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ClassicalModelsof Computation

— TuringMachines

— BooleanCircuits

gates: AND
∧

, OR
∨

, NOT ¬
sizeof thecircuit: thenumberof gates

A circuit with n inputscomputesaBooleanfunction

f : {0, 1}n −→ {0, 1}
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∧ ¬

∨

∨

?

x y z

f(x, y, z)

x y z f(x, y, z)

0 0 0 1

0 0 1 1

0 1 0 0

0 1 1 1

1 0 0 1

1 0 1 1

1 1 0 1

1 1 1 1
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Thebasis{NOT, AND, OR} is complete(or universal)

i.e., for any Booleanfunctionf : {0, 1}n −→ {0, 1} thereis a

Booleancircuit with

NOT, AND, OR

gatescomputingthis function

ShannonBound:For almostall suchfunctionsf , theoptimalBoolean

circuit computingf has

O

(
2n

n

)

gates
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universalityof Booleanbasis,anexample:

f : {0, 1}3 −→ {0, 1}

x y z f(x, y, z)

0 0 0 0

0 0 1 0

0 1 0 1 C1

0 1 1 1 C2

1 0 0 0

1 0 1 1 C3

1 1 0 0

1 1 1 0

f(x, y, z) = (¬x ∧ y ∧ ¬z)
︸ ︷︷ ︸

C1

∨ (¬x ∧ y ∧ z)
︸ ︷︷ ︸

C2

∨ (x ∧ ¬y ∧ z)
︸ ︷︷ ︸

C3
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x y z

¬¬

∧ ∧ ∧

¬ ¬

∨

?

C1 C2 C3

f(x, y, z)
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Solvingproblemswith variable sizesby circuits

N ∈ {0, 1, 2, 3, . . . }, f(N) =







1 if N is prime,

0 otherwise.

size(N) = numberof bits in binaryexpansionofN

size(5) = size(101) = 3

size(13) = size(1101) = 4

computingf by circuitsmeansthatthereis asequence

C1, C2, C3, . . . , Cn, . . .

of circuitssuchthatCn hasn inputsandcomputesthevalueof f for

inputsof sizen (or equivalently, inputsof size≤ n).
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anotherexample:

g(N) =







1 if N = 2n − 2, for somen,

0 otherwise.

Notethatg(N) = 1 if f binaryexpansionofN = 11 · · · 110

Hereareexamplesof circuitsof asequenceC1, C2, . . . , Cn, . . .

computingg
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x1 x2 x3

∧ ¬

∧

?

C3:

x1 x2 x3 x4

∧

∧

¬

∧

?

C4:
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Uniform Cir cuits

A sequence

C1, C2, . . . , Cn, . . .

of circuits(Cn hasn inputs)is uniform if thereis analgorithmto

constructeachcircuitCn. Moreover, thisalgorithmrunsin time

polynomialin thesizeof thecircuitCn.

Note. Thereis anon–uniformsequenceC1, C2, . . . , Cn, . . . suchthat

eachCn hassizeO(n) andthissequencecomputesanon–computable

function(like,HaltingProblem).
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Complexity Classes

For adecisionproblemf : {0, 1, 2, 3, . . . } −→ {0, 1} thenth sliceof

f is theBooleanfunction

fn : {0, 1}n −→ {0, 1}

suchthatif a1a2 · · · anis thebinaryexpansionof integerN then

fn(a1, . . . , an) = f(N).

TheclassP (polynomial–time)

A decisionproblemf is in theclassP if f thereis afixedpolynomialp(x)

andauniformsequenceof circuitsC1, C2, . . . , Cn, . . . suchthatCn

computesfn, thenth sliceof f , andsize(Cn) ≤ p(n).
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classP = efficientproblems

Any problemwhichhasanefficient solutiononany classicalmodelof

computation(suchas,Turingmachines,randomaccessmachines,etc.) is

in classP, andviceversa.

Exampleof problemsin P:

— LetS bethesetof 0–1squarematrices.Thenthefunction

f : S −→ {0, 1} definedas

f(M) = det(M) mod2

is in P.
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TheclassNP (non-deterministicpolynomialtime)

f : {0, 1, 2, 3, . . . } −→ {0, 1} adecisionproblem

fn : {0, 1}n −→ {0, 1} itsnth slice

f is in NP if f thereis auniformsequence

C1, C2, . . . , Cn, . . .

andapolynomialp(x) suchthat:

(i) size(Cn) ≤ p(n);

(ii) Cn hastwo distinctsetsof inputs

x1, . . . , xn, y1, . . . , ym (m ≤ p(n))

andwedenotetheoutputofCn byCn(x1, . . . , xn, y1, . . . , ym); then
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if fn(a1, . . . , an) = 1 thenthereis asetof values(b1, . . . , bm) for

(y1, . . . , ym) suchthatC(a1, . . . , an, b1, . . . , bm) = 1;

If fn(a1, . . . , an) = 0 thenfor everyvalues(d1, . . . , dm) for

(y1, . . . , ym) wehaveC(a1, . . . , an, d1, . . . , dm) = 0.

? ? ? ?

x1 xn y1 ym

? ?

?

Cn

Cn(x1, . . . , xn, y1, . . . , ym)
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Example:(FactorizationProblem)

h : {0, 1, 2, 3, . . . } −→ {0, 1}

h(N) =







1 if N is acompositenumber,

0 otherwise.

Weshow h is in NP. First weconsiderthefunction

g(N,M) =







1 if M ≤ N andM dividesN,

0 otherwise.

Obviouslyg is in theclassP. Sothereis asequenceof polynomialsize

circuits

C1, C2, . . . , Cn, . . .

thatcomputesg, andCn hastwo setof inputs:x1, . . . , xn forN and

y1, . . . , yn forM .
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Thenthesamesequenceof circuitsshows thath is in NP.

? ? ? ?

x1 xn y1 yn

?

Cn

output= 1

? ? ? ?

x1 xn y1 yn

?

Cn

output= 0

︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷
N = 36 guessM = 12 N = 17 any input
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Equivalentcharacterization:

A decisionproblemf(N) is in NP if f thereis adecisionproblem

g(N,M) in P andapolynomialp(x) suchthatfor any inputN of size

n:

f(N) = 1 if f ∃M
[
size(M) ≤ p(n) andg(N,M) = 1

]

f(N) = 0 if f ∀M
[
if size(M) ≤ p(n) theng(N,M) = 0

]
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Exercises:

Show thatthefollowing problemsarein NP:

1. Satisfiability: A circuit is satisfiableif for somevalueof its input, the

outputis 1. Thevalueof thefunctionS(C) is 1 iff thecircuitC (given

throughsomenaturalencodingof thecircuitsas0–1strings)is satisfiable.

2. 3–coloringof graphs: Thevalueof thefunctionX(G) is 1 iff the

graphG canbecoloredwith 3 colors(i.e, no two adjacentverticeshave

thesamecolor).
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NP-completeProblems

A decisionproblemin NP is calledNP–completeif any otherproblemin

NP canbeefficiently reducedto thisproblem.SoanNP–complete

problemis hardestproblemin theclassNP andanefficient solutionfor

thatimpliesefficient solutionfor any otherproblemin NP.

Formaldefinition: Thefunctionf(N) (forN ∈ A) definesadecision

problemin NP. Thenthisproblemis NP–completeif for any other

problemg(M) (forM ∈ B) in NP thereis apolynomialtime

computablefunctionϕ : B −→ A suchthat

g(M) = 1 if f f(ϕ(M)) = 1.

Satisfiabilityand3–coloringareNP–complete.
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P

NP

NP-complete
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Qubits

A singlequbit is a two–statesystem,suchasa two–level atom

Wedenotetwo orthogonalstatesof asinglequbit as
{

|0〉 , |1〉
}

So,thegeneralstatof asinglequbit canberepresentedas

a |0〉 + b |1〉 , wherea, b ∈ C and|a|2 + |b|2 = 1.

A systemof two qubitsx andy:

productstate: (ax |0〉x + bx |1〉x) ⊗ (ay |0〉y + by |1〉y)

entangledstate: 1√
2
(|00〉 + |11〉)
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Systemof n qubits

HereweuseaHilbert spaceof dimension2n

The2n mutuallyorthogonalstatesof n qubitscanbewrittenas
{

|x〉 : x is ann–bit binarynumber
}

for example,theorthogonalstatesof two qubitsare
{

|00〉 , |01〉 , |10〉 , |11〉
}

thegeneralstateof suchsystemis asuperpositionof thebasicstates

2n

∑

j=1

αj |ψj〉 ,
2n

∑

j=1

|αj|2 = 1, ψj ∈ {0, 1}n

22



'

&

$

%

Unitary Operations

Anm×m matrixM overC is unitaryif

M† ·M = I,

whereM† is theadjointmatrixofM ; i.e.,M† = (M tr)∗, where∗

standsfor complex conjugate.

U(m): thegroupofm×m unitarymatrices

generalform of amatrix in U(2)



eiα cos θ eiβ sin θ

−e−iβ sin θ e−iα cos θ




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Quantum Gates

A unitaryoperationonn qubitsis calledann–bit quantumgate

Thisgateis representedby amatrix in U(2n)

σx, NOT gate, 1–bit gate

|0〉 7→ |1〉
|1〉 7→ |0〉

σx(|a〉) = |1 ⊕ a〉 σx =




0 1

1 0





σz, phasechangegate, 1–bit gate

|0〉 7→ |0〉
|1〉 7→ − |1〉

σz(|a〉) = (−1)a |a〉 σz =




1 0

0 −1




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H, Hadamardtransformation, 1–bit gate

|0〉 7→ 1√
2
(|0〉 + |1〉)

|1〉 7→ 1√
2
(|0〉 − |1〉)

H = 1√
2




1 1

1 −1





Controlled–NOT = CNOT = Λ1(σx), 2–bit gate

|a〉 |b〉 7→







|a〉 |b〉 if a = 0

|a〉 σx(|b〉) if a = 1
Λ1(σx)(|a〉 |b〉) = |a〉 |a⊕ b〉

|00〉 7→ |00〉 ,
|01〉 7→ |01〉 ,
|10〉 7→ |11〉 ,
|11〉 7→ |10〉 .

Λ1(σx) =










1

1

1

1









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Controlled–U = Λ(U)

an(m+ 1)–bit gate,whereU is anm–bit gate

|a〉 |b〉 7→







|a〉 |b〉 if a = 0,

|a〉U(|b〉) if a = 1.
Λ(U) =




I

U





Tofolli gate,Controlled–Controlled–NOT, Λ2(σx) = Λ1(Λ1(σx)),

3–bit gate

|a〉 |b〉 |c〉 7→







|a〉 |b〉 |c〉 if a = 0 or b = 0,

|a〉 |b〉σx(|c〉) if a = b = 1.

Λ2(σx)(|a〉 |b〉 |c〉) = |a〉 |b〉 |c⊕ (a · b)〉

26



'

&

$

%

Reversiblecomputingof Booleanfunctions

f : {0, 1}n −→ {0, 1}

|a〉

|xn〉

|x2〉

|x1〉

|0〉

|0〉

|a⊕ f(x1, . . . , xn)〉

|xn〉

|x2〉

|x1〉

|0〉

|0〉





ancilla

[f ]

only

Toffoli gates
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It canbeshown thatif theBooleanfunctionf : {0, 1}n −→ {0, 1} can

becomputedby aBooleancircuit of sizet, thentheunitarytransform

|x1 · · ·xn〉 |b〉 7→ |x1 · · ·xn〉 |b⊕ f(x1, . . . , xn)〉

canbeperformedby aquantumcircuit of tc (for someconstantc) Toffoli

gates.
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n–bit Hadamardtransform:H⊗n = H ⊗H ⊗ · · · ⊗H

performtheHadamardtransformH oneachbit of n qubits|x1 · · ·xn〉

for example,in thecaseof n = 2 theresultfor thestate|01〉 is

H(|0〉) ⊗H(|1〉) =
[

1√
2
(|0〉 + |1〉)

]

⊗
[

1√
2
(|0〉 − |1〉)

]

= 1
2
(|00〉 − |01〉 + |10〉 − |11〉).

In general,for any 0–1vectorx of lengthn, theresultof applyingthe
Hadamardtransformon |x〉 is equalto

H⊗n(|x〉) =
1

√
2n

∑

y∈{0,1}n

(−1)x·y |y〉 ,

wherex · y is theinnerproductmod2.
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H

H

H

|xn〉

|x2〉

|x1〉

H⊗n
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SpecialCase:performingtheHadamardtransformonn qubits|0 · · · 0〉
resultsin

1

2n

∑

y∈{0,1}n

|y〉

So,startingfrom |0 · · · 0〉, by performingonlyn quantumgatesit is

possibleto getthesuperpositionof all 2n basicstates.
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|00〉 H⊗2

−−−→ 1

2
(|00〉 + |01〉 + |10〉 + |11〉)

|11〉 H⊗2

−−−→ 1

2
(|00〉 − |01〉 − |10〉 + |11〉)

1
√

2
(|00〉 + |11〉) H⊗2

−−−→ 1
√

2
(|00〉 + |11〉)

1
√

2
(|00〉 − |11〉) H⊗2

−−−→ 1
√

2
(|01〉 + |10〉)

interference:phasematters
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H⊗n
[f ]

|0〉

|0〉

|0〉

|0〉

output=
1

√
2n

∑

a1,... ,an∈{0,1}
|a1 · · · an〉 |f(a1, . . . , an)〉
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UniversalQuantum Basis

A setB of quantumgatesis calleduniversalif everyunitaryoperator

U ∈ U(2m), for anym, canbeapproximatedwithin agivenε > 0 with

aquantumcircuit consistsof B gates.
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Known UniversalQuantumbasis

Deutsch’s gate:3–bit gate

Rθ

Rθ =




cos θ i sin θ

i sin θ cos θ





Λ2(Rθ) =













1

1

1

1

Rθ













, θ is anirrationalmultipleof π
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—Barenco:Λ1(Rθ), 2–bit gate

Λ1(Rθ) =







1

1

Rθ







— Basisconsistsof CNOT andall 1–bit unitaryoperations;i.e.,

CNOT andU(2)
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Shor’s basis

Hadamardgate,H 1√
2




1 1

1 −1



 H

P = σz
1

2




1 0

0 i



 P

Toffoli gate Λ2(σx)
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Shor’s basisis bothuniversalandfault–tolerant

Proofof universality:

— Shor

— Kitaev

— Boykin, Mor, Pulver, Roychowdhury, andVatan

— Aharonov andBen–Or
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Anotheruniversalandfault–tolerantbasis

by Boykin, Mor, Pulver, Roychowdhury, andVatan

Hadamardgate,H 1√
2




1 1

1 −1



 H

σz
1

4




1 0

0 eiπ/4




σz

1

4

CNOT Λ1(σx)
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Measurement

Example1:

|S〉 =

√

1

3
|00〉 +

√

2

3
|11〉

measurement−→







|00〉 with probability 1

3

|11〉 with probability 2

3

Example2: partialmeasurement

1√
2
(|01〉 − |10〉)

first systemmeasured−→






|0〉 with probability 1

2
andthesystemcollapsesto |1〉

|1〉 with probability 1

2
andthesystemcollapsesto |0〉
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Example3:

1

2
|0〉1 (|0〉2 − |1〉2) +

1

2
|1〉1 (|0〉2 + |1〉2)

first systemmeasured−→






|0〉 thesystemcollapsesto 1

‖
√

2
(|0〉2 − |1〉2)

|1〉 thesystemcollapsesto 1√
2
(|0〉2 + |1〉2)
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Computing with Quantum Cir cuits

C aquantumcircuit with oneof its qubitsmarkedasoutput

Theprobabilityof C outputs0 or 1 is theprobabilityof measuring0 or 1

at theoutput;i.e., if thestateof theoutputis

|0〉output |A0〉 + |1〉output |A1〉

then

Prob[C outputs0] = ‖ |A0〉 ‖, Prob[C outputs1] = ‖ |A1〉 ‖,

where‖V ‖2 is thelengthof thevectorV ∈ C
2m

. Notethat

‖ |A0〉 ‖2 + ‖ |A1〉 ‖2 = 1, becausethetransformationof C is unitary.
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ThequantumcircuitC computesaBooleanfunction

f : {0, 1}n −→ {0, 1} if f

Prob[onany input, theoutputof C is equalto thevalueof f ] ≥ 2

3
.

If in theabove, theprobabilityis always1, thenwesaythatC exactly

computesf .

BQPis theclassof problemscomputableby polynomialsizeuniform

quantumcircuit.

EQPis theclassof problemsexactly computableby polynomialsize

uniformquantumcircuit.
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Deutsch–JoszaAlgorithm

A Booleanfunctionf : {0, 1}n −→ {0, 1} is given.

It is known thatf is eitherconstantor balanced(i.e., takesvalues0 and1

anequalnumberof times).Theproblemis to decidewhetherf is

constantor balanced.
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|1〉

|0〉

|0〉

|0〉

H

H

H

H

[f ]

H

H

H

measurement

[f ] : |x〉 |y〉 7→ |x〉 |y ⊕ f(x)〉

H =
1

√
2




1 1

1 −1




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Step1: preparethestate

|00 · · · 0〉 (|0〉 − |1〉) ,

wherethefirst registerconsistsof n qubits.

Step2: performtheHadamardtransformon thefirstn qubits
∑

x∈{0,1}n

|x〉 (|0〉 − |1〉).

=
∑

x∈{0,1}n

|x〉 |0〉 −
∑

x∈{0,1}n

|x〉 |1〉 .
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Step3: apply

[f ] : |x〉 |y〉 7→ |x〉 |y ⊕ f(x)〉

theresultis
∑

x∈{0,1}n

|x〉 |0 ⊕ f(x)〉 −
∑

x∈{0,1}n

|x〉 |1 ⊕ f(x)〉 .

notethatfor a ∈ {0, 1}

|0 ⊕ a〉 − |1 ⊕ a〉 = (−1)a(|0〉 − |1〉).

sotheresultof this stepis



∑

x∈{0,1}n

(−1)f(x) |x〉



 (|0〉 − |1〉).
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notethat
∑

x∈{0,1}n

(−1)f(x) |x〉

=







|A〉 = ±
∑

x∈{0,1}n |x〉 if f is constant,

|B〉 if f is balanced,

where|B〉 is orthogonalto |A〉.
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Step4: applytheHadamardtransformH⊗n on thefirstn qubits

notethat

H⊗n |A〉 = ± |00 · · · 0〉 , becauseH−1 = H.

H⊗n |B〉 is orthogonaltoH⊗n |A〉 = ± |00 · · · 0〉, becausethe
unitaryoperationH⊗n mapsorthogonalstatesto orthogonalones.

output=







± |00 · · · 0〉 (|0〉 − |1〉) if f is constant

|C〉 (|0〉 − |1〉) if f is balanced

where|C〉 is orthogonalto |00 · · · 0〉

To gettheanswer, measurethefirstn qubitsthen

f is constantif andonly if weobserven zeros

49



'

&

$

%

Simon’s algorithm

f : {0, 1}n −→ {0, 1}m, withm ≥ n,

thereis auniquevectors ∈ {0, 1}n suchthatfor everyx, y ∈ {0, 1}n

if x 6= y then

f(x) = f(y) ⇐⇒ y = x⊕ s

Notethatif s = 0 thenf is aone–to–onefunction. In thecaseof s 6= 0,
theset{0, 1}n is partitionedto pairsof theform {x, x⊕ s}, wheref is
constantoneachsuchpairsandit hasdifferentvaluesfor differentpairs.

Simon’s Problem

Instance: suchfunctionf : {0, 1}n −→ {0, 1}m is givenwhere
m ≥ n ands maybe0 or not.

Question: Whatis s?
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Simon’s Subroutine

1. Prepareastate|00 · · · 0〉 of n+m zerosandapplytheHadamard

transformH⊗n on thefirstn qubits,producingthesuperposition

2−n/2
∑

x∈{0,1}n

|x〉 |0〉 .

2. Computef(x) andsave theresultin thelastqubit,producing

2−n/2
∑

x∈{0,1}n

|x〉 |f(x)〉 .

3. PerformH⊗n onthefirstn qubitsagain,producingthesuperposition

2−n
∑

y∈{0,1}n

∑

x∈{0,1}n

(−1)x·y |y〉 |f(x)〉 .
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If s 6= 0 then|y〉 |f(x)〉 = |y〉 |f(x⊕ s)〉
Theamplitudeof thestate|y〉 |f(x)〉 is equalto

α(x, y) = 2−n
(

(−1)x·y + (−1)(x⊕s)·y
)

=







2−n+1 if y · s = 0,

0 otherwise.

s⊥ = { v ∈ {0, 1}n : s · v = 0 (mod2)}

Theoutputsuperpositionis actuallyis equalto

2−n+1
∑

y∈s⊥

∑

x∈{0,1}n

(−1)x·y |y〉 |f(x)〉 .

Therefore,measuringthefirstn qubitsin this caseis equivalentto

randomlychoosinganelementof the(n− 1)–dimensionalspaces⊥

undertheuniformdistribution.
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H

H

H

H

M

M

[f ]

|0〉1

|0〉m

|0〉1

|0〉n













|f(x)〉

|y〉
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Now afterrepeatingtheSimon’s SubroutineO(n) timesandmeasuring

thefirstn qubits,with highprobabilitywefind abasisfor s⊥; andthusit

is possibleto find outs.

Actually thefollowing lemmashows thatweneedto repeatthesubroutine

atmost5n timesto makesurethattheprobabilityof failureis atmost

2−λn, for somefixedλ > 0.

Lemma. LetX bean`–dimensionalsubspaceof {0, 1}n. Wechoose

randomlyandindependently5` vectorsfromX undertheuniform

distribution. Theprobabilitythattherearelessthan` independentvectors

amongthechosenonesis atmost2−λ`, for somefixedλ > 0.
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Grover’s algorithm: Quantum search

A BooleanfunctionT : {0, 1}n −→ {0, 1} suchthatT (x) = 1 for

only onevaluex = x0.

Find: x0.

WeassumethatT canbeevaluatedin unit time.

Any classicalalgorithm(deterministicor probabilistic)for thisproblem

needsto checkat least1
2
2n vectorsof {0, 1}n.

Grover’s algorithmshows thequantumcomputercansolvesthisproblem

in timeO(
√

2n).
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Fix c ∈ {0, 1}n, wedefinetheunitaryoperatorSc as

for |x〉 ∈ C
2n

, Sc(|x〉) =







− |x〉 if x = c,

|x〉 otherwise.

Wewill applyS0, for c = 0, andSx0
. TheoperatorS0 canbecomputed

efficiently (in timepolynomialin n);

In thebeginningwedonot know x0, but still it is possibleto compute
Sx0

efficiently, if weassumethatT (x) canbecomputedefficiently on
eachgiveninputx ∈ {0, 1}n.

Thealgorithmis basedon iterationof thefollowing transform:

G = −H⊗n S0H
⊗n Sx0

,
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First wepreparetheuniformsuperposition

|A〉 = 2−n/2
∑

x∈{0,1}n

|x〉

ThenweapplythetransformG on |A〉 repeatedly

TheoperatorG mapseachsuperpositionof theform

k |x0〉 + `
∑

x6=x0

|x〉

to itself.
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Initially

k0 = `0 =
1

√
2n

andafterj iterationofG, for sin θ = 1√
2n

,

kj = sin((2j + 1)θ),

`j =
1

√
2n − 1

cos((2j + 1)θ),

Afterm iterationstheprobabilityof measuringx0,i.e. km
2, is veryclose

to 1 if

m = bπ
4

√
2nc
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|an〉

|a1〉

|0〉

|1〉

|0〉

|1〉













|x〉 Sx0
(|x〉)

[T ]

H H

ComputingtheunitaryoperatorSx0
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Sx0

H

H

H

H

H

H−I

S0

G

ComputingtheunitaryoperatorG
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H

H

H

G G G

|0〉

|0〉

|0〉

Searchalgorithm
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Quantum Factorization Algorithm

input: compositenumberN .

output: a factorofN .

To solve thisproblem,it is enoughto find anontrivial solutionfor

x2 ≡ 1 (modN)

i.e.,x ≡ a (modN), |a| < N , anda 6= ±1.

ThenN divides(a+ 1)(a− 1) butN doesnotdividea± 1, so

g.c.d.(N, a+ 1) or g.c.d.(N, a− 1)

is a factorofN .
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Example:If N = 15 thena = 11 is anontrivial solution,because

112 = 121 = 8 × 15 + 1 ≡ 1 (mod15); then

(a+ 1)(a− 1) = 120 = 8 × 15 and

g.c.d.(15, 12) = 3 andg.c.d.(15, 10) = 5.

How to find anontrivial solution?
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GivenN choosea randomy < N .

If y andN arecoprime,thenlet r betheorderof y modN ; i.e., theleast
positive integerr suchthat

yr ≡ 1 (modN).

For exampleif N = 15 andy = 8 thentheorderof y is 4, because
84 ≡ 1 (mod15) and4 is theleastnumberwith thisproperty.

If r is eventhenx = yr/2 is acandidatefor anontrivial solution,
becausefor randomy

Prob[(N, y) = 1] >
1

logN
;

andif (N, y) = 1

Prob
[
r is evenandyr/2 6≡ ±1 (modN)

]
>

1

2
.
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Soif wehaveanalgorithmwhichprovidestheorderr of y (modN)

(when(N, y) = 1) thenwecanfind a factorofN . Thustheoriginal

factorizationproblemreducesto thefollowing.

input: integersx andN suchthat(x,N) = 1.

output: leastr suchthatxr ≡ 1 (modN).
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Shor’s Algorithm

Let q = 2` suchthatN2 ≤ q ≤ 2N2. Eachregisteris of ` qubits.

Step(I): usingHadamardtransform,needsO(`) = O(logN)

operations

|0〉 |0〉 H⊗`

−−→
q−1
∑

a=0

|a〉 |0〉

Step(II): needsO(log2N) operations

q−1
∑

a=0

|a〉 |0〉 7−→
q−1
∑

a=0

|a〉 |xa (modN)〉
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Step(III): applyFouriertransform,needsO(log2 n) operations

q−1
∑

a=0

|a〉 |xa (modN)〉 7−→
q−1
∑

a=0

q−1
∑

c=0

e
2πiac

q |c〉 |xa (modN)〉

Step(IV): observe themachine

|c〉 |xa (modN)〉

Step(V): thereis atmostonefraction
d

r
with 0 < r < N suchthat

(d, r) = 1 and
∣
∣
∣

c
q

− d
r

∣
∣
∣ ≤ 1

2q
. Find

d

r
. Thisneedspoly(logn)

operations.output: r

Prob[r is theorderof x (modN)] ≥ c

log logN
.
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Quantum Fourier Transform

Fix integerq > 0.

Standardbasisfor C
q: |0〉 , |1〉 , . . . , |q − 1〉

Fq: theFouriertransformonC
q

|a〉 Fq−→ 1
√
q

q−1
∑

c=0

e
2πiac

q |c〉

Weconstructaquantumcircuit for Fq whenq = 2`. In thiscasethestate

|a〉 is alsorepresentedby binaryexpansionof a as|a`−1a`−2 · · · a0〉.
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Example: q = 4, thestandardbasisfor C
4 is

|0〉 = |00〉 , |1〉 = |01〉 , |2〉 = |10〉 , |3〉 = |11〉

|00〉 F4−→ 1

2
(|00〉 + |01〉 + |10〉 + |11〉)

|01〉 F4−→ 1

2

(

|00〉 + ei π
2 |01〉 + eiπ |10〉 + ei 3π

2 |11〉
)

|10〉 F4−→ 1

2

(
|00〉 + eiπ |01〉 + |10〉 + eiπ |11〉

)

|11〉 F4−→ 1

2

(

|00〉 + ei 3π
2 |01〉 + eiπ |10〉 + ei π

2 |11〉
)
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Gates:

—Hj : appliestheHadamardonjth bit

— Sj,k appliesthefollowing transformonbits in positionsj andk with
j < k

Sj,k = Λ1(Tk−j) =










1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 eiθk−j










, θk−j = π/2k−j

applyfrom left to rightH`−1, S`−2,`−1,H`−2, S`−3,`−1, S`−3,`−2,
H`−3, · · · H1, S0,`−1, S0,`−2, · · · S0,2, S0,1,H0

For example,when` = 4 theorderof thegatesis

H3, S2,3,H2, S1,3, S1,2,H1, S0,3, S0,2, S0,1,H0

Thenumberof gatesis `(`− 1)/2.
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|a3〉

|a2〉

|a1〉

|a0〉

H T1

H T1

T2

H T1

T2

T3

H

ComputingtheFouriertransformF4
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Kitaev’s Algorithm

Givencoprimeintegersx andn, find r theorderof x modn.

U : |a〉 7→ |ax (modn)〉 , a = 0, 1, . . . , n− 1

TheunitaryoperatorU is apermutationon{|0〉 , |1〉 , . . . , |n− 1〉}.

Eachnontrivial cycleof thispermutationhaslengthr:

|a〉 −→ |ax〉 −→
∣
∣ax2

〉
−→ · · · −→

∣
∣axr−1

〉
−→ |axr〉 = |a〉

Correspondingto eachcycle,wecanfind r eigenvectorsof U :

|xλ〉 =
1

√
r

(
|a〉 + λ |ax〉 + λ2

∣
∣ax2

〉
+ · · · + λr−1

∣
∣axr−1

〉)

U |xλ〉 = λ−1 |xλ〉 , if λ = e
2iπk

r , k = 0, 1, . . . , r − 1
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Wewill considertheeigenvectorswhena = 1; thesearethefollowing

vectors,for k = 0, 1, . . . , r − 1

|ψk〉 =
1

√
r

r−1
∑

j=0

λ−j
k

∣
∣xj (modn)

〉
=

1
√
r

r−1
∑

j=0

e2πi jk
r

∣
∣xj (modn)

〉

andthey satisfythefollowing relation

|1〉 =
1

√
r

r−1
∑

k=0

|ψk〉

Althoughwedonothaveanefficientalgorithmto prepareany of

eigenvectors|ψk〉, for themomentweassumewehaveaccessto these

eigenvectorsandweshow how wecancomputethecorresponding

eigenvalues.
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Sowestartwith aunitaryoperatorU onC
n andaneigenvector|yλ〉 of U

correspondingto theeigenvalueλ = e2πiφ, whereφ is a realnumber

and0 ≤ φ < 1.

Thegoalis to designaquantumalgorithmthatcomputes(with high

probability)φ, andconsequentlytheeigenvalueλ.

First,wedefinetheoperatorΛ(U) onC
n+1asfollows

Λ(U) (|a〉 ⊗ |z〉) =







|0〉 ⊗ |z〉 if a = 0,

|1〉 ⊗ U(|z〉) if a = 1.
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S S

S SU

|z〉

|a〉

|0 · 0〉

|a〉

|0 · 0〉

Λ(U) circuit, for U |0 · · · 0〉 = |0 · · · 0〉

Controlled–swapgate: =

S

S
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An algorithmfor finding thephaseφ, giventheeigenvector|yλ〉

First,wedefinetheunitaryoperator∆ onC
n+1 asthecompositionof the

following operators.On theinput |a〉 |z〉 (thefirst registeris of onequbit

andthesecondoneis of ` qubits)

• applytheHadamardtransformH on thefirst register,

• applyΛ(U),

• applytheHadamardtransformH againon thefirst register.

H H

U

|0〉

|z〉







∆
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Then

∆(|0〉 |yλ〉) = |ξλ〉 |yλ〉

|ξλ〉 = 1+e2πiφ

2
|0〉 + 1−e2πiφ

2
|1〉

Someasuringthefirst registerresultsin 0 or 1 with theprobabilities

p0 =
1 + cos 2πφ

2
, p1 =

1 − cos 2πφ

2

Weapply∆ with s differentcontrolqubitsandmeasurethecontrol

qubits.Let theresultof thismeasurementsbeb1, . . . , bs. Letm bethe

numberof thetimesweobserve “1”; i.e.,m = b1 + · · · + bs. Since

b1, . . . , bs areindependentrandomvariables,m/s is verycloseto p1

with highprobability. Morespecifically, for any constantδ > 0,

Prob

[∣
∣
∣
∣

m

s
− p1

∣
∣
∣
∣
> δ

]

≤ e−cδs
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Thusit is possible,by applyings timestheoperator∆, to find cos 2πφ

with precisionδ anderrorprobability≤ ε = exp(−cδs) (so

s = O(log(1/ε))).

By applyingthesameprocedureon iU insteadof U , wewill find

− sin 2πφ. Sothephaseφ canbemeasuredwith precisionδ anderror

probability≤ ε by applyingO(log(1/ε)) timesΛ(U).
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How to computestheorderr?

Sinceall theeigenvaluesof U , areof theform exp
(
2πik

r

)
, it is enough

to computeoneof thephasesφ = k/r.

Notethatdifferentphasesareat least1/r aparteachother, soif we

computeany phasewith log(r) ≤ log(n) bit precision,wegettheexact

valueof r.

Wecannotprepareany eigenvectorof U efficiently, thestate|1〉 is an

equallyweightedsuperpositionof r eigenvectorsof U :

|1〉 =
1

√
r

r−1
∑

k=0

|ψk〉
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Soif weapplytheaboveprocedureto thestate|1〉 with t controlqubits
(for anappropriatevalueof t), theresultis thesuperposition

1
√
r

r−1
∑

k=0

|ξλk
〉 · · · |ξλk

〉
︸ ︷︷ ︸

t times

|ψk〉 .

Thestate|ξλk
〉 · · · |ξλk

〉 of controlqubitscanbewrittenasa
superposition

∑

x αx |x〉, whereeachx is a t–bit integer. Thetermsin
thelastsuperpositioncanbegroupedas

∑

c∈Ak

αc |c〉 +
∑

d∈Bk

αd |d〉 ,

whereAk is thesetof all integersc suchthattheratioof thenumbersof
1’s in thebinaryexpansionof c givesthecorrectvaluep1 corresponding
to theeigenvalueλk. Then

∑

c∈Ak

|αc|2 ≥ 1 − ε.
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Thenthemeasurementof thecontrolqubitsgivesthevaluek/r (for k

randomlychosenfrom theintegers0, 1, . . . , r − 1) with high

probability. Therefore,thedenominatorof theresultis thevalueof the

orderof x modn.
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