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ClassicalModels of Computation I

— Turing Machines

— BooleanCircuits
gates: AND A, ORYV, NOT —

sizeof thecircuit: thenumberof gates

A circuit with n inputscomputesa Booleanfunction

f:{0,1}" — {0,1}
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f(x,y,2)
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/The basis{NOT, AND, OR} is complete(or universa) \

l.e.,for ary Booleanfunction f : {0,1}™ — {0, 1} thereisa
Booleancircuit with

NOT, AND, OR

gatescomputingthis function

ShannorBound: For almostall suchfunctions f, the optimalBoolean
circuit computingf has
2n
o (%)
n
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ﬁniversalityof Booleanbasis,anexample: \
f: {Oa 1}3 - {Oa 1}
f(z,y,2)
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Solving problemswith variable sizesby circuits'

1 if N isprime,
N € {0,1,2,3,...}, f(N) =

0 otherwise
sizg(IN ) = numberof bitsin binary expansionof IV
sizg5) = sizg(101) = 3
sizg(13) = sizg(1101) = 4

computingf by circuitsmeanghatthereis a sequence
C,C3,Cs,... ,Ch,...

of circuitssuchthatC,, hasn inputsandcomputeghevalueof f for
Inputsof sizen (or equivalently, inputsof size< n).
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anotherexample:

1 if N =2" — 2, for somen,
g(N) = |
0 otherwise

Notethatg(/N) = 1 iff binaryexpansionof N = 11---110

Hereareexamplesof circuitsof asequenc€’;, Cs, ... ,C,,,. ..

computingg

\_







4 N\
Uniform Circuits'

C1,Coy... ,Ch,...

A sequence

of circuits (C',, hasn inputs)is uniformif thereis analgorithmto
constructeachcircuit C,,. Moreover, this algorithmrunsin time
polynomialin the sizeof thecircuit C,.

Note. Thereis anon—uniformsequenc&€’,, Cs, ... ,C,,, ... suchthat
eachC, hassizeO(n) andthis sequenceomputesanon—computable
function(like, Halting Problem).

\_ /
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a | N
Complexity Classei

Foradecisionproblemf: {0,1,2,3,...} — {0, 1} thenthsliceof
f 1stheBooleanfunction

fn: {0,1}" — {0,1}

suchthatif a;as - - - a,, 1S thebinaryexpansionof integer IN then

fn(ala-” 9an) — f(N)

TheclassP (polynomial-time)
A decisionproblemf is in theclassP iff thereis afixed polynomialp(x)

andauniform sequencef circuitsC4, Cs, ... ,C,, ... suchthatC,
computesf,,, thenth sliceof f, andsizg C,,) < p(n). J

N
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classP = efficient problems

Any problemwhich hasanefficient solutionon ary classicalmodelof
computationsuchas, Turing machinesrandomaccessnachinesetc.) is
In classP, andvice versa.

Exampleof problemsn P:

— Let S bethesetof O—1squarematrices.Thenthefunction
f: S — {0,1} definedas

f(M) = det(M) mod2
Isin P.

\_ /

12




-

f:{0,1,2,3,...} — {0, 1} adecisionproblem
fn:{0,1}™ — {0, 1} its nth slice

TheclassNP (non-deterministigpolynomialtime)

f 1sin NP iff thereis auniform sequence
Ci,Co, ... ,Ch,...

anda polynomialp(x) suchthat:

() size(Cr) < p(n);

(i) C,, hastwo distinctsetsof inputs

Ligeee 9y Lny Yigeee sYm (mgp(n))

andwe denoteheoutputof C,, by C,, (1, . . . s 0y Y15+ -

\_

s Ym ); then

/
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4 N

if fn(ai,...,a,) = 1thenthereisasetof values(b,,... ,b,,) for
(Y15-.. »Ym) SuchthatC(ay,... ;an,b1,... ;b)) = 1;

If f.(a1,...,a,) = 0thenfor everyvalues(dy,... ,d,,) for
(yl,... ,ym) Weha/eC(al,... s Qp,di, ... ,dm) = 0.

\\ Crn(Tiyeeo yTnsYiseer s Ym) J
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/Example:(FactorizatiorProbIem) \

h: {0,1,2,3,...} — {0,1}

h(N) = 1 if IN isacompositenumber
0 otherwise.

We shaw h 1s in NP. Firstwe considerthefunction
1 if M < N andM dividesN,
Q(Na M) — .
0 otherwise

Obviously g is in theclassP. Sothereis a sequencef polynomialsize
circuits

Ci,Co,... ,Ch,...
thatcomputegy, andC’,, hastwo setof inputs: 1, ... , x,, for N and

\yl,...,ynfOI’M. J
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Thenthesamesequencef circuitsshavsthath isin NP.

N = 36 Vi N =17 aryjpput
T, T Y1 Yn T, T Y1 Yn
Y [ ] [ J [ ] Y Y [ J [ ] [ J Y Y [ J [ ] [ J Y Y [ ] [ J [ ] Y
Cn Cn
output=1 output=0

16
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Equialentcharacterization:

A decisionproblemf (V) isin NP iff thereis adecisionproblem
g(IN, M) in P andapolynomialp(x) suchthatfor any input IN of size

n.

FIN) =1 iff 3IM [sizq M) < p(n) andg(N, M) = 1]
FIN) =0 iff VM [if sizaq M) < p(n) theng(N, M) = 0]

\_ /
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Exercises:

Shaow thatthefollowing problemsarein NP:

1. Satisfiability: A circuit is satisfiablaf for somevalueof its input, the
outputis 1. Thevalueof thefunction S(C) is 1 iff thecircuit C (given
throughsomenaturalencodingof the circuitsasO—1strings)is satisfiable.

2. 3—coloring of graphs: Thevalueof thefunction X (G) is 1iff the
graphG canbecoloredwith 3 colors(i.e, notwo adjacenterticeshave
the samecolor).

\_ /
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NP-compIeteProbIemsI \

A decisionproblemin NP is calledNP—completdaf arny otherproblemin
NP canbe efficiently reducedo this problem.Soan NP-complete
problemis hardesproblemin the classNP andanefficient solutionfor
thatimpliesefficient solutionfor ary otherproblemin NP.

Formaldefinition: Thefunction f(IN) (for NV € .A) definesadecision
problemin NP. Thenthis problemis NP—completaf for any other
problemg (M) (for M € B) in NP thereis apolynomialtime
computabldunctionp: B — A suchthat

g(M) =1 iff f(p(M))=1.

\SatisfiabiIityandB—coIoringareNP—complete. J
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A singlequbitis atwo—statesystem suchasatwo—level atom

We denotetwo orthogonalktatesf a singlequbitas
110),11) }
So,thegeneralktatof a singlegubitcanberepresenteds

al|0) +bl1), wherea, b € C and|a|? + |b|? = 1.

A systemof two qubitsx andy:
productstate:  (az [0), + bz [1),) ® (ay |0), + by 1))
entangledstate: %(|OO) + [11))

21
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Herewe useaHilbert spaceof dimension2™

Systemof n qubits

The 2™ mutuallyorthogonalktatesof n qubitscanbewritten as

{ |x) : « isann—bitbinarynumber}

for example,the orthogonalstatesof two qubitsare

{100} ,]01),[10),11) }

the generalktateof suchsystemis a superpositiorof the basicstates

2™ 2™
d ajlvy, Y legl*=1, g, €{0,1}"
j=1 j=1

\_
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/ Unitary Operations'

An m X m matrix M overC is unitaryif
MV .M=1,

where M is theadjointmatrix of M; i.e., Mt = (MY)*, where*
standdor complex conjucate.

U(m): thegroupof m X m unitarymatrices

generaform of amatrixin U(2)

e*® cos 0 e*P sin 6

—e Bsinh® e ™ cosB

\_
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/ Quantum Gates'

A unitaryoperationonn qubitsis calledann—bit quantumgate

This gateis representetly amatrixin U(2™)

o, NOT gate, 1l-bitgate

0 = e = 1@ a aw=(° 1)
1 O

1) — [0)
o., phasechangegate, 1-bitgate

0) —  [0)
1) - —[1)

1
o(la)) = (-1)*|a) 0. = (
0

\_
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ﬁ{ , Hadamardransformation, 1-bitgate

0) +—  5(10) + 1)) H= 1 1
1) = 5(10) — 1)) “\1 -1
Controlled—-NGO = CNOT = A;(o.), Z2-bitgate

@) |b) — {

la) |b) ifa=0

Ai(oz)(|la) b)) = |a)|laP b
@) o (b)) ifa=1 (oz)(|a) b)) = |a) | )

\_

00) — |00), (1 \
01) — |01), Ar(os) =

10) — [11), R 1
11) +— |10). \
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/Controlled—U = A(U)

an(m + 1)-bit gate,whereU is anm-—bit gate

a) |b) if a = 0, s
a) |b) — A(U) =
) 192 {|a)U(|b)) faz1 O ( U)

Tofolli gate,Controlled—Controlled—ND Az (o) = A1 (A1 (02)),

3—bitgate

|la) |b) |c) ifa=0o0rb=0,

a)|b)|c) —
) 107 |ei {|a)|b)0'a;(|0)) fa=b=1.

Az(oz)(la) |b) c)) = |a) |b) |c @ (a - b))

\_

/
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Reversiblecomputingof Booleanfunctions

ancilla<

f:{0,1}"* — {0,1}

|0)

[£]

only

Toffoli gates| *

~
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4 N

It canbeshaown thatif theBooleanfunction f: {0,1}™ — {0,1} can
be computedoy a Booleancircuit of sizet, thenthe unitarytransform

|a:1wn) |b> = |w1$n>|b@f(331, 7wn)>

canbeperformedoy a quantumcircuit of t¢ (for someconstanic) Toffoli
gates.

\_ /
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/ n—bit Hadamardransform: H®" = HQ H R --- Q H \

performthe HadamardransformH on eachbit of n qubits|xy - - - x,,)

for example,in thecaseof n = 2 theresultfor thestate|01) is

H(10)) ® H(|1)) = | 2(10) +1))| ® | Z5(10) — |1)),
= 3(/00) — [01) + [10) — [11)).

In generalfor any 0—1vectorx of lengthn, theresultof applyingthe
Hadamardransformon |x) is equalto

1
— ). (—1)*¥y),
2 ye{0,1}™

Qherea: - y IS theinnerproductmod 2. J

29

H®"(|z)) =




|Tn)
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4 N

SpecialCase: performingthe Hadamardransformonn qubits|0 - - - 0)
resultsin

ye{o0,1}

So,startingfrom |0 - - - 0), by performingonly n quantumgatesit is
possibleto getthe superpositiorof all 2™ basicstates.

\_ /
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H®2

00) — (|00> +|01) + |10) + [11))

11y 22 <|oo> — |01) — [10) + [11))

1 H®2 1
E“OO} +[11)) \/5(|00> + |11))

1 H®2 1
3100) = [11)) + 5oL +110))

iInterference phasematters

32




33

|0)
0) —
0) —
H®"
0) —
tput= !
output= o >

|a1°°°an>|f(a17°"

] —

7an)>
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Universal Quantum Basis'

A setB of quantumgatesis calleduniversalif every unitary operator
U € U(2™), for ary m, canbeapproximatedvithin agivene > 0 with
a quantumcircuit consistf B gates.

\_ /
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35

Known UniversalQuantumbasis

Deutschs gate: 3—bit gate

cos@ 1siné

Ro =

1sin@ cos6

A2(Ryp) = 1 , O isanirrationalmultiple of

N o J /
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—Barenco:A; (Ry), 2-bitgate

A1 (Rg) = 1

— Basisconsistof CNOT andall 1-bitunitaryoperationsij.e.,

CNOT andU(2)

\_
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Shorsbasis

1 1
1
Hadamardyate H 7 (1 _1> H
1 1 0
P=o0,2 P
0 2
Toffoli gate As(oy)

SPA R

37
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Shors basisis bothuniversalandfault—tolerant

Proofof universality:

— Shor

— Kitaev

— Boykin, Mor, Pulver, Roychonvdhury, andVatan

— Aharonor andBen-Or

\_
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Anotheruniversalandfault—toleranbasis

by Boykin, Mor, Pulver, Roychowvdhury, andVatan

1 1
1
Hadamardyate H o H
1 —1
L 1 0 :
T=z1 0 eiv/4 | OzA

SPA

39




/ I\/Ieasurement'
Example 1:
1 2
5) =/ 100y + /2 11)

|00) with probability £

measurement—s;
|11) with probability 2

Example 2: partialmeasurement
—~(lo1) — [10))
V2

first systemmeasured—

|0) with probability 2 andthe systemcollapsego |1)
|1)  with probability 2 andthe systemcollapsego |0)

\_

/
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Example 3:

1 1
5 |O>1 (|0>2 o |1>2) + 5 |1>1 (|O>2 + |1>2)

first systemmeasured—

|0) thesystemcollapsedo ”%(Mz —|1),)
|1) thesystemcollapsedo %(|0>2 + |1),)

41



Computing with Quantum Circuits'

C' aquantumcircuit with oneof its qubitsmarkedasoutput

Theprobabilityof C outputsO or 1 is the probability of measurindg or 1
attheoutput;i.e., if thestateof the outputis

|O>output |A0> + |1>output |A1>
then
Prob[C outputsO] = || |Ao) ||, Prob[C outputsl] = || | A1) ||,

where||V||? is thelengthof thevectorV € C?" . Notethat
| |Ao) |2 + || | A1) ||* = 1, becausehetransformatiorof C is unitary.

\_

42



4 N

Thequantumcircuit C' computesa Booleanfunction
f:{0,1}" — {0, 1} iff

2
Prob[on ary input, theoutputof C is equalto thevalueof f] > 3"

If in theabove,theprobabilityis always1, thenwe saythatC' exactly
computesf.

BQPis theclassof problemscomputabldoy polynomialsizeuniform
guantumcircuit.

EQPis theclassof problemsexactly computabldoy polynomialsize
uniform quantumcircuit.

\_ /
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Deutsch—dszaAlgorithm I

A Booleanfunctionf: {0,1}™ — {0, 1} is given.

anequalnumberof times). The problemis to decidewhetherf is
constanbr balanced.

\_

It is known that f is eitherconstanor balancedi.e., takesvaluesO and1l

/

44



|0)

|0)

H H
H H \
1 LN\
H H
N\
H

[f]:]2) ly) = |x) |y @ f(2))

o1 (11
V21 -1

~

measurement
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/Step 1. preparghestate
[00---0) (|0) — 1)),

wherethefirst registerconsistf n qubits.

Step2: performthe Hadamardransformon thefirst n qubits

> lz) (o) —[1)).
x€{0,1}m
= >, =oy= > |=)1).
xc{0,1} xc{0,1}m

\_
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Step3: apply
[f]: ) [y) — |z) [y @ f(x))

theresultis
Yoo od f(=)— ) |z 1@ f(x)).
xc{0,1}m xc{0,1}m

notethatfor a € {0,1}

0@ a) —[1®a) = (-1)%(|0) — [1)).

sotheresultof this stepis

Y. (=)@ z)| (j0) —|1)).

_mE{O,l}"

\_
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notethat

> (1))

xc{0,1}

) IAY =% scr0,13n |@) i fisconstant
| B) If fisbalanced

where| B) is orthogonako | A).

\_
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/Step4: applythe HadamardransformH ®™ on thefirst n qubits

notethat
H®™|A) = £(00---0), becaused —! = H.

H®™ | B) is orthogonato H®™ |A) = £ |00 - - - 0), becaus¢he
unitary operationH ®™ mapsorthogonalktatego orthogonalbnes.

output — {:I: |00 ---0) (]J0) — |1)) if fisconstant
|C) (]0) —[1)) if fisbalanced

where|C') is orthogonalo |00 - - - 0)

To gettheanswermeasurehefirst n qubitsthen

\\ f 1s constantf andonly if we obseren zeros

~

/
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/ Simon’salgorithm I \

f:{0,1}" — {0,1}™, withm > n,

thereis auniquevectors € {0, 1}™ suchthatfor everyx,y € {0,1}"
If x # y then

fl@)=fly) —y=2Ds

Notethatif s = 0 then f is aone—to—ondunction. In thecaseof s # 0,
theset{0, 1}™ is partitionedto pairsof theform {x, x & s}, wheref is
constanbn eachsuchpairsandit hasdifferentvaluesfor differentpairs.

Simon’s Problem

Instance: suchfunction f: {0,1}™ — {0, 1}™ is givenwhere
m > n ands maybeO or not.

\Question: Whatis s? J

50




4 N

Simon’s Subroutine

1. Prepareastate|00 - - - 0) of n + m zerosandapplytheHadamard
transformH ®™ onthefirst n qubits,producingthe superposition

272 N |z |0).

xc{0,1}

2. Computef (x) andsave theresultin thelastqubit, producing

2772 3 o) |f(@)).

xc{0,1}™

3. PerformH®™ onthefirst n qubitsagain, producingthe superposition

27" Y Y (D) £ ().

y€{0,1}" =zc{0,1}"

\_ /
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@ N

If s # 0thenly) |f(z)) = |y) |f(z © 5))
Theamplitudeof thestate|y) | f(x)) is equalto

2=+l jfy.s =0,

0 otherwise.

a(z,y) =2"" ((—1)w'y - (—1)(w€BS)-y) _ {

st ={ve{0,1}":5-v=0(mod2)}

Theoutputsuperpositions actuallyis equalto
27" Y Y (DT y) [f(2) -
yeslt x€{0,1}™

Thereforemeasuringhefirst n qubitsin this caseas equvalentto
randomlychoosinganelementf the (n — 1)—dimensionakpaces—-

Kunderthe uniformdistribution. J
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[0)4

|0)

m

0, — H

0),— H

[f]

e | F(x))

)
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Now afterrepeatinghe Simon’s SubroutineO (n) timesandmeasuring
thefirst n qubits,with high probabilitywe find a basisfor s-; andthusit
IS possibleto find out s.

Actually thefollowing lemmashows thatwe needto repeathe subroutine
atmost5n timesto make surethatthe probability of failureis at most
2—A" for somefixed A > 0.

Lemma. Let X bean/—dimensionakubspacef {0, 1}™. We choose
randomlyandindependentlys£ vectorsfrom X underthe uniform
distribution. The probabilitythattherearelessthanf independenvectors
amongthe choserpnesis atmost2~*#, for somefixed\ > 0.

\_ /
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/ Grover’salgorithm: Quantum search' \

A BooleanfunctionT: {0,1}"™ — {0, 1} suchthatT (x) = 1 for
only onevaluex = x.

Find: Io-
We assumédhatT canbeevaluatedn unit time.

Any classicaklgorithm(deterministicor probabilistic)for this problem
needgo checkatleast 2™ vectorsof {0, 1}™.

Grover’s algorithmshows the quantumcomputercansolvesthis problem

Qtime O(V2m). J
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/Fix c € {0,1}™, wedefinetheunitaryoperatorS,. as \

—|x) ifx=c,

|x) otherwise.

for |x) € C?", S.(|z)) = {

We will apply Sy, for ¢ = 0, andS,,. TheoperatorSy canbecomputed
efficiently (in time polynomialin n);

In thebeginningwe do notknow xq, but still it is possibleto compute
S., efficiently, if we assumehat7 (x) canbecomputedefficiently on
eachgiveninputx € {0,1}"™.

Thealgorithmis basedon iterationof thefollowing transform:

G = —H®" S, H®" S,_,

\_ /
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Firstwe preparethe uniform superposition

) =272 3 )

xc{0,1}m

Thenwe applythetransformG on | A) repeatedly

TheoperatorG mapseachsuperpositiorof theform

klzo) +€ )  |x)

T FxTo

to itself.

\_
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Initially
1
ko = to = V2n
. . . 1
andafter iterationof GG, for sin 6 = N
ki = sin((2j + 1)),

2 cos((24 + 1)),

2" — 1

After m iterationsthe probability of measuringeo,i.e. k.2, is very close
to 1if

\_ /
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1) — i D H — 1)
0) — T 0)
( |a1> )
. |[1]] -
. . 0 S (|))
\ |an> /

Computingthe unitaryoperatorS,,,,




60

Computingthe unitary operatorGG




|0) —

|0) —

0) ——

Searchalgorithm
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/ Quantum Factorization Algorithm I

Input: compositenumberiN.

output: afactorof IN.

To solve this problem,it is enoughto find anontrivial solutionfor
r? =1 (modN)
l.e.,x = a (ModN), |a| < N,anda # 1.

ThenN divides(a 4+ 1)(a — 1) but N doesnotdividea + 1, so
g.c.d(N,a+ 1)org.c.d(N,a — 1)

Qafactorof N.

~

/

62



-

Example:If N = 15 thena = 11 is anontrvial solution,because
112 =121 = 8 x 15+ 1 = 1 (mod15); then
(a+1)(a—1) =120 =8 x 15and

g.c.d(15,12) = 3 andg.c.d(15,10) = 5.

How to find a nontrivial solution?

\_

~
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/GivenN choosearandomy < N. \

If y andNV arecoprime,thenlet » betheorderof y mod INV; i.e.,theleast
positive integerr suchthat

y" =1 (modN).

For exampleif N = 15 andy = 8 thentheorderof y is 4, because
84 = 1 (mod15) and4 is theleastnumberwith this property

If  is eventhenz = y”/2 is acandidatdor anontrivial solution,
becausdor randomy

Prob[(N,y) = 1] >

logN;
andif (N,y) =1

\_

Prob[r is evenandy™/? # +1 (modN)| >

N | =

/
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Soif we have analgorithmwhich providesthe orderr of y (mod V)
(when(N, y) = 1) thenwe canfind afactorof V. Thustheoriginal
factorizationproblemreducego thefollowing.

iInput: integersxz and NV suchthat(xz, N) = 1.

output: leastr suchthatz™ = 1 (mod V).

\_

~
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/ Shor’s Algorithm
Let g = 2* suchthat N? < g < 2INZ2. Eachregisteris of £ qubits.

Step(l): usingHadamardransformneeds0(£) = O(log N)
operations

0y [0) 255 37 ) |0)

Step(I): needsO(log? N) operations

> la)[0) — > a)|z* (Mod V)

\_
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/Step(lll): apply FouriertransformneedsO (log? n) operations

qg—1 q—1qg—1 '
> la)|z* (ModN)) — Y > e« |c)|z* (modN))
a=0 a—0 c=0

Step(1V): obsenethemachine

) |2 (mod V)

d
Step(V): thereis at mostonefraction — with 0 < » < IN suchthat
r

(d,r) = 1and
operationsoutput: 7

. p X o d .
c _ _‘ < ==. Find —. Thisneed9oly(logn)
q r 2q r

Prob[r is theorderof z (mod N)] > :
log log N

\_

~

/
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Quantum Fourier Transform I

Fix integerq > 0.
Standardasisfor C?: |0),[1),... ,|qg — 1)

F4: theFouriertransformon C?

1 11

F. 2miac
la) — e « |c)
a2

c=0

We construcia quantunrcircuit for F, wheng = 2*. In this casethestate
|a) is alsorepresentedly binaryexpansionof a as|ag_1ag_2 - - ag).

\_ /
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Example: g = 4, thestandardasisfor C* is

|0> — |OO>7 |1> — |01> ’ |2> — |10> ’ |3> — |11>

1
00) =% 2 (|00) +[01) + [10) + [11))
]- s T . . 37T
01) . (|00> 1 ei3 |01) 4+ €™ [10) + i F |11>)
1 | .
10) Z% , (100) + €™ [01) +[10) + € |11))
Fa 1 i3x i iz
11y % 5(|00>+e F |01) + e |10)+ez|11>)

69



(Gates N

— H ;: appliesthe Hadamaradn jth bit

— S, appliesthefollowing transformon bits in positions; andk with
] <k

(100 o )

010 0 o
Sjp = A1 (Th—j) = Oy =m/2°7

001 0

\0 0 0 e

applyfromlefttoright H,_1, S¢—2 ¢—1, Hp—2, Se—3.0—1, Se—3,0—2,
Hy_3,--- Hi, So0—1,S0,e—2,"* So,2, S0,1, Ho

For example,whenf = 4 theorderof thegatesis

Hs, S2.3, H2, 51,3, 51,2, H1, So,3, So,2, So,1, Ho

Q\enumberof gatesis £(£ — 1) /2. J
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Computingthe Fouriertransformi?4




4 N

Kitaev’s Algorithm

Givencoprimeintegersx andn, find » theorderof  modn.

U: |a) — |ax (modn)) , a=0,1,...,n—1

Theunitaryoperatoi/ is apermutatioron {|0) , |1) ,... ,|n — 1) }.
Eachnontriial cycle of this permutatiorhaslength:

la) — |ax) — ‘aa:2> — > e — }aa:r_1> — |ax™) = |a)

Correspondindo eachcycle, we canfind r eigervectorsof U4

1
|:13>\> — ﬁ (|a> + A |a:13> + )\2 ‘a,;n2> + ..o+ )\"“—1 }awr_1>>

21tk

U|zx) = X1 zn), fA=e r» ,k=0,1,...,r—1

\_ /
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We will considertheeigervectorswhena = 1; thesearethefollowing
vectorsfork =0,1,... ,r —1

) = —— ZA 7|27 (modn)) = Z ™% |27 (modn))

S\'-‘

andthey satisfythefollowing relation

Althoughwe do not have anefficient algorithmto prepareary of
eigervectors|vyy ), for themomentwe assumeve have accesso these
eigervectorsandwe shav how we cancomputethe corresponding
eigervalues.

\_ /
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Sowe startwith aunitaryoperatod on C™ andaneigervector|yy) of U
correspondingo theeigervalue A = e2™*?, whereg is arealnumber
and0 < ¢ < 1.

Thegoalis to designa quantumalgorithmthatcomputegwith high
probability) ¢, andconsequentlyhe eigervalue .

First, we definethe operatorA (1) on C™ " !asfollows

10) ® |z) if a =0,
11

AU) (|la z)) =
U) (la) ® |z)) { Y@ uU(l=)) ifa=1.

\_ /

74




75

0-0) 1 S U
|a) ¢
z) 18

A(U) circuit,fort/ |0 - - - 0)

S SP
Controlled—svapgate: ¢ = ¢
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An algorithmfor finding the phgsep, giventheeigervector|yax)

First, we definetheunitaryoperatorA on C"™**! asthecompositiorof the
following operatorsOntheinput|a) |z) (thefirst registeris of onequbit
andthesecondoneis of £ qubits)

e applytheHadamardransformH onthefirst register

o applyA(U),

e applytheHadamardransformH againonthefirst register

H I H

e A




( Then N

A(]0) [yx)) = [&x) [yx)

627\"1',(]5 _627\"11(]5
|€>\> — 1+2 |O> + L 2 |1>

Someasuringhefirst registerresultsin O or 1 with the probabilities

14 cos2mg 1 —cos2m¢

Do = > ’ D1 — >

We apply A with s differentcontrolqubitsandmeasureghe control
gubits. Let theresultof thismeasurementseb,,... ,bs. Letm bethe
numberof thetimeswe obsere“1”; i.e.,m = by + -+ + b,. Since
b1, ... ,bs areindependentandomvariables;n /s is very closeto p,
with high probability More specifically for ary constant > 0,

m
Prob[ — —p1| > 5] < e %7
S

\_ /
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Thusit is possible py applyings timesthe operatorA, to find cos 27 ¢
with precisiond anderrorprobability < e = exp(—css) (SO

s = O(log(1/¢))).

By applyingthe sameprocedureon U4 insteadof 4, we will find
— sin 2w ¢. Sothephasep canbe measureavith precisiond anderror
probability < e by applyingO(log(1/¢)) timesA(U).

\_ /

/8




/ How to computegheorderr? \

Sinceall theeigervaluesof U4, areof theform exp (27773%), It is enough
to computeoneof thephases) = k/r.

Notethatdifferentphasesreatleastl /r aparteachother soif we
computeary phasewith log(r) < log(n) bit precisionwe getthe exact
valueof r.

We cannot prepareary eigervectorof U efficiently, thestate|1) is an
equallyweightedsuperpositiorof r eigervectorsof U

\_ /
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/Soif we applytheabove procedurdo the state|1) with ¢ control qubits\

(for anappropriatevalueof t), theresultis the superposition

1 r—1
% ;lﬁAkE ;ix.rrn.eL&)\kz |¢k> .

Thestate|&x, ) - - - |€x, ) Of controlqubitscanbewritten asa

thelastsuperpositiortanbegroupedas

D acle)+ ) aald),

ccEAyg de By,

to theeigervalue . Then

Z |Oéc|2 2 1—e.
\\ CeAk

superpositior . o, |x), whereeach is at-bitinteger Thetermsin

where Ay, is thesetof all integersc suchthattheratio of the numbersof
1'sin thebinaryexpansionof c givesthe correctvaluep; corresponding

/
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Thenthe measuremertf the controlqubitsgivesthevaluek /7 (for k
randomlychoserfrom theintegerso0, 1,... ,» — 1) with high

probability Thereforethedenominatoof theresultis thevalueof the
orderof & modn.

81




