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2D MHD Equations

L Introduction

Introduction

The standard 2D incompressible MHD equations can be written as

ur+u-Vu=—-Vp+vAu+b-Vb,
bt +u-Vb=nAb+ b -Vu, (1)
V-u=0, V-b=0,

where u denotes the velocity field, b the magnetic field, p the
pressure, v > 0 the viscosity and 1 > 0 the magnetic diffusivity

(resistivity).
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2D MHD Equations
L introduction

The MHD equations model electrically conducting fluid in the
presence of a magnetic field. The first equation is the
Navier-Stokes equation with the Lorentz force generated by the
magnetic field and the second equation is the induction equation

for the magnetic field.

The MHD equations model many phenomena in physics, especially,
in geophysics and astrophysics. The MHD equations have been
studied analytically, numerically and experimentally. Many books

and papers have been written on them.

o
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2D MHD Equations
L introduction

Mathematically the 2D MHD equations may serve as a
lower-dimensional model of the 3D hydrodynamics equations.
They are naturally the next level of equations to study after the 2D
Boussinesq equations. Due to the strong nonlinear coupling, it can
be extremely challenging to deal with some of mathematical issues

even in the 2D case.
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2D MHD Equations
L introduction

We will focus on the 2D MHD equations with partial or fractional
dissipation. For this purpose, we write the MHD equations in more
general forms. The first one is the anisotropic MHD equations,
U +u-Vu=—Vp+ v+ vauy,, +b-Vb,
by +u-Vb=m1bx +mby,, +b-Vu, (2)
V-u=0, V-b=0,
where v1 > 0, > 0,71 > 0 and 72 > 0. (2) will be called
anisotropic MHD equations. When v; = v, and n1 = 12, (2)

becomes the standard MHD equations.



2D MHD Equations
L introduction

Another generalized form is the MHD equations with fractional
dissipation, replacing the Laplacian by fractional Laplacians,

namely
ur+u-Vu=-Vp—v(-A)*u+b-Vb,
by +u-Vb=—n(—A)b+b-Vu, (3)
V.u=0 V-b=0,

where 0 < «, 8 < 1, and the fractional Laplacian can be defined by

the Fourier transform (or through Riesz potential),
(—R)F(€) = [g[*F(£).

This system will be called fractional MHD equations.



2D MHD Equations
L introduction
We consider the initial-value problems of the MHD equations with
the initial data
u(x,0) = up(x), b(x,0) = bo(x).

What we care about is the global regularity issue: Do these IVPs

have a global solution for sufficiently smooth data (ug, by)?

The global regularity problem on the 2D MHD equations has
attracted considerable attention recently from the PDE community

and progress has been made.



2D MHD Equations
L introduction

Consider the following seven cases:
B =wn=mn =1n =0, ideal MHD

myv;>0,v>0n>0andn >0,

MHD with dissipation and magnetic diffusion
By =1>0n=1nn=0

dissipation but no magnetic diffusion

B >0,1m>0 v =1n=0

magnetic diffusion but no dissipation
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2D MHD Equations
L introduction

myv;>0andn >0
horizontal dissipation and vertical magnetic diffusion
vp>0andn >0
vertical dissipation and horizontal magnetic diffusion
mrv; >0 and 7 >0

horizontal dissipation and horizontal magnetic diffusion
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2D MHD Equations
L introduction

One general idea for proving the global (in time) existence and
uniqueness. This is divided into two steps:

1) Local existence and uniqueness. This is in general done by the
contraction mapping principle for

f(t) = G(f(t)) )+ fo )) d7. This usually requires that
the time interval is small.

2) Global bounds and the extension theorem. The nonlinear term

is treated as bad part and the dissipation as good part.



2D MHD Equations
L Ideal MHD equations

e |deal MHD equations

Ideal MHD equations:

u+u-Vu=-Vp+b-Vbh,
b+ u-Vb=b-Vu, (4)
V-u=0, V-b=0,
U(X,yvo)ZUO(va)v b(Xv.yaO):bO(Xay)'
The global regularity problem remains open, although we do have

local well-posedness and regularity criteria.
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2D MHD Equations
L 1deal MHD equations

Theorem

Given (ug, bo) € H*(R?) with s > 2. Then there exists a unique
local classical solution (u, b) € C([0, To); H®) for some Ty > 0. In
addition, if

.
[ Gl + 1) e < o

for T > Ty, then the solution remains in H® for any t < T.

The L*°-norm can replaced by BMO or Bgo,oo
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2D MHD Equations
L 1deal MHD equations

Why is the global regularity problem hard? The global L2-bound
for (u, b) follows directly from the MHD equations

lu(t)IIZ2 + [16(E)I1Z2 = lluolIZ> + [l bolIZ-

But global bounds for any Sobolev-norm appear to be impossible,
for example, the H'-norm. Consider the equations of w =V x u

and j =V x b,

wt+u-Vw=>b-Vj,
je+u-Vj=b-Vw+ 28Xb1(8yu1 + 8XU2) — 28Xu1(8yb1 + 8Xb2)
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2D MHD Equations
L 1deal MHD equations

Clearly,

1d . .
5ot (el + 1) =2 [ jocbidyum -+

Since there is no dissipation, we need

T T
/ wlloo dt < 00 or / oo dt < o0
0 0

in order for this differential inequality to be closed. To bound

Sobolev norms with more than one derivative, we need both.
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2D MHD Equations
L 1deal MHD equations

In fact, for Y = ||u(t)||2,s + ||b]|%s.

d
5 Y () = C(IVullpee + VD] Y(2)-

Then one uses the logarithmic inequality,
IVullie < C (1wl t|wle log™ ullwsin),  p € (1,00), s>d/p

Then

Ly (t) < (el + =) V(1) Tog" Y (1)

To get a stronger regularity criterion, one uses BMO or Bgo,oo,

1]l < C(1+ | fllmo log™ |fllwsr), p € (1,00), s> d/p.
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2D MHD Equations
L_Fully dissipative MHD equations

e Dissipative MHD equations

Fully dissipative MHD equations:

ur+u-Vu=—-Vp+vAu+b-Vb,
bi+u-Vb=nAb+b-Vu,
V-u=0, V-b=0.

The global regularity can be easily established.

Theorem

Let (ug, bg) € H'(IR?). Then there exists a unique global strong

solution (u, b) satisfying, for any T > 0,
u, b€ L>=([0, T; HY(R?)) N L3([0, T]; H*(R?))
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2D MHD Equations
LFuIIy dissipative MHD equations

The global regularity problem for the ideal MHD equations is
extremely difficult while the problem for the fully dissipative MHD
equations is very easy. Naturally we would like to consider the

cases with intermediate dissipation.
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2D MHD Equations

L Dissipation only

e Dissipation only

The 2D MHD equations with no magnetic diffusion:

us+u-Vu=—-Vp+vAu+ b-Vb,
b+ u-Vb=b-Vu,
V-u=0, V-b=0,

where v > 0. The global regularity problem remains open.
The dissipation is NOT enough for global bounds in Sobolev

spaces.

Again we have the global [2-bound

t
lu(E)IZ> + b2 +/0 IVu(r) 12 dr = |luol|Z2 + [l boll -
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2D MHD Equations
LDissipation only

To consider the H-norm, we use the equations for w = V x u and
j=V xb,

wt+u-Vw=vAw+ b-Vj,

Jjet+u-Vj= b-Vw+ 28Xb1(8yu1 + aXUQ) — 28Xu1(8yb1 + 6Xb2).

1d

o (el L) + vVl = 2 [ jOubadyun+ -

To close the inequality, we need

T T
/ V]| e dt < 00 or / o]l oo dt < o0
0 0



2D MHD Equations
LDissipation only

Even the global existence of weak solutions is unknown. The

standard idea does not appear to work:

1) Mollify the equations and the data to obtain a global smooth
solution (u", bN);

2) Obtain uniform bounds, for any fixed T >0, s > 2,

uN e 100, T; L2) N L2(0, T; HY), 8N e L°(0, T; H™S),

bV e (0, T; 12), 86N € [0, T; H~%);

N
N
-
[
N



2D MHD Equations
LDissipation only

3) Apply the local version of the Aubin-Lions Lemma

uV s uoin 120, T;L2)),

b — b in 120, T;H2) (6 >2)

loc
The trouble is that this does not allow us to pass to the limit in
bV . vb — b.Vb

in the distributional sense.



2D MHD Equations

L Dissipation only

e Global solutions near equilibrium

Some very recent efforts are devoted to global solutions near an
equilibrium. Progress has been made:
m F. Lin, L. Xu, and P. Zhang, Global small solutions to 2-D
incompressible MHD system, arXiv:1302.5877v2 [math.AP] 4
Jun 2013.
m X. Ren, J. Wu, Z. Xiang and Z. Zhang, Global existence and
decay of smooth solution for the 2-D MHD equations without
magnetic diffusion, J. Functional Anal. 267 (2014), 503-541.
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2D MHD Equations
LDissipation only

m J. Wu, Y. Wu and X. Xu, Global small solution to the 2D
MHD system with a velocity damping term,
arXiv:1311.6185v1 [math.AP] 24 Nov 2013.

m T. Zhang, An elementary proof of the global existence and
uniqueness theorem to 2-D incompressible non-resistive MHD

system, arXiv:1404.5681v1 [math.AP] 23 Apr 2014.

m X. Hu and F. Lin, Global Existence for Two Dimensional
Incompressible Magnetohydrodynamic Flows with Zero
Magnetic Diffusivity, arXiv: 1405.0082v1 [math.AP] 1 May
2014.



2D MHD Equations

L Dissipation only

Why near an equilibrium?

Mathematically, the lack of magnetic diffusion makes it extremely
difficult to obtain global solutions, even small global solutions.
Rewriting the equations near equilibrium generates favorable terms.
Since V- b =0, write b = V¢ = (—0,, 0x)¢ and

us+u-Vu=—-Vp+vAu+Vte - VVie,

¢t +u- V(b = 07

V-u=0.

Clearly, (u,¢) = (0,y) is a steady solution.
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2D MHD Equations
LDissipation only

Setting ¢ = y + ¢ yields

O +u-Vib+up =0,
Oty + u-Vuy —vAuy + 0100¢ = —01p — V - (019 VY)),
Ot + u-Vup —vAus + 851/1 =—0p—V- (821/JV¢)

(5)

The aim is to look for global small solutions of this system.



2D MHD Equations
LDissipation only

The work of Lin, Xu and Zhang reformulated the system in

Lagrangian coordinates. More precisely, they define

Y(th? t) :X(vav t)_ (Xv)/)a

where X = X(x,y, t) be the particle trajectory determined by u.

Y satisfies
Yee — AY, = O2Y = f(Y,q(y)), q=p+|Ve]

They then estimate the Lagrangian velocity Y; in LlLipy, using
anisotropic Littlewood-Paley theory and anisotropic Besov space

techniques.



2D MHD Equations
LDissipation only

Due to their use of the Lagrangian coordinates, they need to
impose a compatibility condition on the initial data 1, more
precisely, Oy 1o and (1 4+ 0y, 1p, —Ox1g) are admissible on 0 x R and
suppdyYo(-,y) C [—K, K] for some K.

Oyt and (1 4 0y, —Oxto) are admissible on 0 x R if
/ Oytho(X(a, t))dt =0 forallac 0 xR.
R

where X is the particle trajectory defined by (1 + 910, —0x0).



2D MHD Equations
LDissipa\tion only

Given ug and 1)y satisfying (ugp, Vibg) € H* N HS with s; > 1,

s €(~1,-%) ands > 51 + 2, and
VYollgsz < 1, [(V%o, uo)ll sy +1n 55 + 18y %0l gsit2 < €0

for some €g small. Assume that 0,1g and (1 + 0y, —Oxto) are
admissible on 0 x R and 0y1o(-,y) C [-K, K] for some K. Then
the 2D MHD equations with no magnetic diffusion has a unique

global solution (1, u, p).
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2D MHD Equations
LDissipation only

LSmall global solution and decay rates

Work of X. Ren, J. Wu, Z. Xiang and Z. Zhang

X. Ren, J. Wu, Z. Xiang and Z. Zhang, Global existence and decay
of smooth solution for the 2-D MHD equations without magnetic

diffusion, J. Functional Anal. 267 (2014), 503-541.

The aim here is twofold: 1) to do direct energy estimates without
Lagrangian coordinates and remove the compatibility assumption;
2) to confirm the numerical observation that the energy of the
MHD equations is dissipated at a rate as that for the linearized

equations.
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2D MHD Equations
LDissipa\tion only

LSmaII global solution and decay rates

| Definition |

Let 0,s € R. The anisotropic Sobolev space I:I"’S(R2) is defined by

Hoe(R2) = {F € /(B : [l < +o0 ),
where

11l ges = ||[{272 1880 F 12,

Iz

or

1

Il = | [ 168 RN o]



2D MHD Equations
LDissipa\tion only

LSmaII global solution and decay rates

Assume (Vo, ug) € H8(R?). Let s € (0, 3). There exists a small

positive constant € such that, if, (Vibo, ug) € H=5~5 N H=*8(R?),

and

1(Veo, uo)ll ke + [(Vebo, wo)l —s.—s + [I(Vebo, wo) | s < €,
then (5) has a unique global solution (1, u) satisfying

(Vip, u) € C([0, +o0); HE(R?)).
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2D MHD Equations
LDissipation only

LSmall global solution and decay rates

Theorem

Moreover, the solution decays at the same rate as that for the

linearized solutions,
105V 2 + 185wz < Ce(l + t)~°F,

for any t € [0,4+00) and k = 0,1, 2.

34 /112



2D MHD Equations
LDissipa\tion only

LSmaII global solution and decay rates

Ideas in the proof: First, we consider the linearized equation

Consider the linearized equation

Orur — Auy — O x,¥ =0,

Orr — Aup + axmw =0,

Ot + up =0,

u(x,0) = up(x), ¥(x,0) = o(x).
Assume (Uo, Vi/)o) € H* and ’D1|75U0 € H*s and |D1‘7SV1/10 €
H'ts for s > 0, then, for k =0,1,2,

10X ull 2 + 0K Vep|l2 < C(1+ ).



2D MHD Equations
LDissipation only

LSmall global solution and decay rates

Proof. For ¢1 > 0, define

Do(t) =[lullf> + IV ullfa + IVHIIZ + I V2$lI72 + 261 (u2, Vi),
Ho(t) =1V ull72 + [IV2ull72 + 1| Vo117 — e1l| V|72 — e1(Auz, Av).
Es(t) =[|D1| 2 ull2 + |1Vl 72

+ 1D D]~ ul| T2 + ||DI***|D1| V|72

We can show

SDo(t)+ CHo(t) <0, TE(n)<0.
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2D MHD Equations
LDissipation only

LSmall global solution and decay rates

By interpolation inequalities,
Do(t) < E(t) ™ Ho(t) 5, Ho(t) = Eo(0) Do(t)***.
Thus,

9 Do(t) + C Eo(0)2 Do(t)+ < 0.

E(t) < (E(0)": + C(s)t) ™ = Ep (E&C(s)t + 1) o

37 /112



2D MHD Equations
LDissipation only

LSmall global solution and decay rates

We return to the full nonlinear system

O +u-Vip+up =0,
Octn +u-Vuy —vAu + 0100 = —1p— V- (8177[)V7,Z)),
Ottp +u-Vur — vAur + 6%¢ = —0p — V- (020 V).

(6)

The frame work to prove the global existence of small solutions is

the Bootstrap Principle.
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2D MHD Equations
LDissipa\tion only

LSmaII global solution and decay rates

T. Tao, Local and global analysis of dispersive and wave equations,

p.21.

Lemma (Abstract Bootstrap Principle)

Let I be an interval. Let C(t)and H(t) be two statements related to
t € I. If C(t) and H(t)satisfy

a) If H(t) is true, then C(t) is true for the same t,

(a)
(b) If C(t1) is true, then H(t) is true for t in a neighborhood of ti,
(c) If C(tx) is true for a sequence t, — t, then C(t)is true,

)

(d) C(t) is true for at least one ty € I,

then, C(t) is true for all t € I.
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2D MHD Equations
LDissipation only

LSmall global solution and decay rates

What we do here is to:
1) obtain decay rates under the assumption that the solution is
small;

2) show that the solution is even smaller if the initial data is small.

Then the Bootstrap principle would imply that the solution remain

small for all time.
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2D MHD Equations
LDissipation only

LSmall global solution and decay rates

We use anisotropic Sobolev and Besov spaces due to the
anisotropicity,
U — Aut — 8)2<U =0

The characteristic equation satisfies

N4 EPA+ € =0,

Pyl -4

£ 2

which has two roots

As [¢| — o0,
& { -1, [~ &l
)\_ % > 9 9
O ez~ Lo, 16> )
The dissipation is weak in the case of |£] > |&y].
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2D MHD Equations
LDissipa\tion only

LSmall global solution and decay rates

If (u, V))satisfies

[(u(t), Vip(t))ll s < 6
for some § > 0 and for t € [0, T|, then we can show

d
EDO + CHy <0 fortel0,T].



2D MHD Equations
LDissipation only

LSmall global solution and decay rates

Define For | = 1,2, we define

Di(t) = D 22%(|AjALullE + |1 A;ALV Ul + |A ALV
J.k
DALV T2 + 261 (D AR, A ARAY)),

Hi(t) = Y 2251885Vl + 188V ul[7 + e1]| A5V o117
J.k
— 188V w2 || T2 — e1(DjARA W, DARAY)).
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2D MHD Equations
LDissipa\tion only

LSmall global solution and decay rates

Let e(t) = ||(u, V)| perp-s.i—snp-ss- If

sup e(t) <é
te[0,T]

for some sufficiently small §, then

%D,(t) + CH(t) <0, tel0, T]
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2D MHD Equations
LDissipa\tion only

LSmall global solution and decay rates

We further define
Eesy = (u, V)12 oy + 1I1(u, VO)IIZ s sy

557[((1‘) = Es70(t) + Es7s+k(t).

Assume, for k =0,1,2,

sup e(t) <4, sup esk(t) < Cé2,
te[0,T] te[0,T]

then

I+s
10L, (1, V)|l 2 + (18, (Y, V2) || 2 < C(1+£) ™5
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LDissipa\tion only

LSmall global solution and decay rates

If

e(o) = H(u07v¢0)‘|H80H—5,8mH—5,—5 S rO,

then (u, V1) satisfies

E(t) = ||(u7vw)”HSQHfs,Smes,fs S 2r0

We can choose ry to be sufficiently small so that 2rg < 6.
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LDissipaticm only

L Small solutions for a system with damping

e Global small solutions for a damped system

J. Wu, Yifei Wu and Xiaojing Xu, Global small solution to the 2D
MHD system with a velocity damping term,
arXiv: 1311.6185 [math.AP] 24 Nov 2013.

Consider the following 2D MHD equation

Oili+1-Vi+ i+ VP =—div(VoaVe), (t, x,y)€Ry xR2
0tp+1-Vo=0,

V.7=0,

lle=1 = to(x, ¥),  Ple=1 = do(x, ¥),

where 4 = (u, v).
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LDissipation only

LSmall solutions for a system with damping

Letting ¢ = y + ¢ in (6) yields

Oru + uOxu+ voyu+ u+ O P = — Ao,

Otv 4+ udxv +voyv + v + 8yl~3 = —AyY — Ao, 1),
Ot + u0x) + vy + v = 0,

Oxu+0,v =0,

(8)

where P = P + $IVe|2. By V- i =0,

AP = -V - (i-Vi) - V- (ApV) — Ad,p.
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2D MHD Equations

LDissipation only
LSmall solutions for a system with damping

Therefore, (32) can be written as

atu—ku—axyw: Nla (9)
Orv + v+0uth = No, (10)

Oth + v = —udsh) — vO, 1), (11)

where

Ny = —i-Vu+ A7V (i-Vii) — Ay dap + ATV - (AY V),

Ny = —ii-Vv+9,A7V - (i- Vi) — Ay dyp + 0, A7V - (A V).
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LSmall solutions for a system with damping

Taking the time derivative leads to

(Opeu + Opu — Ot = Fi,
Ov + O0tv — Oxxv = Fo,
Ortth + Oy — Oxxth = Fo, (12)
dle=1 = do(x, y), Gele=1 = ta(x, y)

Yle=1 = Yo(x, ¥), Vtl=1 = Y1(x, y),

where iy = (u1(x, y), vi(x, ¥)), %o = ¢o — y, and

uy = (_U + 8xyw + Nl)‘t:la
vi = (v — O0uth + No)|i=1,
Y1 = (—udxp — vOyp — v)|t=1,
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LDissipation only

LSmall solutions for a system with damping

and

Fo=—i-Vip—0y(d- Vip)—No,
F1 = 0¢Ny — Oy (4 - V),
Fo = 0N + aXX(U' V’(/J)
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LSmall solutions for a system with damping

We consider the linear equation
Ot ® + 0t P — 04 ® =0, (13)
with the initial data
®(0,x,y) = ®o(x,y), ®:(0,x,y) = P1(x,y)-
Taking the Fourier transform on the equation (13), we have
0p® + 0:® + £d =0, (14)
where the Fourier transform ® is defined as

d(t,&,m) = /R2 etV (t, x, y) dxdy.



2D MHD Equations
LDissipation only

LSmall solutions for a system with damping

Solving (14) by a simple ODE theory, we have
N 1/ (14, /i _1_ fi_ —~
o(t,&,n) =§<e( ) o \/F)t)%(«f,n)

1 (—14 /1)t (_1_\/f§2)t
4+ = (e T2TVa — 727V
2 /% _ 52 ( )

(%@(&nﬂ@(é,n))-
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LSmaII solutions for a system with damping

Let the operators Ko(t, dx), Ki(t, Ox) be defined as

Kalt, B)f (1,6 m) = 5 (V) 4 V5 6,
and

Ki(E. (e 6m) = —— (e FHVEE)_(i/i0)1)

where \/—1 = |.
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LSmall solutions for a system with damping

Therefore, the solution ® of the equation (13) is written as
®(t,x,y) = Ko(t, 0x)Po + Ki(t, 3x)(%¢o + ).
Moreover, consider the inhomogeneous equation,
0t ® + 0t P — 0® = F, (15)

with initial data ®(1,x) = ®g, 0:P(1,x) = $;.
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LSmall solutions for a system with damping

Then we have the following standard Duhamel formula,
1
q)(tvxa}/) :KO(t>8X)(D0+ Kl(ta aX)(ECDO_"CDI) (16)
t
+/ Ki(t — 5,00)F (s, x, y) ds. (17)
1

The rest of the proof is to apply this formula to rewrite (12) and
then verify the continuity principle. We will need the following

estimates on Kp and Kj.
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LSmaII solutions for a system with damping

Lemma

Let Ko, K1 be defined in Definition (4.10), then

H’f‘ K HLq (lel<t )Nt 2t , for any a > 0,
1<g<o0,i=0,1.

< l-3
) HLq |£‘<1)Nt a, =0, 1

|K tf‘<e 3t , for any [£| >

4) (&)~ 19, Ko(t,

) ||o:Ki(t
>1 =01

Ku(t,€)| S e 2%, for any [¢] > 1.
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LSmall solutions for a system with damping

Let Xy be the Banach space defined by the following norm
(g0, o) llx, = (V)™ (o, Vo).,
+ (V) (do, o)lly, + IKV)*H (@, v1)ll1y, s

where (V) = (I — A)%, N > land a+ denotes a + € for small
e> 0.

The solution spaces X is defined by

1. ) x = sup { < (TYM(a(e). Vi()a + ()02

1 3 5 3
+ (V)2 + 62 9ctlloo + E41(V) Btz + £ | Broctl
2300 + 3 (V)Oeii2 + ) (V)Oxiloc + 31060V 2 }
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LSmaII solutions for a system with damping

Our main result can be stated as follows:

Theorem

There exists a small constant € > 0 such that, if the initial data
satisfies ||(do, 10)|x, < €, then (6) possesses a unique global
solution (u, v, ¥) € X. Moreover, the following decay estimates

hold

— _3 _1
lu@®llie Set™ (Bl Set™2r ()l Set™2.
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LSmaII solutions for a system with damping

The proof of this theorem relies on the continuity argument.

Lemma (Continuity Argument)

Suppose that (i, 1) with the initial data (dg, 1o), satisfies

(@, ¥)llx S (o, o)llx, + C 1, )5 (18)

with 8 > 1. Then, there exists ry such that, if

[(do, ¥o)llx, < ro,

then ||(d, ¥)lIx < 2ro.
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LSmaII solutions for a system with damping

Let K(t,0x) be a Fourier multiplier operator satisfying

H@(R@HL;(@S%) < 00, HR(tvé)HLgoqaz%) <oo, az0.

Then, for any space-time Schwartz function f,

HBSK(t,BX)fHL%? 5(‘}@“5)“%055%) + HR(t’f)HLgoqaZ%))
x (V) <o, f (19)
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LSmall solutions for a system with damping

Lemma

For any s > 1,

1_, N
UVPIVI=Fuls, )y, S sT2° @ IR (20)
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LSmall solutions for a system with damping

Using the Duhamel formula, namely (16),

t
dj(tv X,_)/) = KO(ta 3x)1/)0 + Kl(ta ax)(%lbo + 77ZJ1) +/1 Kl(t -5, aX)FO(5

Therefore,
1
(V)0 lloo S NIV Ox Ko(t) 0l o + [1(V) O K1 (£) (5 %00 + 91l oo

1 [ D0kt~ (515
By Corollary 4.13 and Lemma 2,
[1{V)Oxx Ko(t) 0]l
< (19Ro(t, )llizqer<ty + 1Kot llxeps 1) 119+ Oyl

3 3
S (72 4+ e ) V) ool S 72 I{V) 0]l x-
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LSmall solutions for a system with damping

Since the estimates for Ky and Ki are the same, we also have

{9 ka () 500+ 1)loe < £ [[(V)F (G0 + 41) |,

Moreover,

< [ 10akalt ) (V)5 s
1

/1t(V>8XXK1(t —s) Fo(s) ds

o0

t

< / 0wKa(t — 5) (V) Fo(s)lloe s + / 10Kat — 5) (V)04 Fo(s) o d
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L Magnetic diffusion only

e Magnetic Diffusion only, ;1 =1, =0, 19 =1, >0

The 2D MHD equations with no dissipation:

ur+u-Vu=-Vp+b-Vb,
bt +u-Vb=nAb+b-Vu, (21)
V-u=0, V-b=0,

The global regularity problem remains open.
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Global weak solutions have been established

Theorem

Let x > 0. Let (up, bg) € H*. Then (21) has a global weak

solution (u, b) with

(u, b) € L=(]0, 00); HY).
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In this case, we can show that (u, b) admits global H-bound.

wt+u-Vw=vAw+ b-Vj,
jt+u-Vij=b-Vw+ 28Xb1(8yu1 + 8XU2) — 28Xu1(ayb1 + 8Xb2).
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1d

5 HWH2 /b Vjw dxdy,

1d . ) .

2|djt|2+77||VJH§:/b-ijdxdy+ 2 /J@Xblaxuzdxder"'
Since

/b‘ijdxdy—i—/b-chjdxdyzO7
we have, for X(t) = [lw(t)|3 + [Li(t)[13,

d X(t)
dt

+20|IVjlz < ClIVull2 Vbl [,
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IVull2 = llwll2s  [Vblla < llillas  11E < ill2 V1l
and Young's inequality, we find

d X(t) . C . .
— T IVilz < gIIwH% 13 +n V413

In particular,

d X(t)
dt

. C .
+0[IVjl3 < EHJHE X(t).
By Gronwall’s inequality,

x(©)+u [ IViIBdr < X(0) e (g N dT).
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Remark. It remains open whether or not two H!-weak solutions
must coincide.
Remark. It remains open whether or not the H'-weak solution

becomes regular when (ug, bg) is more regular, say (up, by) € H2.

The global regularity problem for the 2D MHD equations with only

Laplacian magnetic diffusion remains open.
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The main difficulty is the lack of the global bound for ||w|| e,

although we do have global LP-bound.

Proposition
For any p € (2,00) and q € (2,00), the solution (u, b) obeys, for
any T >0,

|wl oo (o, 7:0) < C, 16/l Lago, 7:w2p) < C,

where C is a constant depending on p,q, T and the initial data

only.

It is not clear how ||w||.» depends on p.
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L MHD equations with (—A)® b with 8 > 1

e Global regularity for MHD equation with (—A)“b

Consider

Oiu+u-Vu=—-Vp+b-Vb, xecR? t>0,
Otb+u-Vb+ (—=A)Pb=b-Vu, xcR? t>0,
V-u=0, V-b=0, xecR?t>0,

u(x,0) = up(x), b(x,0) = bo(x), x €& R?

(22)
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L MHD equations with (—A)8b with 8 > 1

C. Cao, J. Wu, B. Yuan, The 2D incompressible
magnetohydrodynamics equations with only magnetic diffusion,

SIAM J Math Anal., 46 (2014), No. 1, 588-602.

Q. Jiu and J. Zhao, A Remark On Global Regularity of 2D
Generalized Magnetohydrodynamic Equations, arXiv:1306.2823
[math.AP] 12 Jun 2013.
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L MHD equations with (—A)8b with 8 > 1

Theorem (C. Cao, J. Wu and B. Yuan)

Consider (22) with 3 > 1. Assume that (ug, by) € H*(R?) with
§s>2,V-ug=0,V-by=0andjo=V x by satisfying

Vol e < 0.

Then (22) has a unique global solution (u, b) satisfying, for any
T >0,

(u,b) € L=([0, T]; HS(R?)), Vj e LY([0, T]; L>°(R?))

where j = V X b.
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e 2D MHD with 15, > 0 and 7; > 0

The 2D MHD equations with vertical dissipation and horizontal

magnetic diffusion

us+u-Vu=-Vp+vuy,, +b-Vb,
bt +u-Vb=nbw+ b-Vu,
V-u=0, V-b=0.

C. Cao and J. Wu, Global regularity for the 2D MHD equations
with mixed partial dissipation and magnetic diffusion, Advances in

Mathematics 226 (2011), 1803-1822.
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L Vertical dissipation and horizontal magnetic diffusion

Theorem

Assume ug € H?(R?) and by € H*(R?) with V - ug = 0 and

V - by = 0. Then the aforementioned MHD equations have a

unique global classical solution (u, b). In addition, (u, b) satisfies
(u, b) € L=([0, 00); H?),

wy € L2([0,00); HY), j € L*([0, 00); HY).
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The main efforts are devoted to global a priori bounds in H! and

H2. We need a lemma.

Assume that f, g, g,, h and hy are all in L(R2). Then,

//|fgh| dxdy < C ||Flli2 N1l gy 12 14122 1l 42
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L Vertical dissipation and horizontal magnetic diffusion

H'-bounds

If (u, b) is a solution of the aforementioned MHD equations, then
2 2 ' 2 ‘ 2
lw(®)[l2 + [Li(8)]2 + v /0 laoy (T2 dT +1n /0 lix(T)l2 d7

< C(v,n) (lwoll3 + liol2)

where C(v,n) denotes a constant depending on v and n only,

wozvxanndj():VXbo.
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L Vertical dissipation and horizontal magnetic diffusion

H?-bounds

Proposition

If (u, b) is a solution of the aforementioned MHD equations, then

t t
IIVw(i?)||§+IIVJ'(t“)H%ﬂLV/0 IVey ()13 dT+n/O IVjx(7)I12 d7

< C(v,n,t) (IVwol3 + 1Vjoll3)

where C(v,n, t) depends on v, n and t only.
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L Horizontal dissipation and vertical magnetic diffusion

e 2D MHD with v; > 0 and 7, > 0

The 2D MHD equations with horizontal dissipation and vertical

magnetic diffusion

up+u-Vu=—-Vp+vuxw+b-Vb,
by +u-Vb=mnby,, +b-Vu,
V-u=0, V-b=0.

For any initial data (uo, bo) € H?, this system of equations also

possess a unique global solution.
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In fact, the case v uy and by, can be converted into the case

vuy, and nb,y. Set

Ui(x,y,t) = w(y,x, t), Ux(x,y,t)=ui(y,x,t),
Ba(x,y,t) = by, x, 1), Bi(x,y,t) = ba(y, x, 1),
P(x,y,t) = p(y, x t).
Then U = (U, Uz), P and B = (Bi, By) satisfy
Us+U-VU=-VP+vU,+B-VB,
Bi+U-VB=1By+B VU,

V-U=0, V-B=0.
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L Horizontal dissipation and horizontal magnetic diffusion

e 2D MHD with v; > 0 and 7; > 0

The 2D MHD equations with horizontal dissipation and horizontal

magnetic diffusion

Otu+u-Vu=—-Vp+ Oxu—+b-Vb,
Otb+u-Vb=0xb+ b-Vu, (23)
V-u=0, V-b=0,

where we have set 11 =11 = 1.
The global regularity for this case is almost obtained, but this case

appears to be very difficult.
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L Horizontal dissipation and horizontal magnetic diffusion

Theorem (Expected Theorem)

Assume that (ug, by) € H*(R?), V- ug = 0 and V - by = 0. Then,
(23) has a unique global solution (u, b) satisfying, for any T >0
andt < T,

u, b€ L=([0, T]; H3(R?)), dyu, dxb € L*([0, T]; H*(R?)).
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L Horizontal dissipation and horizontal magnetic diffusion

References

C. Cao, D. Regmi and J. Wu, The 2D MHD equations with
horizontal dissipation and horizontal magnetic diffusion, J.

Differential Equations 254 (2013), No.7, 2661-2681.

C. Cao, D. Regmi, J. Wu and X. Zheng, Global regularity for the
2D magnetohydrodynamics equations with horizontal dissipation

and horizontal magnetic diffusion, preprint.
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The major effort is devoted to obtaining global bounds. We have

global bound for the L?-norm:

t t
lu(6)]3 + [b(D)I3 + 2 /0 |0xu(r)|3dr +2 /0 |0.b(r)|Bd

= [luoll2 + Il boll3

The trouble arises when we try to obtain the global H'-bound. If

we resort to the equations of w and j = V x b,

Oww + u-Vw = 02w+ b-Vj,
O +u-Vj=0%+b-Vuw
—i-anbl(aXUz + 8yU1) — 28Xu1(axb2 + 8yb1),
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L Horizontal dissipation and horizontal magnetic diffusion

1d . .
> (l3 + 1) + w3 + 104713

=2 /j (8Xb1(8xuz + 8yul) — 28Xu1(8xb2 + 8yb1)) dxdy.

If we use the anisotropic Sobolev inequalities stated in the previous

lemma,

1 1 1 1
/ / I g hl dxdy < C IIfll2 llgl g II2 14113 [1Aell3,

two terms can be bounded suitably. But [ jdyb10,u1 and

[ jOxu1 D, by can not be controlled.
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L Horizontal dissipation and horizontal magnetic diffusion

If we do know that

]
/ (o, B) 2 dt < oo, (24)
0

then

‘/]8 b18 u1+/18 u18 b1

+C (w1, br)l3 (ol + [1712) -

> (1013 + 13)

Then we can close the differential inequality and get a global
bound for ||wl3 + |lj[|3. (24) also allows us to get a global bound
for || Vw|3 + [ V3
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L Horizontal dissipation and horizontal magnetic diffusion

It appears to be extremely hard to prove (24) directly. Motivated
by our recent work on the 2D Boussinesq equations with partial
dissipation,

C. Cao and J. Wu, Global regularity for the 2D anisotropic
Boussinesq equations with vertical dissipation, Arch. Rational
Mech. Anal. 208 (2013), 985-1004,

we bound the L"-norm of (uy, by) suitably.

Theorem

Let (u, b) be a solution of (23). Let 2 < r < co. Then,

[(u1, b1)(t)[[Lr < Bo v/ rlog r + Ba(t), (25)
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L Horizontal dissipation and horizontal magnetic diffusion

The proof of this bound uses the symmetric structure of (23),

namely

wt=u+b

satisfies

Oewt + (w™ - V)wt = —Vp+ 22w,
Oew™ + (wt - V)w™ = -Vp+ 2w, (26)
V-wh=0, V-w =0.

We then bound ||wj"| ..
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L Horizontal dissipation and horizontal magnetic diffusion

Multiplying the first component of the first equation of (26) by

wi|w;"|?~2 and integrating with respect to space variable, we

obtain, after integration by parts,

1d _
e g1 1B+ @ = 1) [ o Plu P2

= (2r = 1) [ ponwy i P2 (27)

The main effort is devoted to bounding the pressure. If we knew

)
| 1ol de < o,
0

then we can easily show that

that

lwill2r < CV/r
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L Horizontal dissipation and horizontal magnetic diffusion

In order to get the bounds for the pressure, we showed that
I(u1, b1)l|2r < C1e2" for any r

[(u2, b2)(t)l[ 12 < €, r=2,3, (28)

Since
—Ap=V-(w -VwT)

and

Ipllg < Cllw™ |l2q w2,
we can show that, for any 1 < g < 3,

lp(t)llq < C, (29)

where C is a constant depending on T and the initial data. o1 11n
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L Horizontal dissipation and horizontal magnetic diffusion

We can also show that, for any s € (0,1),

)
/0 |p(r)|3s dr < C.

Since
NPl < IN(—A) " 0u(wy Bxwy” + wi Dwy )2
HIA(=2) 10y (wyf wy + wy w2
< C (0wt o+ 10xw ) (il 2+ llwg ] 2 ),
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L Horizontal dissipation and horizontal magnetic diffusion

To start, we fix R > 0 (to be specified later) and write
(2 =) [ ot w2 = +
where
h = (2r—1)/p8xwl+ lwy" |22, b = (2r—1)/’,56xwl+ w22

with p and p as defined as follows.
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As for the 2D Boussinesq equations, we decompose the pressure

into low and high frequency parts and bound each part accordingly.

Lemma

Let f € H5(R?) with s € (0,1). Let R € (0,00). Denote by

B(0, R) the box centered at zero with each side R and by xg(o,R)

the characteristic function on B(0, R). Write
F = ?—F? with ? = .Fil(XB(O’R).Ff) and ? = fﬁl((l—XB(QR))]:f)

where F and F~! denote the Fourier transform and the inverse
Fourier transform, respectively. Then we have the following

estimates for f and f.
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Lemma

(1) For a pure constant Cy (independent of s),

Co
Vv1—s

(2) For any 2 < q < oo satisfying 1 — s — % <0, there is a

1Flloo < R 11 Fll s r2),

constant C; independent of s, q, R and f such that

= _g—2
IFllg < CLa R4 [|f]| 1 re).
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L Horizontal dissipation and horizontal magnetic diffusion

By Holder's and Young's inequalities, we find

[Al < @r = D)lIBloolllwg [l 0wy (wsh) " 2
. B 2r —1 B
< @r=DIBIE w1 + = l10ws (wi) .
Applying Lemma 5, we have
Co _
R plls, (30)

P <
IBlloc < 2

We will skip more details.
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We need the bound for the L°°-norm and we have a suitable bound

for L"-norm. The bridge is the following interpolation inequality.

Proposition
Let s > 1 and f € H5(R?). Then there exists a constant C

depending on s only such that

f
1l ooty < € sup
r>2 rlogr

N[

[log(e + [|f]l s (r2)) log log(e + [| ]l y=(r2))] ? -
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L Horizontal dissipation and horizontal magnetic diffusion

Proof of the proposition on interpolation inequality: By the
Littlewood-Paley decomposition, we can write
o0
f=5n1f + Z Ajf,
Jj=N+1

where A; denotes the Fourier localization operator and

N
SN+1 - Z AJ

j=—1
The definitions of A; and Sy are now standard. Therefore,
o0
flloo < ISnr1flloc + D N1AjF]lse.
Jj=N+1
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We denote the terms on the right by / and //. By Bernstein’s

inequality, for any g > 2,
2N 2N
[ <29 |[Snsafllg <29 [ fllq-

Taking g = N, we have

.,
1] < 4][Flly < 4y/Niog N sup 17

r>2 rlogr'

By Bernstein's inequality again, for any s > 1,

o0 oo
< D Alaiflla = Y 2729 Af
j=N+1 j=N+1

= oD f gy
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where C is a constant depending on s only. By identifying B3 ,
with H®, we obtain
(LI ~(N+1)(s—1
flloo < 4v/Nlog N sup —==— + C2 ST\ F| s
We obtain the desired inequality (31) by taking

N =

I || Hs
—— logy(e + |fllms)]

where [a] denotes the largest integer less than or equal to a.
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2D MHD with fractional dissipation

Consider the 2D fractional MHD equations

ur+u-Vu+v(—A)*u=-Vp+b-Vb,
by +u-Vb+n(—A)b=b-Vu,
V-u=0, V-b=0,

u(x,0) = uo(x), b(x,0) = bo(x).

(31)

where
(CD)F(€) = [EPF(©).

The aim is at the smallest o and 3 for which (31) has a global

regular solution.
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The results we have indicate three cases:
The subcritical case: o+ 8 > 1;
The critical case: o + 8 = 1;

The supercritical case: o+ 8 < 1.
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2D MHD with fractional dissipation

LA summary of current results

The global regularity results we currently have are for subcritical

cases.

vr=0and 8 >1
C. Cao, J. Wu, B. Yuan, The 2D incompressible

magnetohydrodynamics equations with only magnetic
diffusion, SIAM J Math Anal., 46 (2014), No. 1, 588-602.

Q. Jiu and J. Zhao, Global Regularity of 2D Generalized MHD
Equations with Magnetic Diffusion, arXiv:1309.5819
[math.AP] 23 Sep 2013.
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LA summary of current results

a>0and g=1
J. Fan, G. Nakamura, Y. Zhou, Global Cauchy problem of 2D
generalized MHD equations, preprint.

a > 2 (or with logarithmic improvement):
K. Yamazaki, Remarks on the global regularity of

two-dimensional magnetohydrodynamics system with zero

dissipation, arXiv:1306.2762v1 [math.AP] 13 Jun 2013.
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LA summary of current results

Open problems:

l)v=0and =1
2)Jn=0and 1< a<?2

NN <a+pf<2,0<p<1
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LA summary of current results

J. Wu, Generalized MHD equations, J. Differential Equations 195
(2003), 284-312.

C. Trann, X. Yu and Z. Zhai, On global regularity of 2D
generalized magnetohydrodynamic equations, J. Differential
Equations 254 (2013), 4194-4216.

B. Yuan and L. Bai, Remarks on global regularity of 2D generalized
MHD equations, arXiv:1306.2190v1 [math.AP] 11 Jun 2013.

Q. Jiu and J. Zhao, A Remark On Global Regularity of 2D
Generalized Magnetohydrodynamic Equations, arXiv:1306.2823
[math.AP] 12 Jun 2013,
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2D Compressible MHD

Two recent papers are devoted to the compressible MHD with only
velocity dissipation:

Jiahong Wu and Yifei Wu, Global small solutions to the
compressible 2D magnetohydrodynamic system without magnetic

diffusion, preprint, April, 2014.

Xianpeng Hu, Global Existence for Two Dimensional Compressible
Magnetohydrodynamic Flows with Zero Magnetic Diffusivity,
arXiv:1405.0274v1 [math.AP] 1 May 2014.
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The 2D compressible MHD system can be written as

0
Be(pd) + V - (pii @ U) — AT — A\V(V - &) + VP = —1V(|b]>) + b- Vb,

with the initial data

plico = po(x,¥), =0 = bo(x, y), bli=o = bo(x, y).
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This paper of Wu and Wu achieves three goals:

m It establishes the global well-posedness of smooth solutions of
when the initial data (po, do, Bo) is smooth and close to the
equilibrium state (1,0, &), where we denote 0 = (0, 0) and
é = (1,0);

m It offers a new way of diagonalizing a complex system of
linearized equations;

m It obtains explicit and sharp large-time decay rates for the

solutions in various Sobolev spaces.
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In the 2D case, V- b =0 implies that for a scalar function ¢,
b=V'e= (9,6, —0x0).

With this substitution, (6) becomes

Ohp+V-(pd)=0, (t,x,y)eRy xRxR,
De(pl) + V- (pi ® T) — Al — A\V(V - T) + p2Vp = —~VAg,
Otp+u-Vo=0.

(32)
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Theorem

Assume |\| < ¢ for some absolute constant co > 0, and let
n=p—1v=¢—y, ng=po— 1,199 = ¢po — y. Then there exists
a small constant § > 0 such that, if the initial data (no, oy, ¢o)
satisfies ||(no, to, 10)||x, < 9, then there exists a unique global

solution (p, u, v, ¢) € X to the MHD system. Moreover,

[(n,u, v, 9)llx S 0.

Especially, the following decay estimates hold

In(t)llgy S92 (@Ol SOt (Vo) S It2.

Xy xy N
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Thank You Very Much!
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