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Sharpness of Estimates as Optimization Problem Regularity Problem for Navier-Stokes Equation

Research Program and Earlier Results
Finite-Time Bounds in 1D Burgers Problem

» Navier-Stokes equation (Q = [0, L]9, d = 2,3)

%+(V-V)V+VP7VAV:0, in Q x (0, T]
V.v=0, in Qx (0, 7]
vV =Vo inQatt=0
Boundary Condition onT x (0, T]

» 2D Case

» Existence Theory Complete — smooth and unique solutions
exist for arbitrary times and arbitrarily large data

» 3D Case

» Weak solutions (possibly nonsmooth) exist for arbitrary times

» Classical (smooth) solutions (possibly nonsmooth) exist for
finite times only

» Possibility of “blow-up” (finite-time singularity formation)

» One of the Clay Institute “Millennium Problems” ($ 1M!)
http://wuw.claymath.org/millennium/Navier-Stokes_Equations
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Sharpness of Estimates as Optimization Problem Regularity Problem for Navier-Stokes Equation
Research Program and Earlier Results
Finite-Time Bounds in 1D Burgers Problem

What is known? — Available Estimates

» A Key Quantity — Enstrophy
e [1vxufan (= [9vB)

» Smoothness of Solutions <= Bounded Enstrophy
(Foias & Temam, 1989) = :

NaN

2

max E(t) <oo 177
t€[0,T]
E(0)

ot
» Can estimate dgd(tt) using the momentum equation, Sobolev's
embeddings, Young and Cauchy-Schwartz inequalities,

» REMARK: incompressibility not used in these estimates ....
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Sharpness of Estimates as Optimization Problem Regularity Problem for Navier-Stokes Equation

Research Program and Earlier Results
Finite-Time Bounds in 1D Burgers Problem

» 2D Case: dE(1) 2
t 2

<
dt — v £(t)

» Gronwall's lemma and energy equation yield V; £(t) < oo
» smooth solutions exist for all times

» 3D Case:

» corresponding estimate not available ....
» upper bound on £(t) blows up in finite time
£(0)
1 4C802,

3

E(t) <

» singularity in finite time cannot be ruled out!
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Sharpness of Estimates as Optimization Problem Regularity Problem for Navier-Stokes Equation
Research Program and Earlier Results
Finite-Time Bounds in 1D Burgers Problem

Problem of Lu & Doering (2008), |

» Can we actually find solutions which “saturate” a given

estimate?
» Estimate digt) < c&(t)? at a fixed instant of time t
dé(t
max (t)
veH(Q), V=0 dt
subject to E(t) = &
where
>
de(t) = —v||Av|3 + / v-Vv.-AvdQ
dt o

» & is a parameter

» Solution using a gradient-based descent method
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Sharpness of Estimates as Optimization Problem

Research Program and Earlier Results

Problem of Lu & Doering (2008), Il

Enstrophy Growth Rate vs Enstrophy
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Sharpness of Estimates as Optimization Problem Regularity Problem for Navier-Stokes Equation
Research Program and Earlier Results

Finite-Time Bounds in 1D Burgers Problem

9E(t) < c£(t)3 over a

» How about solutions which saturate 7 <

finite time window [0, T]?

max { max E(t)]
voEH(Q), V-v=0 [ t€[0,T]

subject to £(t) = &

where
»

5(t):/otd§(:)d7+go

» & is a parameter
> max:c[o,7] £(t) nondifferentiable w.r.t initial condition
= non-smooth optimization problem

> In principle doable, but will try something simpler first ...
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Sharpness of Estimates as Optimization Problem

Regularity Problem for Navier-Stokes Equation

Research Program and Earlier Results
Finite-Time Bounds in 1D Burgers Problem

Relevant Estimates

BEST ESTIMATE SHARP?
1D Burgers dE(t) 3 ( 1 \1/3 5/3
< 3 (L
instantaneous a <3 (G £(t)
1D Burgers 1/3 1\2 (114373
finite-time maxeepo,7) £(t) < [50 +(5) () 5"]
- T < ()P 4G (2)P
2D Navier-Stokes a = g 1\v
instantaneous dzt(f) < G2 p32
2D Navier-Stokes 1/2 | G 1/2 ]2
< G
finite—time maxe>o P(t) < [PO tako b
3D Navier-Stokes dE(t) .~ 27¢? ()3 YES
instantaneous i = () Lu & Doering (2008)
3D Navier-Stokes £(t) < £(0)
finite—time T f1macE@2,
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Sharpness of Estimates as Optimization Problem Regularity Problem for Navier-Stokes Equation
Research Program and Earlier Results

Finite-Time Bounds in 1D Burgers Problem

» QUESTION #1 (“SMALL”)

Sharpness of instantaneous estimates
(at some fixed t)

E(t)
d&
— 1D,3D
muaX dt ( ! ) max
dP
ar 2D E(0)
max—-  (2D) | t
» QUESTION #2 (“BIG”)
Sharpness of finite—time estimates
(at some time window [0, T], T > 0)
E(t)
E(t 1D,3D
max Lg&xﬂ ( )} (1D,3D)
max [ max P(t)} (2D) EO ;
u | t€[0,T] i T 't
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Sharpness of Estimates as Optimization Problem Regularity Problem for Navier-Stokes Equation
Research Program and Earlier Results

Finite-Time Bounds in 1D Burgers Problem

PROBLEM I

INSTANTANEOUS AND FINITE-TIME
BoOUNDS FOR GROWTH OF ENSTROPHY
IN 1D BURGERS PROBLEM
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Sharpness of Estimates as Optimization Problem Regularity Problem for Navier-Stokes Equation
Research Program and Earlier Results

Finite-Time Bounds in 1D Burgers Problem

» Burgers equation (2 =[0,1], u : R" xQ - R)
Oou ou 0%u
— — —v—=0 in Q
at " Yox  Vox2 o
u(x) = ¢(x) at t=0
Periodic B.C.
Enstrophy : £(t) = %fol lux(x, t)|? dx
» Solutions smooth for all times
» Questions of sharpness of enstrophy estimates still relevant

de(t) 3/ 1 \Y3
i <3 () e

Vi 2
» Best available finite-time estimate

[N2/ 1 \4/3 3
max E(t) < 53/3+<) < ) S| — G&

te[0, T] - 4 T2y Eo—00
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Sharpness of Estimates as Optimization Problem Regularity Problem for Navier-Stokes Equation
Research Program and Earlier Results

Finite-Time Bounds in 1D Burgers Problem

» Finite-time Estimates — a different approach without explicit
time-integration of instantaneous estimates

Spectral Properties of Solutions of Burgers Equation
with Small Dissipation
Andrei Biryuk

Functional Analysis and Its Applications. Vol. 35., no 1., 2001.
1 Introduction

This present paper concerns the initial value problem for the one dimensional
(dim = = 1) parabolic equation of Burgers type:

7]

a .
W'WE‘””)*"“’”” (1.1)

with the initial state
w(0, ) = up(x) , (1.2)

» Still unclear whether the resulting finite-time estimate is
(much) sharper ...
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Sharpness of Estimates as Optimization Problem Regularity Problem for Navier-Stokes Equation
Research Program and Earlier Results
Finite-Time Bounds in 1D Burgers Problem

“Small” Problem of Lu & Doering (2008), |

» Estimate df,(tt) < c&(t)%/3 at a fixed instant of time t
ax d&(t)
ueH(Q) dt
subject to E(t) = &
where
>

2 [ () e

» & is a parameter

» Solution (maximizing field) found analytically!
(in terms of elliptic integrals and Jacobi elliptic functions)
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Sharpness of Estimates as Optimization Problem c ty Problem for Navier-Stokes Equz
search Program and Earlier Results

Finite-Time Bounds in 1D Burgers Problem

“Small” Problem of Lu & Doering (2008), I

Enstrophy Growth Rate vs Enstrophy

10
10°F 27
107 oz
2. . 7
B 10°; oz
£ s
5 -
S10°; -7
2z -2
s -
g -
g o'y -
10°F -
02k -
— — — Sobolev Bound
10' L L T 10! i
T = s . s
10 10 10 10 10 10t 10° 10°
enstrophy E0

5/3
= 0.2476% — maxecpo, 11 E(t) ~ Cg(:)l.048

[dS(t)}

dt

max
—— finite-time estimate

instantaneous estimate is sharp (far from saturated)
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Sharpness of Estimates as Optimization Problem Regularity Problem for Navier-Stokes Equation
Research Program and Earlier Results
Finite-Time Bounds in 1D Burgers Problem

Finite-Time Optimization Problem (I)

» Statement
max &(T)
peHY(Q)

subject to E(t) = &

T, & — parameters

» Optimality Condition

L 9%y

qu’eHl j)/\(()b, ()bl) = 7/0 ﬁ dx

u'|
0 t=0

1 92
/ ¢
=T u ’t:T dx )\/0 Ox?

t=|

B. Protas & D. Ayala Extreme Vortices & the Blow-Up Problem



Sharpness of Estimates as Optimization Problem Regularity Problem for Navier-Stokes Equation
Research Program and Earlier Results
Finite-Time Bounds in 1D Burgers Problem

Finite-Time Optimization Problem (1)

» Gradient Descent
$rD — g0 _ Vg (M) g1
¢(0) = ¢o,

where V.7 determined from adjoint system via H* Sobolev preconditioning
_Outou” &Pu*

ot ox  Uox

2
u*(x) = —%(x) att=T

=0 in Q

Periodic B.C.

» Step size 7(M found via arc minimization

v ={llol = Eqt
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Sharpness of Estimates as Optimization Problem Regularity Problem for Navier-Stokes Equation
Research Program and Earlier Results

Finite-Time Bounds in 1D Burgers Problem

» Two parameters: T, & (v =1073)

» Optimal initial conditions corresponding to initial guess with
wavenumber m = 1 (local maximizers)

Fixed & = 103, different T Fixed T = 0.0316, different &
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Sharpness of Estimates as Optimization Problem

£

?ﬁaxte[o,';] E(t) versus T*

10°

X i i i i
10° 107 10" 10 10 10

argmax,c(o, 7] &(t) versus &

10

argmaxcpo, 11 €(t) ~ C&O°
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Regularity Problem for Navier-Stokes Equation
Research Program and Earlier Results
Finite-Time Bounds in 1D Burgers Problem
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Sharpness of Estimates as Optimization Problem

Regularity Problem for Navier-Stokes Equation
Res:

rch Program and Earlier Results
Finite-Time Bounds in 1D Burgers Problem

» Sol'ns found with initial guesses ¢(™(x) = sin(2rmx), m=1,2,...

¢ ()

m=1, & =10°

m=2, & = 10°
Change of variables leaving Burgers equation invariant (L € Z™):

x=L¢ (xe[0,1], £€0,1/L]), T=t/L?
V(7€) = Lu(x(&), (7)) &) =t (1)

L2
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Regularity Problem for Navier-Stokes Equation
Research Program and Earlier Results
Finite-Time Bounds in 1D Burgers Problem

Sharpness of Estimates as Optimization Problem

» Solutions for m =1 and m = 2, after rescaling

4| 2| #
)
2 1 /
- o /
Zo <9 i/
2 z 1 //
7
4 . /
/
/

o o1 02 03 04 05 08 07 08 09 1 © 01 02 03 04 05 06 07 08 09 1

» Using initial guess: ¢(®)(x) = sin(2rmx), m=1, or m =2
O (x) = esin(2rmx) + (1 — €)sin(2mnx), m# n, € > 0

sin(41x) ~ sin(41x)

s n(2T[x)/ 1

» All local maximizers with m = 2,3, ... are rescaled copies of
the m = 1 maximizer
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Sharpness of Estimates as Optimization Problem Regularity Problem for Navier-Stokes Equation
Research Program and Earlier Results
Finite-Time Bounds in 1D Burgers Problem

Relevant Estimates

BEST ESTIMATE SHARP?
1D Burgers dE(t) 3 ( 1 \1/3 5/3 YES
instantaneous a <3 () TEM Lu & Doering (2008)
1D Burgers 1/3 1\2 (114373 No
ot maxiepo,7 £(t) < [50 +(5) () 50] Ayala & P. (2011)
d v
2D Navier—Stokes th) < - (E) P2+ G (%) P
i dP(t G 11/2 p3/2
instantaneous di ) < QK /2 p3/
2D Navier-Stokes 12, G ¢1/2 ]2
< G
finitetime maxe>o P(t) < [PO T azko b
3D Navier-Stokes dE(t) o 21C2 o413 YES
instantaneous ai < () Lu & Doering (2008)
3D Navier—Stokes £(t) < £(0)
finite—time T J1_4CE@?,

3
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Bounds on Palinstrophy Growth
Bounds for 2D Navier-Stokes Problem Optimization Problems

Computational Approach & Results

PROBLEM II

INSTANTANEOUS BOUNDS FOR
GROWTH OF PALINSTROPHY IN 2D
NAVIER-STOKES PROBLEM
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Bounds for 2D Navier-Stokes Problem

Bounds
Optimi
Compu

Relevant Estimates

Palinstrophy Growth
n Problems
nal Approach & Results

BEST ESTIMATE SHARP?
1D Burgers dg(t) 3/ 1 1\1/3 5/3 YES
instantaneous <2 () e Lu & Doering (2008)
1D Burgers 1/3 N2/ 1743013 No
ot maxiepo,7 £(t) < [50 +(5) () 50] Ayala & P. (2011)
dP(t) v 2 &
2D Navier-Stokes @ = (*) P+ G (*) P
instantaneous ‘”’( < Qrr/zpi2
2D Navier—Stokes 12 | G ye1/2 ]
< 2
finite-time maxe>o P(t) < [7’ + 52K " E
3D Navier-Stokes dE(t) 21C% o (4)3 YES
instantaneous ai < () Lu & Doering (2008)
3D Navier-Stokes &(t) < £(0)
finite—time - 1,4L(§)2t
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Bounds on Palinstrophy Growth
Bounds for 2D Navier-Stokes Problem

Optimization Problems
Computational Approach & Results

» 2D VORTICITY EQUATION IN A PERIODIC BOX (w = e;-w)

aab: + J(wﬂ/}) =v/Aw where J(f,g) = f;<gy - f}’gx

» Enstrophy uninteresting in 2D flows (w/o boundaries)

1d 2 o 2
53 Qw dQ) = V/Q(Vw) dQ2<0

» Evolution equation for the vorticity gradient Vw
oVw
— u-V)Vw=rvAVw Vw-Vu
ot + ( ) - R
“STRETCHING” TERM
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Bounds on Palinstrophy Growth
Bounds for 2D Navier-Stokes Problem Optimization Problems

Computational Approach & Results

» Palinstrophy

P(t) = /Q(Vw(t,x))2 dQ = /Q(vm,z)(t,x))2 dQ

» Also of interest — Kinetic Energy

K(t)é/ﬂu(t,x)z dQ:/Q(w(t,x))2 4o

» Poincaré’s inequality

K < (2r)72€& < (2n)7%P
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Bounds on Palinstrophy Growth
Bounds for 2D Navier-Stokes Problem Optimization Problems

Computational Approach & Results

> Estimates for the Rate of Growth of Palinstrophy

P /Q S, $) A2 dQ — v /Q (A20)2dQ 2 Rp()

dP(t) < — (K) P2+ G <S> P (Doering & Lunasin, 2011)

14

dt &
t C
dP(t) - Cojer2 paja (Ayala, 2012)
dt v
» Using Poincaré’s inequality (may not be sharp)
dP(t) < Epz’
dt — v

» Bound on growth in finite time

2
maxP(t) < |Pe/* + %K}/ 2 (Ayala, 2012)

t>0
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Bounds on Palinstrophy Growth
Bounds for 2D Navier-Stokes Problem Optimization Problems

Computational Approach & Results

> Maximum Growth of () for fixed E > 0,P > (27)%&

dt

max  Rp,(v) where
L Rey(v)

%/(Vmp)z dQ =P,
Spogy =4 € HY(Q) : °

- 2 —
2/Q(A¢) dQ2 = &

» Maximum Growth of dzgt) for fixed Ko > 0,Pp > (2m)*Ko

max  Rp,(v¥) where
W% R ()

% /(vmp)2 dQ =Py
SPOJCO = ¢ € H4(Q) : 1Q )
5/9(%!)) d9 = Ko
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Bounds for 2D Navier-Stokes Problem

Bounds on Palinstrophy Growth

Optimization Problems
Computational Approach & Results

» Small Palinstrophy Limit: Po — (27)2&

Po =argmax Ro(p), Ro(p)=—-v /(AQSD)Z dsa,
Q

PESo

So = {cp € HY(Q) : ; /Q(Vm/;)2 dQ =

(2m)?
2

[ @y dﬂ}

» Optimizers: Eigenfunctions of the Laplacian (@ € Ker(A))

o(x,y) = sin(r(y—x)) sin(r(y +))

B. Protas & D. Ayala

~ o

o(x,y) = sin(éwx) sin(2my)
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Bounds on Palinstrophy Growth
Bounds for 2D Navier-Stokes Problem Optimization Problems
Computational Approach & Results

Numerical Solution of Maximization Problem

» Discretization of Gradient Flow

% = _VH4R1/(/I+‘/))) 7/’(0) = wO

D) = () _ A7 TR (p(), @) = g

» Gradient in H*(Q) (via variational techniques)

[Id—L8A") V'R, = VLR, (Periodic BCs)
VERR, () = D2J(AY, ) + AJ(, A%)) + J(A%P, Agp) — 2vA*)

» Constraint satisfaction via arc minimization
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Bounds on Palinstrophy Growth
Bounds for 2D Navier-Stokes Problem Optimization Problems
Computational Approach & Results

Maximizers with Fixed (Ko, Po)

Estimate: 920 < Qxci/2p3/2

v "
-
™~

no

t

max ‘{T’P vs. Po, Ko =10

(a) Py =~ 10P, (b) Po ~ 10P.

o

3/2
max—~77/

as Pg — oo

B. Protas & D. Ayala

(c) Po =~ 10*P. (d) Po ~ 10*P,
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Bounds on Palinstrophy Growth
Bounds for 2D Navier-Stokes Problem Optimization Problems

Computational Approach & Results

Maximizers with Fixed (&, Po)

Estimate: 220 < —(£)P+ G (2) P

(b) ’Po ~ 10P.

max 92 vs. Py (c) Po ~ 10?P, (d) Po = 107/2P,
B. Protas & D. Ayala
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Bounds on Palinstrophy Growth
Bounds for 2D Navier-Stokes Problem Optimization Problems
Computational Approach & Results

Maximizers with Fixed (Ko, Po)

2
Finite-Time Estimate:  max¢>o P(t) < [P&ﬂ—f— S Ké/2€o]

402

ol

(a) t =0.000213 (b) t = 0.000458

»H | L]
'o/ -

— Po-constraint
---  {Ko, Po}-constraint

c) t = 0.000633 d) t = 0.001265
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Bounds for 2D Navier-Stokes Problem

Relevant Estimates

Bounds on Palinstrophy Growth
Optimization Problems
Computational Approach & Results

BEST ESTIMATE SHARP?
1D Burgers dE(t) 3 (.1 \1/3 5/3 YES
instantaneous @ S2 (’TT) £(r) Lu & Doering (2008)
1D Burgers 13, (1027 1143013 No
o maxiefo, 1) €(t) < [50 +(:) (=) 50] Ayala & P. (2011)
dP v
2D Navier—Stokes dﬁt) <-(%) P2+ G (%) P [YEs]
instantaneous dzgt) < Qx1/2p3/2 Ayala & P. (2013)
2D Navier—Stokes maxeso P(t) < [731/2+ &ICIQE]Q [YES]
finite—time >0 = 1'0 w20 <0 Ayala & P. (2013)
3D Navier-Stokes dE(t) 6(t)3 YES
instantaneous dt > 1283 Lu & Doering (2008)
3D Navier—Stokes &(t) < ——£9 77

finite—time

ce(0)? ¢

3
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Bounds on Enstrophy Growth & Optimization Problems

Bounds for 3D Navier-Stokes Problem

PROBLEM I11

INSTANTANEOUS BOUNDS FOR
GROWTH OF ENSTROPHY IN 3D
NAVIER-STOKES PROBLEM

(PRELIMINARY RESULTS)
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Bounds for 3D Navier-Stokes Problem

Relevant Estimates

Bounds on Enstrophy Growth & Optimization Problems
Extreme Vortex States
Discussion

BEST ESTIMATE SHARP?
1D Burgers dE(t) 3 (.1 \1/3 5/3 YES
instantaneous @ S2 (m) £(r) Lu & Doering (2008)
1D Burgers 1/3 V27 114313 No
o maxiefo, 1) €(t) < [50 +(:) (=) 50] Ayala & P. (2011)

2D Navier-Stokes
instantaneous

dP(t) ~ G pe1/2 p3/2

G<-E P Q)P

[YES]
Ayala & P. (2013)

dt
2D Navier—Stokes 12 | G 412 ]2 [YES]
finite—time maxio P(t) < [PO +arkd b Ayala & P. (2013)
3D Navier-Stokes de(t) . 27C> 5(t)3 YES
instantaneous dt > 1283 Lu & Doering (2008)
3D Navier—Stokes &(t) < £ 777
finite—time T 1_4CE@2,

3
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Bounds on Enstrophy Growth & Optimization Problems
Extreme Vortex States

Bounds for 3D Navier-Stokes Problem Discussion

» Rate of Growth of Enstrophy

d
e _ —1// |Au|2dx+/ u-Vu-Audx = Re,(u)
» Best available instantaneous upper bound

d¢  C 3

< =

dt — V35

» Finite-time estimates

max E(t) € ——0___
t20 V11— 42t

e < o [K(0) ~ K(0)]

<
£0)  &(t) — (2mv)



Bounds on Enstrophy Growth & Optimization Problems
Extreme Vortex States

Bounds for 3D Navier-Stokes Problem Discussion

» Single Constraint: maximum rate of growth ( ) for fixed & >0

R h
urgg;) &(u)  where

={ueH(Q):V-u=0, &u) =&}

» Two Constraints: maximum rate of growth d‘z(tt) for fixed & > 0 and
Ko < (2%)_250

max  Rg(u) where
UESK,, &

Skoge = {U€ H*(Q): V- -u=0, K(u) =Ko, E(u) =&}

» Numerical solution via discretized gradient flow
(required resolutions up to 5123)

B. Protas & D. Ayala Extreme Vortices & the Blow-Up Problem



Extreme Vortex States
Bounds for 3D Navier-Stokes Problem

Extreme Vortex States for & — 0 (single constraint)

> In the limit & — 0 optimal states found analytically
— div-free eigenfunctions of vector Laplacian (3 branches)

(a) k> =1 (b) |k|* =2

» Case (a): Largest value of d&/dt

» Case (c): Taylor-Green vortex (Taylor & Green 1937)
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Extreme Vortex States
Bounds for 3D Navier-Stokes Problem

Single-constraint maximizers tig, (Lu & Doering 2008)
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Extreme Vortex States
Bounds for 3D Navier-Stokes Problem

Two-constraint maximizers tix, g, (Ko = 1)

(b) & ~ 90 (c) & ~ 200
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Extreme Vortex States
Bounds for 3D Navier-Stokes Problem

Time evolution of tig, (single constraint: & = 100)
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(a) single constraint (& = 60) (b) two constraints (Ko =1, & = 64)

—— extreme (instantaneously optimal) states iig,, fix,,s,
- - - Taylor-Green vortex
Kida-Pelz vortex
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L1 o) - k(o)
£0) &(t) —
(a) single constraint (£, = 60) (b) two constraints (Ko = 1, & = 64)
—— LHS of the estimate, _. _ 1/£(0)

- - - RHS of the estimate
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€ e - L (i < C [K(0) - K(8)]
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C, C' — numerical fit
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Conclusions

» Found extreme vortex states in 2D and 3D saturating the worst-case
mathematical bounds (although, in contrast to some recent studies in
3D, e.g., Bustamante & Brachet 2012, Kerr et al. 2013, 2014, the
Reynolds numbers are small).

» Identified regions in the initial data phase-space {Ko, &} for which
global regularity is guaranteed.

» So far, no evidence of blow-up in 3D, although due to small Reynolds
numbers, the results are not conclusive.

» Need to solve the optimization problem on finite time windows, i.e.,

max&(T)

Up
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Open Questions and Open Problems

» Why do two-constraint optimizers exhibit a larger finite-time growth
in 2D, but not in 3D7 (finite Re effect?)

> Regularity problem for 3D Euler equation.

» Singularity formation in “active scalar’ equations (fractional Burgers
equation, surface quasi-geostrophic equation, etc.).

» Extreme behavior in the presence of noise.
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