ 12
Hydraulic conductivity (3D) P (m2/Pas)  diag(200, 50, 200) x 10~ 2
Mass storativity coeff. £ (Pa~h) 6.9 x 107°
Biot-Willis constant « 1
Beavers-Joseph-Saffman coefficient (2D) B (m?/Pas) 2.88 - 10~*
Beavers-Joseph-Saffman coefficient (3D) B (m?/Pas) 3.88 - 10~*
Total simulation time T (s) 18600

Parameters from Girault, Wheeler, Ganis, Mear 2013

I. Yotov (Pitt)

Biot-Stokes models



Simulation results - flow in fractured reservoir

pressure (Pa)
EJ.O'Ié'\
:0.0160
I
l’0.0159
0.0158

displacement (m)
‘38-05

faveos

0.0

Pressure change (top) and displacement (bottom) in reservoir in 3D at
final time T.
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Lagrange multiplier (mortar) method 2

Biot system of poroelasticity in £2,:

-V Up(np) P> Up(np) = /\P(v : np)l + 2MPD(np) - O‘pPI

6 —
a(sopp +aV - np) +V-u,=s, & 1up =-Vpp

Stokes in €f:

—V-or=fr, or=—pl +2uD(uf), V-ur=g

2Ambartsumyan, Khattatov, 1.Y., Zunino, LNCS, 2015
I. Yotov (Pitt) Biot-Stokes models April 3-7, 2017
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Weak formulation (no flow, zero displacement BCs)

2uf/ D(ur) : D(vy) —/ prV - vy —|—/ wrV - ug
Qr Qf Qr

—1—/9 (21U’PD( p) 1 D(&p) + AV -1, V- £P) a/ﬂpppV'Sp

P
—i—/ Hlup-vp—/ pPpV - Vp
Q, Q,

+/ soatppwp—i—oz/ V-ampwp+/ V - upw,
Q Qp Qp

P

+/ (—O'fnf Vf—opnp - &, + ppVp - np) = F(vr,&,,vp)
.

I. Yotov (Pitt) Biot-Stokes models April 3-7, 2017
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Interface term

/r:/(—O'frlf-Vf—Upnp-£p+Ppr-np)
r

Equlibrium: (o¢n¢) -nf = —pp;  ofnf+opn, =0

Slip with friction (BJS): (O'fnf) cTE = —CBJS(Uf — amp) cTf
Lagrange multiplier:

A= —(O'fnf) Ny = Pp

/r — aBJS(uf7 8t"7p? Vr, gp) + bF(Vﬁ Vp7 Ep; )\)
where

aBJs(Uf,np;Vf,ﬁp) = / cpus(ur — 77p) T (vF — €p) "Tf
r

br(vf7vP7£p;:u‘) - /r (Vf : nf + (gp + VP) : nP) M

I. Yotov (Pitt) Biot-Stokes models April 3-7, 2017
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Spaces and bilinear forms

Stokes: V¢ = HY(Qf)?, Wi = L%(Qy)
Darcy:  V, = H(div; Q,), W, = L*(Q,)
Elasticity: X, = H}(Q,)?
Lagrange multiplier: A = Hl/z(l'fp)

Bilinear forms related to Stokes, Darcy and elasticity operators:

) = (2u¢D(uf) : D(vr))q,

ap (up,vp) = (’iilumvp)ﬂp
) = (2upD(n,) - D(§p))a, + (ApV -1,V - £,
):—(V'V*,W*)Q*, *=f,p

I. Yotov (Pitt) Biot-Stokes models April 3-7, 2017
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Weak formulation

Find Uf(t) € Vg, pf(t) e Wr,
up(t) € Vp, pp(t) € W,
np(t) € XP7)‘(t) € /\7

af(“fa Vf) + ag(upv VP) + ag(np) £p) + aBJS(uf7 8t77p; Vf7 Ep)
+bf(vfa Pf) + bP(VP7 pp) + abp(&pa Pp) + bF(Vfa va €p; A) = f(Vf, Ep)a

(atsoppa WP) —ab (at'r’p’ WP) b (uP7 WP) - bf(uf7 Wf) = q(Wf’ WP)’
br(Uﬁ Up, atnp; M) =0

pp(o) = Pp,0, np(o) =T"Mp0
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Space discretization

o Affine finite element partitions of Qf and €,

@ Allow for non-matching grids across I

o Stokes: stable spaces V¢ x Wy, C HY(Q6)9 x L2(Qf)

o Darcy: stable spaces V,, , x W, , C H(div; Qp) x L%(Q,)

o Elasticity: conforming space X, , C H*(Q,)?

o Mortar: A, =V, -n, ¢ HY2(I) (non-conforming)

o Ap-norm:|lunl3, = llunlZory + lnlR, [1nlR, = ag (s 4(kn), u? (1n))
Lemma (Galvis-Sarkis, ETNA 2007)
There exists a constant 3 > 0 independent of h such that

. b(vhvgp,h; Wh) + br(V/h &p,h; lu’h)
inf sup >
(i) EWRxAn (y, £ ey, , | (VR Ep m)lIvcxy | (Wh, fom)llw
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Semidiscrete formulation: system of DAEs

Eo.X(t) + HX(t) = L(t),

ur(t) Fur 00 A5 0o o0 o0
u,(t) 0 00 O 0 0 O
| 7m0 _ | 7n, oo AB5S 0o o0 o
XO=1s] M=% B=loo 0 o 0o of

EAG) o, 00 aByp 0 M, O
A(t) 0 00 -Ber 0 0 0

Ar +ABS 0 0 -BF o Bf;r

3957 A, 0 0 -Bl Bl

Ho | A 0 A 0 —aBlL Bl

By 0 0 0 0 0

0 Bp 0 O 0 0

~Brr —Bor 00 0 0
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Existence of a solution

DAE theory:
Eo:X(t) + HX(t) = L(t)

has a solution if SE + H is non-singular for some s # 0.

Ar+ABS 0 ABS Bl 0 Bl

0 Ap 0 o -BL Bl

ELH— AZPT 0 A.+ABS o -aBl Bl
Bir 0 0 0 0 0
0 Bpp aBep 0 sM, 0
—Brr —Bpr —Ber 0 0 0

I. Yotov (Pitt) Biot-Stokes models April 3-7, 2017
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Existence and uniqueness of a solution

A BT
eon- (42,
Lemma

If A and C are positive semidefinite and
ker(A) N ker(B) = ker(C) N ker(BT) = {0}, then E + H is invertible.

Uniqueness follows from the energy equality (for zero data)
1 2 e
5 | SollPo.n(t)l2(q,) + 25(1p.4(t), 15 4(t))

t
2
+ / [ lurh — Oemppls  + ar(usn, urp) + ap(upp upp)| ds =0
0

aBJs

and the inf-sup conditions for p, , pr p, and Ap.
April 3-7, 2017 30



Stability estimate

Theorem

sollPp.bllLo(2@,)) + 1M nll Lo (rr(@y)) + sl + Tupll2e2(e,))

+ peallzeen) + 1Ponll ez + 1Ml + [urh = 8emp pl 2,
S (Hf ,h”Loo(Lz(Qp)) + ||f ,h”LZ(LZ(QP)) ||ff,h||L2(L2(s’zf))

+110cFo.bll 21200,y + I198.0ll2(200)) + dp.nll2z@,))

I. Yotov (Pitt) Biot-Stokes models April 3-7, 2017
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Error estimate

Theorem

lur —urnllzmrey) + lup — upnllzz,)) + Pe = Proallzz @)
+ lPo = Pp.nlli22(9,)) + 1Mp.8 = Mpll oo () + S0llPo — Pp.nll Lo (i2(0,))
+ A = Anllzgay) + [(ue — 9emp) — (uep — 8tnp,h)‘L2(aBJ5)
< B phot 4 ph

I. Yotov (Pitt) Biot-Stokes models April 3-7, 2017 32



Numerical results: convergence test

I. Yotov (Pitt) Biot-Stokes models

L sin(mx) sin(

ur — 7 cos(nt) (—3x + cos(y))

y+1

pr = e’ sin(7x) cos(%) + 27 cos(mt)

_ t
ap = e (

pp = €' sin(mx) cos(—-)

cos(mx) cos(ZY)
2)

Ty
2

y+1

1, = sin(rt) <—3x + cos(y)>

April 3-7, 2017
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Numerical results: convergence test

'Pf —P1, RTo — Po, P1 and Py
llell (o) llefll2i2(ary) llepll2(i2(0,)) leppllioo (120,)) | Nlesllice(t(,))
hBjot error rate error rate error rate error rate error rate
1/8 1.43E-02 - 6.06E-03 - 1.05E-01 - 1.03E-01 - 5.09E-02 -
1/16 7.16E-03 1.0 1.79E-03 1.8 5.23E-02 1.0 5.17E-02 1.0 1.34E-02 1.9
1/32 3.58E-03 1.0 5.81E-04 1.6 2.61E-02 1.0 2.59E-02 1.0 3.94E-03 1.8
1/64 1.79E-03 1.0 1.95E-04 1.6 1.31E-02 1.0 1.29E-02 1.0 1.43E-03 1.5
1/128 | 8.94E-04 1.0 6.77E-05 15 6.53E-03 1.0 6.47E-03 1.0 6.32E-04 1.2
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Comparison of Nitsche (left) and Lagrange multiplier
(right) on a curved fracture

I. Yotov (Pitt) Biot-Stokes models



Injection-production example (Lagrange multiplier)

Parameter Units Value
Fluid density kg/m3 897
Dyn. viscosity KPa-s 10-6
Hydraulic conductivity —m?/KPa-s 5x 107°
Mass storativity KPa~1 6.89 x 102
Biot-Willis constant 1
Total simulation time s 300
Time step s 1

' BJS constant 1

ur - n =10, on [infiow
ur -7 =0, on [infiow

up-n=0, on M

pp = 1000, on rtop U rright U T bottom

n-n=0, on Neop Ul ight U T potrom

Injection phase T=145  T=155 Production phase n-7=20, on rtop U rright U T bottom

T=1 uen=10 Transition usn=-2 T=300

I. Yotov (Pitt) Biot-Stokes models
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Injection-production example (Lagrange multiplier)

USRI Tl

I. Yotov (Pitt)

Pressure Pressure
29560403 1.000e+03
E2EDO
900
2000
<1600 —800
1200
9.9800+02 7158402
Displacement Displacement
EZBES&OO E7.7E78'05
= =6e-5

4e-5

S it

Eo 0001

E Z2e5
Eomue‘un Eo,oowmo
Pressure Pressure
2.958e+03 1.000e+03
E i
Z2400 3
E ~900
EZUOD
[£1600 =800
EIEOO
9.0890402 7.158e+02
Velocity Velocity
8.6092+00 1.5260+00
E E
E 2
6 3
08
EA
EZZ —E’O.A
3.7740-04 8.487¢-06
Biot-Stokes models April 3-7, 2017
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Injection-production example (Lagrange multiplier)

Velocity
1.152e+01

10

©

N

W\HMHHHM\HHHM

2.215e-01

Velocity
2.024e+00

=1.6

]

=1.2

0.8

EOA
6.760e-02

I. Yotov (Pitt) Biot-Stokes models April 3-7, 2017

38



Heterogeneous example (Lagrange multiplier)

......... puosy ——
pr Yoweor iner
E‘w‘ E E
L £ :
v
A

Young's modulus:

E = E(1 - — 2.1
o1 - 5%)
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Heterogeneous example (Lagrange multiplier)

Displacement

5 1380.03 Pressure
poi e Velocty
3 3 oot
E = 3
g 3 =75
E E E
3 E E
£ 3 | 5
o Ttewd 3
00000400

i
1.000e+03

I. Yotov (Pitt) Biot-Stokes models April 3-7, 2017 40



Reduced fracture model for the Biot-Stokes system 3

MARTIN, JAFFRE, ROBERTS [2005]

LESINIGO, D’ANGELO, QUARTERONI [2011]

( )

¥={(s.0)}, 1= {(s, =3} T2 = {(s, FFN)}, () = {(5,€) : 6 € =2 [-1,1] }, s€o,L].

3Bukac, LY., Zunino, M2AN 2016
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Reduced fracture model

Averaged variables:

1 1 1
n=— —= -d’ r = = . ’P:— d
U 6/Cufnn U 5/Cuf7-dn 5/Cpfn

Reduced fracture flow equations:

02U, s 1
—Hf 87’2 - Fn = g (pp,l‘rl - Pp,2‘r2)
0?U. OP 1 on
—f 572 + — 87’ FI —SCBJS(Uf — 8—:) T Fj
oU; 1 8
or 15 ( ;T ue) il (G up) mel
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Interface conditions for Biot on [;

Closure: assume polynomial pressure and velocity profiles along the
fracture width

on
(Po — B(—, ot £+ up) - nj)|r, = Fi(P, Un,Pp|Fj)
(opni) - nilr, = —pplr;
on on
((opni) - 7i — Bi p)l = Gi(Ur, atplr)
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Comparison with full (Nitsche) fracture model

s s

pressure displacement

0.6
MM‘H e Tt T
0.614 0.000556
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Comparison with full (Nitsche) fracture model

301 12+
= —fulmodel = —fulmodel
— reduced model — recuced model
254 104

(5]
o
n

pressure
&
tangential velocity
o

0 T T T T 1 0 T T T T )
o] 0.2 0.4 s 0.6 0.8 1 0 02 0.4 s 0.6 0.8 1

Left: Average pressure P along the midline . Right: Average tangential
velocity U; along the fracture midline ~.
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Comparison with full (Nitsche) fracture model

5 5 § o,
R | (TMP’“U—W"P‘D P (e e u,

r
Full model Reduced model
h Rr, Rr, rate | R, R+ 2 rate
1/20 | 4.56e —3 | 456e —3 | — lde —2 | 14e—2 -

1/40 | 1.32e —3|132e—3 | 179 |51le—3 | 51le—3 | 1.46
1/80 | 3.44e—4 |344e—4|194|28e—3|28—3|0.85
1/160 | 8.76e —5 | 8.76e —5 | 1.97 | 1.4e —3 | 1.4e — 3 | 1.00
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ith full fracture model on a curved fracture

Ison w

Compar

AeEes

pressure

47
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A nonlinear Biot-Stokes model for the interaction of a
non-Newtonian fluid with poroelastic media *

References:

@ Ervin, V.J., Jenkins, EW., and Sun, S., "Coupled Generalized
Non-linear Stokes Flow with flow through a Porous Media”, SINUM
2009

@ Showalter, R. E., "Nonlinear Degenerate Evolution Equations in
Mixed Formulation”, SIAMMA 2010

e X. Lopez, X., Valvatne, P.H. and Blunt, M.J. " Predictive network
modeling of single-phase non-Newtonian flow in a porous media”, J.
Colloid Int. Sci. 2003

*1. Ambartsumyan, V.J.Ervin, T. Nguen, |. Yotov (preprint)
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Non-Newtonian fluid
Fluid region: the viscosity is a function of the magnitude of
D(uf) = 3(Vur + V'uy). Examples:
V) — Voo
(14 K|D(uf)[?)=/2

Vo — Voo

Voot T KID(un) 27

Carreau model: v(D(uf)) = veo +

Cross model: v(D(uf)) =
2—r
Power law model: v(D(uf)) = K <m(tf)|>

Porous media region: the viscosity is a function of the magnitude of uj.
Examples:

V) — Vo
C del: = —_—
ross model: Veg(Up) = Voo + T4 Klu P
2—r
Power law model: ves(u,) = K (\/Fn'k)
up

Here r € [1,2) gives a shear thinning property and r = 2 corresponds to
Newtonian fluid.

I. Yotov (Pitt) Biot-Stokes models April 3-7, 2017
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Semidiscrete formulation: error estimate

Theorem

lur = ur bl a0 1) + Up = Upbllzo 7070,y + 191 un)ll 10,7
+ ||"7p - T’p,hH%W(O,T;XP) + [Juf — Ush — as(np - np,h)”%Z(o,T;Lr(rfp))

+ s = pralliro. 7wy + 1P = Pounlliro, 7wy + 1A = Anlliro,7:a)
5 hke + hkot1 + hks
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Numerical results: filter example

Boundary conditions:

pr=1, on [

fluid: ur -1 =0, on lNep
no slip on IMop U T pottom
pp =0, on [ight
structure:q no flow on IMop U T pottom

n =20, on rtop U rright U T bottom

I. Yotov (Pitt)

Biot-Stokes models

Viscosity functions:

Vfo — Vf,co
1+ Kf‘D(Uf)P_'f
VYp,0 — Vp,co
L+ Kplup>="
Ke=Kp=1,rr=r,=15

Vf = Vf oo +

Vp = Vp,co +

Vf oo = Up,oo = 1, Vr 0 = Vpo = 10

Assumption: agys = 1,
independent of viscosity.

April 3-7, 2017
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Computed solution for the filter example

velocity
[l .312e-02

EO. 000e+00

pressure
[} 1.000e+00

IO,0009+00

|

Figure : Solution at t = 1s: velocity (top left), viscosity (top right), pressure

(bottom left), displacement (bottom right).

I. Yotov (Pitt) Biot-Stokes models
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viscosity
'9.9989+m

t9.027e+00

I0,0009+00

displacement
'4,209e-03
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Difference between the nonlinear and the linear model

velocity
[8.831 e-03

EO 000e+00

Difference in velocity

displacement
[8.4156-04

EO. 000e+00

Difference in displacement
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Convergence study

Il —ur wll 20,702 (2p)

'
”u;r)e,h_upahH/2(0,T;L2(Qp))

||P§f2_Pf,h||/2(o,T;L2(Qf))

7
uEhlli2(0,7:11 ()

f
luZhlli2(0,7:02(20)

7
1PEhll 120, Ti2(2f))

h error order error order error order
1/20 | 4.83E-03 — 1.55E-01 — 2.75E-02 —
1/40 | 2.31E-03 1.06 8.63E-02 0.85 1.03E-02 1.41
1/80 | 1.04E-03 1.16 4.08E-02 1.08 4.62E-03 1.16
1/160 | 3.94E-04 1.40 2.07E-02 0.98 2.14E-04 1.11

||P£52_Pp,h||/2(o,T;LZ(Q,,)) Hpﬁe,z—Pp,hH/OO(O,T;B(Q,,)) I 77:5,’;—"7,,,/1||/<><>(0,T;H1(Qp))
||P,'f:71||/2(0, T:L2(Qp)) HP,';E,ZH/OO(O,T;B(QP)) 77:71||100(0,T;H1(Qp))

h error order error order error order
1/20 | 4.10E-02 — 1.15E-01 — 4.98E-02 —
1/40 | 1.92E-02 1.10 5.28E-02 1.12 2.88E-02 0.79
1/80 | 8.24E-03 1.22 2.25E-02 1.23 1.61E-02 0.84
1/160 | 2.75E-03 1.58 7.48E-03 1.59 6.59E-03 1.29

Table : Convergence for P1b x P; x RT o X Py x Py X Py elements.

I. Yotov (Pitt)

Biot-Stokes models
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Hydraulic fracturing example
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Viscosity functions:

Vf.0 — Vf,co
Vf = Vf,oo +

VYp,0 — Vp,c0

Vp =V, +
P T K lupP

I. Yotov (Pitt) Biot-Stokes models

1+ Ke|D(ur) 2=

| Parameter Units Values
Young's modulus  E (KPa) 107
Poisson’s ratio o 0.2
Fluid viscosity Vfeo (KPas) 1.98-107%
vio  (KPas) 1.98-107°
Kr 1
rf 1.35
Effective viscosity vpoo (KPas) 1.98-107%
vpo (KPas) 1.98-107°
Ko 1
p 1.35
Lame coefficient  pup (KPa) 5/12- 10"
Lame coefficient ), (KPa) 5/18 - 107
Permeability K (m?) (200,50) x 10712
Mass storativity S0 (KPa™') 6.89 x 1072
Biot-Willis const.  « 1.0
BJS coeff. aBJs 1.0
Total time T (s) 300

April 3-7, 2017 55




Stokes velocity

velocity velocity
1.5026+01 1.502¢+01
: 3
Lozsem [4.025e01
linear, t =1 nonlinear, t =1
velocity velocity
1.6268+01 1.626e+01
4 S
E] 769601 [1 769601

nonlinear, t = 300

linear, t = 300
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Darcy pressure

pressure
ES .089e+03

E

t 1.000e+03

pressure
[3 .089e+03

E

E] .000e+03

linear, t = 300 nonlinear, t = 300

I. Yotov (Pitt) Biot-Stokes models April 3-7, 2017
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Darcy velocity

velocity velocity
" w3.268e+00 3.268e+00
E  §
i: i
lé.ééOe-] 1 E6.()606—1 1
linear, t = 300 nonlinear, t = 300
April 3-7, 2017
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Displacement

displacement |

displacement
t2.<?8<)e—04

!2.989e—04

T
VO

-
o
o
o
o
[0}
P
o
o

[0.000e+OO

linear, t = 300 nonlinear, t = 300
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Summary

@ Couplings of Stokes and Biot equations: accurate modeling of flows
in deformable fractured porous media

@ Interior penalty for the normal flux: efficient non-iterative
time-splitting

@ Mortar formulation: accurate multiscale discretization; suitable for
parallel domain decomposition

@ Dimensionally reduced fracture model: reduced computational cost
with comparable accuracy to the full fracture model

@ Noninear Stokes-Biot model: polymer flow in hydraulic fracturing

Current and Future Work

@ Non-overlapping domain decomposition for mortar formulations
o Multirate time-stepping schemes

@ Proppant transport
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