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Models of qguantum computation.
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Faithful simulation of QC?
Counting models.
Classical simulations of counting models?

Lie algebraic models are weak.
... such as true linear optics models.
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Computation with Coprocessors
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Quantum Coprocessor Instances

1. Get resources.
Ask for n qubits

¢ Cost: n.
2. Apply operations.

Unitary one and two qubit quantum gates.

¢ Cost: Constant per gate.
3. Read.

One gqubit measurement.

¢ Cost: Constant per measurement.
4. Feedback.
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General Quantum Models

1. Get resources. A specified finite-cost guantum system A.
Initial state p.
¢ Cost: C(A, p).

2. Apply operations.
Unitary gate set.
¢ Cost: Constant per gate.

3. Read.
Set of generalized
measurements with backactions.
¢ Cost: Constant per measurement.

4. Feedback.
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Some Examples

Coin flips (0).

Quantum system: e One qubit.  Hilbert space C>.

\ Observables 1,0,,0,,0..
j Initial state:  |+) = (o) + |1))/V2.

¢ Physical cost: 1.

?Operaﬂons: None.

Measurements: Von Neumann measurement of o,.
[+) —o-fo)+1-[1)

I>
% Feedback: Irrelevant. Observation: () ~ Probabilistic computation.
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Some Examples

Standard quantum computation (QC).

Quantum system: ¢ n qubits. Hilbert space (C?)®™.

| Observables []. o,”.
) Initial state: |oo...o0).

¢ Physical cost: 1 per qubit.
Operations: Universal set of one and two qubit gates.
Example: exp (—iUu(i)W/S) , exXp (—iUz(k)Oz(l)W/4).

¢ Physical cost: 1 per gate.
Measurements: Measurement of qubit 1.

[v) — o -loflolly) # 1-[1)(x]|e).

probabilistic output projector on qubit 1

¢ Physical cost: 1 per measurement.

< | Feedback? Yes.
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Some Examples

Pauli normalizer (Clifford).

Quantum system: ¢ n qubits. Hilbert space (C?)®™.

| Observables []. o,”.
) Initial state: |oo...o0).

¢ Physical cost: 1 per qubit.

Operations: Set of one and two qubit gates.
exp (—iO‘u(i)W/4) , exXp (—z’az(k)az(')w/él).

... generates the “normalizer” of

_ the Pauli-Heisenberg group.
¢ Physical cost: 1 per gate.

Measurements: Measurement of qubit 1.

[v) — o -loflolly) # 1-[1)(x]|e)).

probabilistic output projector on qubit 1

¢ Physical cost: 1 per measurement.

Feedback? Yes. [Relationship: () ~,,, Clifford
...yields only stabilizer states. Gottesman’98[1]
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Some Examples

Standard quantum computation (QC).

Quantum system: ¢ n qubits. Hilbert space (C?)®™.

Observables []. o,.”.
) Initial state: |oo...o0).

¢ Physical cost: 1 per qubit.
Operations: Universal set of one and two qubit gates.
Example: exp (—iUu(i)W/S) , exXp (—iUz(k)Oz(l)W/4>.

¢ Physical cost: 1 per gate.
Measurements: Measurement of qubit 1.

) — o -lofoll¢) # 1-|1)(x]|e).

probabilistic output projector on qubit 1

¢ Physical cost: 1 per measurement.

< | Feedback? Yes.
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Some Examples

Noisy quantum computing (I'(e)QC).
Quantum system: ¢ n qubits. Hilbert space (C2)<?”.

| Observables []. o,.”.
) Initial state: |oo...o0).

¢ Physical cost: 1 per qubit.

As specified: (No memory error)
# Physical cost: 1 per g or (Threshold = 0).

Measurements: « Measurement of q Aharonov&Ben-Or'96[2]

) — o-(ofo|+Tm.o)l¥p) + 1 - (1fa|+Tm.1)[%)

Operations: Noisy universal set of one and two qubit gates.
[y /s €Xp (—z’au(i)w/S) , T2z njaexp (—iUz(k)UZ(I)W/4).

| Error Thresholds:
¢ Physical
% Feedback? Yes. Threshold(I") = sup{e | QC <0y I'(¢)QC}
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Some Examples

Standard quantum computation (QC).

Quantum system: ¢ n qubits. Hilbert space (C?)®™.

| Observables []. o,”.
) Initial state: |oo...o0).

¢ Physical cost: 1 per qubit.
Operations: Universal set of one and two qubit gates.
Example: exp (—iO‘u(i)W/S) , exXp (—iUz(k)Oz(l)W/4).
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[v) — o -loflolly) # 1-[1)(x|e)).

probabilistic output projector on qubit 1

¢ Physical cost: 1 per measurement.
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Some Examples

Destructive read quantum computation (QC,).

Quantum system: ¢ n qubits. Hilbert space (C2)<?”.

| Observables []. o,.”.
) Initial state: |oo...o0).

¢ Physical cost: 1 per qubit.
Operations: Universal set of one and two qubit gates.
Example: exp (—iUu(i)W/S) , exXp (—iUz(k)Oz(l)W/4).

¢ Physical cost: 1 per gate.
Measurements: Measurement of qubit 1.

[v) — o -loflolly) # 1-[1)(x]|e).

probabilistic output projector on qubit 1

¢ Physical cost: 1 per measurement.

< | Feedback? No.
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Some Examples

One bit QC (QC]_)_ High-temperature NMR QC: Knill&Laflamme’98[3]
Quantum system: ¢ n qubits. Hilbert space (C?)®™.
Observables []. o,”.
) Initial state:  |o)}(o| 1% /271

¢ Physical cost: 1 per qubit.
Operations: Universal set of one and two qubit gates.
Example: exp (—iUu(i)W/S) , eXp (—z’az(k>az(')7r/4).

¢ Physical cost: 1 per gate.
Measurements: Measurement of qubit 1.

[v) — o -loflolly) # 1-[1)(x]|e)).

probabilistic output projector on qubit 1

¢ Physical cost: 1 per measurement.

Feedback? No. Relationships: 0 <poy QC1 <0y QC.
D <0y QCL <y, QC ?
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Some Examples

Fermionic linear optics quantum computation (FLOQC).

Quantum system: « n fermionic modes. Hilbert space (C?)®™.
Algebra generated by annihilation ops.:
j ai,...a,. {ai,aTJ-} = 5i,ja {ai,aj} = 0.
Initial state: (0|ar;a;|0) = 0 (vacuum).

¢ Physical cost: 1 per mode.

Operations: Linear optics gates.
Particle preserving: exp (—iaaal;). (Ja] <1)
Squeezing: exp (—i(caja; + aahalj)).
Translation: exp (—i(aa; + aal;)).

¢ Physical cost: 1 per gate.
Measurements: Particle detectors.

[¥) = 0-]0)0[[¢) + 1- (1 —]0}0])]s).

¢ Physical cost: 1 per measurement.

< | Feedback? Yes.
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Some Examples

Bosonic linear optics guantum computation (eLOQC).

Quantum system: « n bosonic modes. Hilbert space /5(N)®".
Algebra generated by annihilation ops.:
j ag,...a,. [ai,aTj] = 5i,j1 [ai,aj] = 0.
Initial state: (0|ar;a;|0) = 0 (vacuum).

¢ Physical cost: 1 per mode.

Operations: Linear optics gates.
Particle preserving: exp (—iaaal;). (Ja] <1)
Squeezing: exp (—i(caja; + aahalj)).
Translation: exp (—i(aa; + aal;)).

¢ Physical cost: 1 per gate.
Measurements: Particle detectors.

[¥) = 0-]0)0[[¢) + 1-(1—]0}0])|%).

¢ Physical cost: 1 per measurement.

< | Feedback? Yes.
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Some Examples

Bosonic linear optics QC with homodyne meas. (BLOQC).

Quantum system: « n bosonic modes. Hilbert space /5(N)®".
| Algebra generated by annihilation ops.:
j ag,...a,. [ai,afj] = 5i,j’ [ai,aj] = 0.
Initial state: (0|a’;a;|0) = 0 (vacuum).

¢ Physical cost: 1 per mode.

Operations: Linear optics gates.
Particle preserving: exp (—iaaal;). (la] <1)
Squeezing: exp (—i(caja; + aahalj)).
Translation: exp (—i(aa; + aaty)).
¢ Physical cost: 1 per gate.

Measurements: Destructive homodyne detectors.

vy = [p-10)p] ).
easura(a; — af;)

& Physical| Relationship: () ~,,, BLOQC.

< !Feedback? Yes. Bartlett&Sanders&Braunstein&Nemoto’01[10]
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Faithful Simulation of QC

e Given quantum model XQC, is QC < XQC ?
Sufficient: XQC efficiently faithfully simulates QC.
Slmple falthful S|mulat|on




Faithful Simulation of QC

e Given quantum model XQC, is QC < XQC ?
Sufficient: XQC efficiently faithfully simulates QC.
General falthful S|mulat|on

Slmul. efﬁuency. . o, o N W
...poly. in QC resources, €| e@) * | ) ~ @@) H [Pn)




Zooming in on eLOQC

180

180

AT 176350

Gate model implemented: eLOQC, . (.074)
... 10 be simulated by eLOQC.

17
TOC



When Not to Expect Faithful Simulation

e Given model XQC.
e Let S be the state space of an XQC instance of cost n.
Let R C S be the set of realizable states
(obtainable conditional on meas. record).

Case 1: |R| = N = 2ro (n), Examples: Clifford, .. ..

e Theorem 1. Efficient faithful simulation requires that IV be
doubly exponential in n.

Proof: Try to simulate s qubits.
A. To cover C?" with maximum distance 1/2
requires 22 points. Knill'95[11]
B.1 Can efficiently represent 2P°Y (s) |ogical subsystems.
B.2  Number of logical points; N 2P (s)

Requires: 92%0) - nropoly (s) m
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When Not to Expect Faithful Simulation

e Given model XQC.
e Let S be the state space of an XQC instance of cost n.
Let R C S be the set of realizable states
(obtainable conditional on meas. record).

Case 2: R has an N-dim. parametrization, N = poly (n).
Examples: BLOQC, FLOQC, fLAM, ...

e ...don’t expect faithful simulatability.
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When Not to Expect Faithful Simulation

e Given model XQC.
e Let S be the state space of an XQC instance of cost n.
Let R C S be the set of realizable states
(obtainable conditional on meas. record).

Case 3: Unsuitable state space.
Example: QCI1.

e No feedback: Weaken “faithful simulatability” by allowing any
mapping of states and stat. inference of measurements.

Case 4. Only poly (n, 1/¢) e-distinguishable states.
Example: QC1.

e Theorem 2: QC1 cannot “faithfully simulate” QC,.
Ambainis&Schulmané&Vazirani’'00[12]
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Classical Simulation

e Given quantum model XQC, is () ~ XQC?

The output of a instance of XQC is
the measurement record.

o ) ~ XQC means...
There Is a probabillistic algorithm 4 such that:
Input: A instance of XQC, approx. parameter e.
(System spec., seq. of operations and measurements.)
Output: An instance of a measurement record.

e The output distribution is within e of the XQC instance’s.
e The resources used are poly(XQC instance resources).
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Nondeterministic and Counting Models

J]m(gm

4
Q ||| Lo
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Nondeterministic a ydels

1. Get resources. A specified finite-cost guantum system A.
Initial state p.
¢ Cost: C(A,p).

2. Apply operations.
Linear operator gate set.
¢ Cost: Constant per gate.

J]m@m

3. Output.
Answer to: pp = 07
¢ Cost: No additional cost.

III"I@
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.ounting Models

1. Get resources. A specified finite-cost guantum system A.
Initial state p.
¢ Cost: C(A, p).

2. Apply operations.
Linear operator gate set.
¢ Cost: Constant per gate.

J]m@m

3. Output.
Probevents): tr(pg)
¢ Cost: No additional cost.

III"I@
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(#XQC ~ ) = (XQC ~ 0)?

e Assume that #XQC ~ 0.
- Attempt to construct an efficient classical simulation of XQC.

#' XQC simulation: _ _
#' XQC simulation:
PrOKB : PrOKAr) — (s
J]m(amﬂ"' -
Output s Output r
with prob. p;. with prob. g,.

e When is this simulation efficient?

= Must be able to sample efficiently from {py:0,...,ps:S,...}.
Sufficient: Number of measurement outcomes are O(poly).
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From FLOQC to Lie Algebraic Models
#FLOQC.

Quantum system: « Lie algebra: spang(1, a;, afj, a;al;, afja;, a;a;, alialj) 1<, j<n
Commutation rules identify this as so5,, . 1C & (1)

j Initial state and representation: |vg) € TI(\, H).
Unique ground state |v)
of Hermitian H € s05,,.1C with A = (4o| H|vg)

See Barnum&Knill&Ortiz&Viola’02[13]

¢ Cost: dim(502n+1(C) + log(|)\|/|H|Ki|”ng).
() For A € 509,4.1C, t € C:  exp(A + t1).

¢ Cost: |A|Killing + log(t).
Output: tr(current state).

26
TOC



Lie Algebraic Models

Finite-dim. semisimple Lie algebras (#fLAM)

Quantum system: ¢ Finite-dimensional semisimple Lie algebra §
with “Hermitian transpose” a — a.
| ... given by basis and structure constants.
/ “Generic” H € h with HT = H.
Irreducible representation 7 with initial state |)
characterized by A with:
A = (Yo|m(H)|tho).
110) IS the unique ground state of H in 7.
... restricts \.

¢ Cost: dlm(f)) -+ 10g(|>\’/|H|Killing)-
(A) ForAeh,teC: exp(m(A)+tl).

¢ Cost: |A‘Killing + log(t).
Output: tr(current state).
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#TILAM = ()

e Theorem 3: #fLAM = (). ...real output approximated to within 27°(™),

Proof: Exhibit an efficient algorithm with
Input: h, Hermitian H € b, ground state energy .
... defines representation 7, ground state |v).
Aq,... Ay € h D (D).
2

Output: |e™AN) ™A1y
Outline:
1. Compute U = ™) ¢7(41) jn the adjoint representation.
2. Choose t large enough so that P, = e =(H)t 5 [4hg) (1)g|.
3. Compute Q; = UeA—H)tyT,
4. Obtain X € h, v such that e* ¥ = ), in the adjoint representation.
...e™X)*+ is close to a projector onto a minimum weight state |1);).
5. Use Cartan subalgebra and root system analysis
to determine « such that (7(X) 4 v)|y1) = a|v1).
6. Return e®.

e ...the m’th digit of the output can be obtained efficiently.
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Consequences of #XQC = ()

e Suppose that #XQC = (.

- Is it possible that QC < XQC?
... for bounded measurement outcomes,

this implies QC ~ 0.

- Is it possible that XQC can faithfully simulate QC?

. If the simulation is exponentially accurate,

this implies that Poly *" C Poly .
l.e. there would be an efficient classical algorithm
for counting the number of satisfying assignments.
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Bosonic LAMSs

= Lie algebraic, but not semisimple.
eLOQC versus BLOQC | s infinite dim.

Quantum system: Lie alg f): Span@(]l, a;, a’j, aiaTJ-, aTjai, a;a;, aTiaTj)lgi,jgn

i, aj] = d; 5, [, &) =0, [af,af] =0,...
j Representation 7 and initial state |0):
|0) is the unique ground state of n in 7.
n|0) = 0. (n =5, afvax)

‘ PhyS|Ca| COSt |H‘generators.

Measurements: eLOQC BLOQC
Particle detectors: Electric fleld measurement:

0 - |0){0] Jp - Ip)pl.
+ 1-(1—]0)%0J).

< | Feedback? Yes.

?Operaﬁons: For H Hermitian in h: exp —iH.
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Bosonic LAMs
eLOQC versus BLOQC

eLOQC BLOQC
Particle detectors: Electric field measurement:
00340l J, 0+ |p)pl.

+ 1-(1—]0)0J).
o What explains BLOQC ~ () but eLOQC ~ QC?

e BLOQC measurement projectors are Lie algebraic:
From (J0}(0] = lim,_.oc ™) to [p),(p|
... by squeezing and shifting:
|p>kk<p| = limg oo o~ 1PP o~ (aak—alal )t , —nis o (akak—alal k)t ,ipp

€ closure of exp(h)

e eLOQC:
(1 —10)%0]) is not in the closure of exp(h).
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Summary

D < < C
A Qci1 <
BLOQC, #BLOQC ['(€ < €pen) QC
s
BLOQC noop
#'Clifford < Bgrztple?t%&Sanders’OZ[m] Rausse”dOVf&Sigige?:,ggﬁg

FLAM(|v)) eLOQC

Monoid(M,,, [1,), .. .)
Group(G,, > N,,...)

o Lots of room for exploration ...

Have fun!
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