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Motivation

@ Molecular Dynamics methods are used in Biology, Material Science, Nuclear Physics
(protein folding, nuclear fuels propagation inside the nuclear reactor).
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Motivation

@ Molecular Dynamics methods are used in Biology, Material Science, Nuclear Physics
(protein folding, nuclear fuels propagation inside the nuclear reactor).

o The Underdamped Langevin dynamics model the evolution of thermostated molecular
systems.

Let N particles described by position qi € R3, and momentum pi € R3. The process
(Xt = (qt, pt))ez0 = (at, .-, al, pt, ..., PY)e>0 is solution of

{d(h = M~ !pdt,
dp: = =V V(qr)dt — yM~Lpidt + \/2y8~1dB,

with V : R3V — R the interaction potential, v > 0 the friction parameter, M the mass matrix and
1= kgT
=kgT.
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Motivation

@ Molecular Dynamics methods are used in Biology, Material Science, Nuclear Physics
(protein folding, nuclear fuels propagation inside the nuclear reactor).

o The Underdamped Langevin dynamics model the evolution of thermostated molecular
systems.

Let N particles described by position qi € R3, and momentum pi € R3. The process
(Xt = (qt, pt))ez0 = (at, .-, al, pt, ..., PY)e>0 is solution of

{d(h = M~ !pdt,
dp: = =V V(qr)dt — yM~Lpidt + \/2y8~1dB,

with V : R3V — R the interaction potential, v > 0 the friction parameter, M the mass matrix and
1= kgT
=kgT.

Numerical discretization: (g,at, Pnat) ~ (Gn, Pn) such that (Velocity-Verlet integrator)

(Gn+1, Pnt1) = Pa,(Gn, Pn)-
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Motivation

@ Molecular Dynamics methods are used in Biology, Material Science, Nuclear Physics
(protein folding, nuclear fuels propagation inside the nuclear reactor).

o The Underdamped Langevin dynamics model the evolution of thermostated molecular
systems.

Let N particles described by position qi € R3, and momentum pi € R3. The process
(Xt = (qt, pt))ez0 = (at, .-, al, pt, ..., PY)e>0 is solution of

{d(h = M~ !pdt,
dp: = =V V(qr)dt — yM~Lpidt + \/2y8~1dB,

with V : R3V — R the interaction potential, v > 0 the friction parameter, M the mass matrix and
1= kgT
=kgT.

Numerical discretization: (g,at, Pnat) ~ (Gn, Pn) such that (Velocity-Verlet integrator)
(an+17 ﬁn-%—l) = ¢At(ana ﬁn)

Problem: The sampling of some physical events takes too many iterations! (Typically 107° s
with At =101 s).
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An example in dimension 2
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Figure: Sampling in a double well potential. 100 000 iterations
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An example in dimension 2
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Figure: Sampling in a double well potential. 100 000 iterations

@ Oscillation inside basins of attraction of the potential.

@ Transition events take a very long time: metastability because the system needs to overcome
an energetic gap.

o Problem in large dimension where metastability correspond to entropic effects (narrow
escapes).
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An example in dimension 2
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Figure: Sampling in a double well potential. 100 000 iterations

@ Oscillation inside basins of attraction of the potential.

@ Transition events take a very long time: metastability because the system needs to overcome
an energetic gap.

o Problem in large dimension where metastability correspond to entropic effects (narrow
escapes).

How to sample precisely these transition events?
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Parallel Replica algorithm

Conceived by Arthur Voter (Los Alamos National Laboratory) in 1998.

Objective: Parallelize the sampling of the first exit event (first exit time, exit point) from a
domain D for the process (Xt):>o-
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Parallel Replica algorithm

Conceived by Arthur Voter (Los Alamos National Laboratory) in 1998.

Objective: Parallelize the sampling of the first exit event (first exit time, exit point) from a
domain D for the process (Xt):>o-

Parallel Replica: Assume that (X;);> stayed in D during 7c "long enough”. Let
Tp = inf{t > 7c : X; ¢ D}.
@ |Initialize N independent replicas (th)tZOa R (XtN)tZO starting from X;. and following the
same dynamics as (Xt)¢>o-

@ Make the N replicas evolve in D during 7 (rejection sampling).

Q Let 7, =inf{t>0: le+‘rc ¢ D} and i* = argmin; ;< 7h. Define

(Ta,xfa) = (N'r@XTa)

If justified, the last step would ensure a speed-up of N in wall-clock time.
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Quasi-stationary distribution

If (Xt)¢>0 stays long enough in a state D it reaches a "local equilibrium”, called quasi-stationary
distribution (QSD).
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Quasi-stationary distribution

If (Xt)¢>0 stays long enough in a state D it reaches a "local equilibrium”, called quasi-stationary
distribution (QSD).

Definition: Let 75 := inf{t > 0: X; ¢ D}. A probability measure v on D is said to be a QSD on
D of the process (Xt):>o, if for all AC D,

P,(Xe € A,ymp > t)
Pu(Ta > t) B

v(A).
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Quasi-stationary distribution

If (Xt)¢>0 stays long enough in a state D it reaches a "local equilibrium”, called quasi-stationary
distribution (QSD).

Definition: Let 75 := inf{t > 0: X; ¢ D}. A probability measure v on D is said to be a QSD on
D of the process (Xt)¢>o, if for all A C D,

P,(X: € Ao >t)

P,/(’Ta > t) o

v(A).

First exit event starting from the QSD and justification of ParRep

Assume that Xy £ QSD, then, see Collet, Martinez, San Martin (2013),
o 7y follows the exponential law,
@ Ty is independent of Xr,.

Let (X§', ..., X{") be i.i.d. according to the QSD and i* := arg min; <;<y 7}, then

s
(N7 X7 ) £ (79, Xrp).
o)

Parallel Replica: Existence of a QSD and long time convergence to the QSD ?
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Overdamped case

QSDs have been investigated for the overdamped Langevin dynamics (G,)¢>0

dg, = —VV(q,)dt + \/28-1dB,

on a C? bounded connected set O of R?, where 371 = kg T > 0, V € C°(R9,R?) (see Gong,
Qian and Zhao (1988), Le Bris, Lelievre, Luskin, Perez (2012)).
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Overdamped case

QSDs have been investigated for the overdamped Langevin dynamics (G,)¢>0

dg, = —VV(q,)dt + \/28-1dB,

on a C? bounded connected set O of RY, where 371 = kg T > 0, V € C>(R?,R?) (see Gong,
Qian and Zhao (1988), Le Bris, Leliévre, Luskin, Perez (2012)).
There exists a unique QSD 1 on O. Besides, 1 satisfies

@ (Lebesgue density) 1i(dq) = ¥(q)dq,

@ (Spectral interpretation) ¢ is the unique non-negative, normalized, classical solution in
C%(0) N CP(O) of the following eigenvalue problem

Z*E =—-\9, onO,
P =0, on 00,

<

where Z" = div(VV-) + 8714,
© (Convergence) 3C > 0, Ja > 0 s.t. Vt > 0, VO probability on O,

IPo(@; € 1T > t) — ()| 1y < Ce™°F,

where 79 = inf{t > 0:74q, ¢ O}.
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Overdamped case

QSDs have been investigated for the overdamped Langevin dynamics (G,)¢>0

dg, = —VV(q,)dt + \/28-1dB,

on a C? bounded connected set O of RY, where 371 = kg T > 0, V € C>(R?,R?) (see Gong,

Qian and Zhao (1988), Le Bris, Leliévre, Luskin, Perez (2012)).
There exists a unique QSD 1 on O. Besides, 1 satisfies

@ (Lebesgue density) 1i(dq) = ¥(q)dq,

@ (Spectral interpretation) 1) is the unique non-negative, normalized, classical solution in

C%(0) N CP(O) of the following eigenvalue problem

Z*E =—-\9, onO,
P =0, on 00,

<

where Z" = div(VV-) + 8714,
© (Convergence) 3C > 0, Ja > 0 s.t. Vt > 0, VO probability on O,

IPo(@; € 1T > t) — ()| 1y < Ce™°F,

where 79 = inf{t > 0:74q, ¢ O}.
Question: Extension to the Langevin process on D := O x RY?
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© Langevin process and kinetic Fokker-Planck equation

o Transition density of the absorbed semigroup
o Compactness of the absorbed semigroup

QSD for Langevin



Langevin process

Let F € C>*(RY,R?), ¥ € R, o > 0. Consider the Langevin process (X; = (qt, pt))e>0 on R2d

dg: = pedt,
dp: = F(q:)dt — vp:dt + o dBs.

The infinitesimal generator L of (qgr, pt):>0 on R24 (kinetic Fokker-Planck operator) is given by
o2
E:p~Vq+F(q)~Vp—'yp~Vp+?Ap.

Differences between the study of (g;)¢>0 in O and (qt, pt)i>0 in D = O x RY:

e L is only hypoelliptic on R2? but not elliptic,
e O is bounded but D = ©® x RY is not.
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Boundary of D
Partition of 9D:
o I't :={(q,p) € 90 x RY : {p,n(q)) > 0} (exiting velocities),
o I :={(q,p) €90 x R : (p,n(q)) < 0} (entering velocities),
o I :={(q,p) € 90 x RY : (p,n(q)) = 0} (tangential velocities),

where n(q) is the unitary outward normal vector to O at q € 90.
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Boundary of D
Partition of 9D:
o I't :={(q,p) € 90 x RY : {p,n(q)) > 0} (exiting velocities),
o I :={(q,p) €90 x R : (p,n(q)) < 0} (entering velocities),
o I :={(q,p) € 90 x RY : (p,n(q)) = 0} (tangential velocities),

where n(q) is the unitary outward normal vector to O at q € 90.

p

|—0 rO

Figure: Boundary of D = (—1,1) X R
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1. Transition density

Theorem (Transition density)
There exists a smooth function
(t,x,y) = p (x,y) € C®°(RL x D x D) x C(RL. x D x D)
such that for all t > 0, x € D and f € L°°(D),
PP() i= Ex [1rp>ef ()] = [ pP(x)Fr)ay,

where 75 = inf{t > 0: X; ¢ D}.

Besides,
0 Vit >0,x € D, 9:pP(x,y) = Lxp(x,y) = LpP(x,),
e pP(x,y)=0ifxerturoryecr ure,
@ pP(x,y) >0ifxgrturandy ¢r—urd.
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1. Transition density

For any o € (0,1], let ()A(t(a) = (qta), ﬁ(ta)))tzo be the solution on R?? of

g™ = piVa,
dp = —yp{dt + 2-dB..

Let ’p\ga)(x, y) be its transition density.

Theorem (Gaussian upper-bound)
For any a € (0,1), T > 0, there exists C > 0 such that for all t € (0, T], for all x,y € D,

pP(x,y) < CBL(x,y).

This result is inspired from work on the parametrix method by Konakov, Menozzi, Molchanov

(2010). One can show that 5&‘” € L>®(D x D)NLY(D x D) (thus in any LP(D x D) for p > 1).
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2. Compactness

Compactness of the semigroup J

For any p € [1,+o0] and t > 0, the operator PP is compact from C?(D) to C®(D).

Proof:
° ﬁﬁ”‘) € L?(D x D) = PP is a Hilbert-Schmidt integral operator, hence compact in L2(D).
o Propagate to Cb(ﬁ) using the Gaussian upper-bound.

Reference: Lelievre, R., Reygner - Journal of Evolution Equations (2022).
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© Quasi-stationary distributions and overdamped limit of the Langevin process
@ Existence and long-time convergence
@ Overdamped limit of the QSD

QSD for Langevin



Krein-Rutman theorem

particular Krein-Rutman theorem.

The compactness provides key spectral properties leading to the existence of a QSD, using in
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Krein-Rutman theorem

The compactness provides key spectral properties leading to the existence of a QSD, using in
particular Krein-Rutman theorem.

Theorem (QSD existence/uniqueness and convergence properties)
There exists a unique QSD g on D = O x R? for the Langevin process (X¢):>o. Besides, u satisfies:
Q p(dx) = 3(x)dx on D,

@ < is the unique, normalized, non-negative classical solution in C2(D) N C®(D U ™) of the following

eigenvalue problem
LY(x) = =A\Y(x), x€D
P(x) =0, xel™

© There exists a > 0 such that for all 6 probability on D, there exists Cy > 0 and for all t > 0,

[Po(X: € |70 > t) — ()|l 7y, < Coe™ .
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Langevin exit point

Overdamped Langevin exit point

If Go ~ 7(dq) = $(q)dq (QSD), then

q-

1
T
where 050 is the surface measure on 9O.

~ %w@(qnaao(dq),
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Langevin exit point

Overdamped Langevin exit point

If Gy ~ 72(dq) = ¥(q)dq (QSD), then
1
@y ~ 10,00 (da),

where 050 is the surface measure on 9O.

Proof: Integration by parts on

| Eo @) F@aa.

using that £*3) = —X\1) (see Le Bris, Lelievre, Luskin, Perez (2010)).
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Langevin exit point

Overdamped Langevin exit point

If Gy ~ 72(dq) = ¥(q)dq (QSD), then
1
@y ~ 10,00 (da),

where 050 is the surface measure on 9O.

Proof: Integration by parts on
Eq |f(37,)| ¥(a)da,
JIUCS)
using that £*3) = —X\1) (see Le Bris, Lelievre, Luskin, Perez (2010)).
Langevin exit point
If (qo, po) ~ p(dg, dp) = ¥ (g, p)dgdp (QSD), then

1
(Grg5 Pry) ~ ; lp - n(q)| ¥(q, P)ooo(dq)dp,

where 050 is the surface measure on 9O.
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Langevin exit point

Overdamped Langevin exit point

If Gy ~ 72(dq) = ¥(q)dq (QSD), then
1
@y ~ 10,00 (da),

where 050 is the surface measure on 9O.

Proof: Integration by parts on
Eq |f(37,)| ¥(a)da,
JIUCS)
using that £*3) = —X\1) (see Le Bris, Lelievre, Luskin, Perez (2010)).
Langevin exit point
If (qo, po) ~ p(dg, dp) = ¥ (g, p)dgdp (QSD), then

1
(Grg5 Pry) ~ ; lp - n(q)| ¥(q, P)ooo(dq)dp,

where 050 is the surface measure on 9O.

Reference: Lelievre, R., Reygner - Stochastic Process and its Applications (2022)
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Overdamped limit

Consider here v > 0 and o0 = \/2y5~ L. Let (Xt('Y) = (qE'Y),p?’))) —0 be the Langevin process
t>

qu’Y) — pE.’Y)dt,
dp{" = F(q{")dt — yp(dt + /2951 dB:.

Let (G;)¢>0 be the overdamped Langevin process

dg, = F(q,)dt + v/28~1dB:.

Assume that F is globally Lipschitz, then for T > 0,

Law((a$)zero.m) =2, Law((@e)eepo, ).
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Overdamped limit

Consider here v > 0 and o0 = \/2y5~ L. Let (Xt('Y) = (qf”,pﬁ"’))) —0 be the Langevin process
t>

qu’Y) — pl(.’Y)dt,
dp{" = F(q{")dt — yp(dt + /2951 dB:.

Let (G;)¢>0 be the overdamped Langevin process

dg, = F(q,)dt + v/28~1dB:.

Assume that F is globally Lipschitz, then for T > 0,

Law((a$)zero.m) =2, Law((@e)eepo, ).

Question: Overdamped limit of the Langevin QSD ?
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Overdamped limit

Overdamped limit of the Langevin QSD
Let (") be the Langevin QSD on D and 7 be the overdamped Langevin QSD on O, then

Ip|2

(M (dad a(d ;d .
#(dqdp) — B q)(27r,3—1)d/2 P

Besides,

Reference: R. - Electronic Journal of Probability (2022).
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Overdamped limit

Overdamped limit of the Langevin QSD
Let (") be the Langevin QSD on D and 7 be the overdamped Langevin QSD on O, then

o8 IP\2
) (dqdp) ok ﬁ(dq)m p-

Besides,

Y00 ’y

Reference: R. - Electronic Journal of Probability (2022).

Stationary overdamped limit

Let ;AS,Z) be the Langevin stationary distribution and i be the overdamped Langevin stationary
distribution, then there exists C > 0 such that for all v > 2,

Viog(v)
B

(ug),um ® c(z)) <cC

Reference: Monmarché, R. - Electronic Communications in Probability (2022)
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Research letter

MATHEMATICAL FOUNDATIONS FORTHE PARALLEL REPLICA
ALGORITHM APPLIEDTO THE UNDERDAMPED LANGEVIN DYNAMICS

R

Epralhaees Paraiielstep

particle rapped in A for  long time. Intalize replicas under the QSD. Sample the transtion event A-B
=> reaches a local equilbrium by considering the first exi event
called quas-stationary among the replicas.

distribution (QSD).

Objective: extend the QSD formalism to the Underdamped Langevin dynamics.

R., Leliévre and Reygner - Mathematical foundations for the Parallel Replica algorithm applied to
the underdamped Langevin dynamics - MRS Communications, 2022.
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@ Metadynamics

@ Description of the algorithm
o Adaptative Metadynamics
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Metadynamics for the Mueller potential

Consider the two-dimensional overdamped Langevin dynamics

dX; = —VV(X;)dt + \/2kg TdBx,

where V is the Mueller potential defined by:

4
V(x1,x) = Z Kl.eai(xl*ﬁi)2+bi(><1*6;)(X2*'7i)+6i(><2*'7i)2_
i=1
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Metadynamics for the Mueller potential

Consider the two-dimensional overdamped Langevin dynamics

dX: = =V V(X:)dt + \/2kg TdB:,
where V is the Mueller potential defined by:

4
V(x1,x) = Z Kl.eai(xl*ﬁi)2+bi(xl*6i)(x2*'7i)+ci(x2*'}’i)2
i=1

0 -15 1o —05 00 05 Lo

Figure: Sampling in the Mueller potential. 100 000 iterations
We want to sample a transition path between A and B using Metadynamics.
Mouad Ramil (Seoul National University)
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Metadynamics

Definition: A collective variable s : R2 — R captures the low-dimensional information of the
system. A good collective variable takes different values in relevant metastable states and
transition states.

Equilibrium distribution:

e—V(x)/keT

Xoo ~ p(x) = -

Latent equilibrium distribution:
S(Xoo) ~ P(s) = /R H0x)8=s(0)

Free energy:
F(s) = —kg T log(p(s))-
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Metadynamics

Assuming one has an estimate B &~ —F.If we perturb the potential into V(x) = V(x) + B(s(x)).

$(Xoe) ~ B(5) o [ ep-s(cde)e (VB0 kaT
R2

— o B()/ksT / 5epy—s(dx)e— VI ke T
RZ

— o B)/kgTo—F(s)/kgT oy 1.

As a result, .
5(Xo) ~ Uniform

Problem: We need a free energy estimate first ...
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Metadynamics

Build an approximation of F iteratively:

(st—3)

Bt+1(5) = Bt(S) + we 202

Figure: Metadynamics

Generates uniform samples on the path A < B.
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Autoencoder

Train the sampled data on an autoencoder to obtain the collective variable.
Sigmoid

Sigmoid

Tanh

|
Encoder

|
Decoder

Loss = ||x — y||2.

ul National Unive

QSD for Langevin
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Metadynamics trajectories
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Figure: 50 000 Metadynamics iterations with autoencoder trained on the database of A and B
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Metadynamics trajectories
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Figure: 25 000 Metadynamics iterations with CV as the orthogonal projection on [AB]
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Adaptative Metadynamics

iterations.

Train the autoencoder adaptatively on the previous trajectory after every 1000 Metadynamics

Mouad Ramil (Seoul National University)
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Adaptative Metadynamics

Train the autoencoder adaptatively on the previous trajectory after every 1000 Metadynamics

iterations.
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X
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Figure: 40 000 Metadynamics iterations with autoencoder trained iteratively on the trajectory
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Adaptative Metadynamics

Impose conditions on the path such that it visits A and B.
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Adaptative Metadynamics

Impose conditions on the path such that it visits A and B.
Loss = |x — AE(x)|1* + (|[AE(xa) — xall* + | AE(xg) — xa]I*) /2.
The path is defined by:
o (Latent projection) sa = s(xa), sg = s(xg)
o (Discretization) s; = sa + i(sg — sa)/N, (1 <i < N).
o Path is given by (D(S,'))ls,'SN,
where D is the decoder of the autoencoder.
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Adaptative Metadynamics

Impose conditions on the path such that it visits A and B.

Loss = ||x — AE(x)|[* + (I AE(xa) — xall® + | AE(xg) — xg][*)/2.
The path is defined by:
o (Latent projection) sa = s(xa), sg = s(xg)
o (Discretization) s; = sa + i(sg — sa)/N, (1 <i < N).
o Path is given by (D(S,'))ls,'SN,

where D is the decoder of the autoencoder.

x2

=20 -15 -10 -05 00 05 10
X1

Figure: 38 000 Metadynamics iterations with autoencoder trained iteratively on the trajectory. Path is plotted
in orange.
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Adaptative Metadynamics

Consider a modified Mueller potential V defined by:

with n = [-1.7,0.2].

V(x) = V(x) 4 (—100 + [|x — n]|?)e~2lIx=nl,
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Adaptative Metadynamics

Consider a modified Mueller potential V defined by:

V(x) = V(x) + (=100 + ||x —

with n = [-1.7,0.2].
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_ _ 2
7I||2)e 2||x—nl| ,

gi iz
4

3

8

10

12

14

Figure: 100 000 Metadynamics iterations with autoencoder trained iteratively on the trajectory. Path in orange
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Adaptative Metadynamics
Penalize high energy configurations happening in the path.
Loss = |[x — y|2 + (I AE(xa) — xall? + [ AE(xg) — xg112)/2 + Epath

where
N

Epath = »_ [ D(si+1) = D(s1)l[(V(D(s))) + ),
i=1

with C > 0 such that V(D(s;)) + C > 0.
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Adaptative Metadynamics
Penalize high energy configurations happening in the path.

Loss = Ix — |12 + (JAE(xa) — a2 + [|AE(xg) — xg112)/2 + Epath
where
N
Epath = »_ [ D(si+1) = D(s1)l[(V(D(s))) + ),
i=1
with C > 0 such that V(D(s;)) + C > 0.

=20 -15 -1.0 -05 0.0 05 1.0
x
Figure: 100 000 Metadynamics iterations with autoencoder trained iteratively on the trajectory. Path in orange.

Reference: R., Boudier, Goryaeva, Marinica and Maillet - Journal of Chemical Theory and
Computation, (2022).
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Thank you for your attention!
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